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THERE is at present no theory of Optics in the sense that the 
elastic solid theory was accepted fifty years ago. We have 
abandoned that theory, and learned that the undulations of light 
are electromagnetic waves differing only in linear dimensions from 
the disturbances which are generated by oscillating electric 
currents or moving magnets. But so long as the character of 
the displacements which constitute the waves remains undefined 
we cannot pretend to have established a theory of light, This 
limitation of our knowledge, which in one sense is a retrogression 
from the philosophic standpoint of the founders of the undulatory 
theory, is not always sufficiently recognized and sometimes de- 
liberately ignored. Those who believe in the possibility of a 
mechanical conception of the universe and are not willing to 
abandon the methods which from the time of Galileo and Newton 
have uniformly and exclusively led to success, must look with the 
gravest concern on a growing school of scientific thought which 
resta content with equations correctly representing numerical 
relationships between different phenomena, even though no precise 
meaning can be attached to the symbols used. The fact that this 
evasive school of philosophy has received some countenance from 
the writings of Heinrich Hertz renders it all the more necessary 
that it should be treated seriously and resisted strenuously. 

The equations which at present represent the electi-omagnetic 
theory of light have rendered excellent service, and we must look ■ ■ 
^^jlpOQ them as a framework into which a more complete theory I 
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must necessarily fit, but they cannot be accepted as conatitui 
in themselves a final theory of light. 

The study of Physics must be based on a knowledge of 
Mechanics, and the problem of light will only he solved when we 
have discovered the mechanical properties of the tether. While 
we ars in igfnorance on fundamental matters concerning the origin 
of electric and magnetic strains and stresses, it is necessary to 
introduce the theoretical study of light by a careful treatment 
of wave propagation through media the elastic properties of 
which are known. A study of the theory of sound and of the 
old elastic solid theory of light must precede therefore the 
introduction of the electromagnetic equations. 

The present volume is divided into two parts; the first part 
includes those portions of the subject wliich may be treated 
without the help of the equations of dynamics, although a short 
discussion of the kinetics of wave motion is introduced at an early 
stage. The mathematical treatment has been kept as simple as 
possible, elementary methods only being used. I hope that rigid- 
ity of method is nowhere sacrificed thereby, while the advantage 
is gained that students obtain an insight into what is most 
essential in the theory of Interference and Diffraction, without 
introducing purely mathematical difficulties such as are involved 
in the use of Fresnul's integrals. Even accurate numerical results 
may be obtained by a proper use of Fresnel's zoues. 

The second part of the book is intended to serve as an 
introduction to the higher branches of the subject. It has not 
been my object as regai-ds this more advanced portion to write a 
treatise which shall be complete in itself, but rather to introduce 
the student to the writings of the original authorities. As a 
teacher, I consider this to be the correct method, being convinced 
that students should he encouraged at an early stage to consult 
the literature of the subject. It is a necessary consequence of the 
point of view adopted that the treatment is somewhat uncquaL 
Where the author has nothing to say which is novel, or may remove 



^Ktnoi 



obscurities, th« best thing he oui do, is to ooat«Dt himself with 
a short summnjy. referring the reader for details to the anulable 
sources of infonnation. A more lengthy expodtioD is justified 
where a simplificatioQ or wme new matt^ can be introduced. It 
may be meutton^d in this connexion that as tar as I know the 
consideration of absorptive regions of finite range of fre<|uen4^ in 
the theor; of selective dispersion is new, and has not pre<riousIy 
been published. 

I have purposely afaetained &om entering into delaiis of 
ithods of observation or instrumental appliaoces. These beloDg 
ire properly to the courses of laboratory inatnictioo. 

I hope that the sh<Ht biographical notices of deceased aniliors 
who have made iroportADt coatnhations to the science will be 
fuand to be of interest. 

The greater part of this book was alreadjr in type when 
Lord Kelvin's BaUimore Lecture* appeared ; I was still able to 
add some references to these lectures, though not to the extent 
I flhonld have wished. In some of the later chapters repeated 
refereDoe is made to Dnnic's Lehrbuch dfr Optit. Students who 
desire to pursue the subject further, should also have access to 
Moscart's Optiqtte and Lord Rayleigh's Ciiiltcted Works. My own 
iftdebtedness to Lord Rayleigh's writings and personal inspiration 
is greater than can be acknowlf^dged by mere references to bis 
papers, and I am therefore glad to be allowed to dedicate this 
volume to him. 

I am obliged to Prof Wilberforoe and Mr W. H. Jackson for 
having to'jked thn>ugb the proofs of the greater portion of ihe 
work, and favoured me with their correcliDos and suggestions. 
I have also to thank Mr J. E. Petavel for the very valuable help 
be gave me in drawing out ihe figures, and Mr H. E, Wood for 
bUcing the phott^raphs of interference effects which have been 
tued in pteparii^ the platea 

ARTHUR SCHUSTER. 
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PART I. 



CHAPTER I. 

PERIODIC MOTION. 

1. The Simple Periodic Motion. A motinn which h repeated 
at regular iut^rvals of time is calleil a, periodic motiou. The simplest 
kind of periodic motion is that in wliiuh a particle moves in a straight 
line, in such a way that its distance, .r, from a fixed centre satistieg 
the etiuation 

.r = rt3mm(t~6) {!), 

where t irt the time and a and lo are constants. The equation shows 
that the particle continuously oscillates between two points which are 
at a distance a from the centre. This distance is called the amplitude. 

^The velocity («) of the particle which moves according to (I) is 
_ « = «io cos lu (/ - fl) (2), 
the acceleration (/) is 
/.-,,.' ,m«((-») (3). 
I particle i>asses through its central position (a: - 0) when 
1-8 = mir/». 
» being an integer. The velocity of the particle is then ant when m is 
even, and - vnt when m is odd. Hence the velocity has its greatest 
value when ^•=0, but may be positive or negative according as the 
particle passes through its central position from the negative or from 
the positive side. 

If the time t is increased by 2ir/u, no change is made in the values 
of either .r or u, so that after a time interval of St/'u the position and 
state of motion are the same. The period t is called the "time of 
mtnUntinn," the "pa-iodic time," or simply the '^period" of the motion. 
\Ut relation to the constant u is expressed by the equation : 



Equations (I) and (2) nmy take different furais by a cliaiige in the 
value of 6. Thus by writing <aO, = w0 + J tt, we obtain 

« = «oo8<u (<-»,) (la), 

« = — <iMi sin tu (( - tfj) (*«)■ 

When dealing with one particle only, so tliat the origin of time may 
be chosen according to convenience, we may adopt the simpler forms of 
either (1) or (la), obtained by making $ or 6, e<iual to itero. 

I proceed to show that eqnations (2) and (3) are necessary con- 
sequences of (1). 

In Fig. I consider a point P moving uniformly in a circle of radios 

Let O.V be the projection of O/' on a diameter ^i/. 
If the iingle POM be denoted by i)>, and tlie distance 
OA/ by J-, 

J- = -(COs*. 

If the particle passes through the position B when 
t=6^, and takes a time t to complete a whole revolution. 

Hence x-n cos u>{t- S,), 

where <a = 27r/T. 

This shows that the point M moves in the simple periodic motiou 
indicated by equations (li*) or (1) and we have the important pro- 
position that this periodic motion may be represented as an orthogonal 
projection of a uniform circular motion. The periodic time t is the 
time of revolution of the point P, the amplitude is the radius of the 
circle, and the constant 0, represents the smallest positive valiie of the 
time at which the particle reaches its extreme jwsition on the positive 
side. 

The proper expressions for the velocity and acceleration of tlie 
point M are obtained by considering that tliese are equal to the pro- 
jtictions on AB of the velocity and acceleration of /'- 

The velocity oiP is constant and equal to U. 

Hence u = — ?/sin i^ 

= -f7aino.((-C,). 

The minus sign is explained by the fact that for positive values of 
*, the velocity of M is from right to left, or in the negative direction. 
'Ilie whole circumference of the circle being described in a time t witfc 
velocity IT, it follows that 

Hence finally « = - «<« sin a, ()■ - fl, ). 
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eipresaion for tlie acceleration of the }>oiut M ia obtained in u 
limiiM mauner. The acceleration of the point P is directeii radially 
iuwanls towards the centre of the circle and is equal to f ''/«, and the 
Mceleratiou / of J/ is the projection of this acceleration upon the 
diameter AOB. 

.■./=-C^coa*)/rt 

^-rr^o'cos ci)((-fl,), 
A periodic motion may be of a more compUcatetl character than 
that indicated by the above equations. If we were to take e.g. the 
flrtJiogonal projection of a itarticle moving with uoiform speed in aii 
dlipse, we should get a motion wliich is strictly periodic, but wliich 
could not be represented by the simple equations we have given. 
E»en the oscillations of a simple pendulum can only be approximatel;/ 
rejireaeiited by our equations, the approximation being the more nearly 
comet, the smaller the amplitude. 

1 shall call a " simple " or " normal " oscillation one which can be 

iepre«nted as the orthogonal projection of a uniform circular motion. 

A nonual oscillation is identical with that often called " harmonic 

nwtion." I avoid this term because "hannony" means a relatiou 

between different thiiiga. and not a property of any particular thing. 

Tlie character of tlie motion of a particle performing normal 

OBcillations is completely determiued by the amplitude and period, but 

tlie 9tat« of motion at any time requires a third quantity for its 

'iffinition. If the oscillation is considered to be the projection of a 

uuiform circular motion, it is convenient to take the angle between the 

rsdiiw vector OP (Fig. 1) and some fixed radius as the quantity 

ilefining the state of motion. This angle is called the "phase" of 

motian, and ia to a certain ext«nt arbitrary, as the fixed radius may be 

^^bawn in any direction. 

^k If we aipresa the motion iu the form 

^P jr = a i.\n<a {!.-$) 

^nK ia usual to define zero phase as the phase at the time the particle 
passea through its mean position in the positive direction. The radius 
of reference will then be OC {Fig. l)at right angles to .45, audiu((-(9) 
_pitl laeaaure the phase. 
^^W:Oa the other hand, if we choose the form 
^^B jr = »cos<ii(i-0,) 

w the eiiuation of motion, we may define zero phase a^ the phase at the 
time the particle reaches its extreme )>osition on the positive side ; then 
••(* — fl,) will be the phase, and the radius of reference will be OB, or 
positive branch of the direction on which the circular motion is 
ited. The absence of uniformity in the choice of the direction 
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idiich defines &e mo pl»se. onsee do iMonreiiieace, as we are nearly 
a]«a>-s voDcemed with diftrmet* *jS pha^e, and tlik difference 
perfectly determuute. Tbns if in Fig. 6 two periodic niotiona i 
represented by the projections of the circular motions of two particletf' 
P and (Z on the some stra^^t line, the an^ POQ will always 
represent the difference between the phases, whatever line is takea 
to be the direction of lero pba«& 

71« differeitee i« plxut betwim hn aormai periodic motions 
having lie tawu period i» iMdepatdent <if tie time. 
Representiug the two motdons by 

j-, = a, cos •«((-«,), 

J, = a, cos ■(/-*,). 
the difference in phase will be 

-(r-tf.)--('-*'0 = "(0.-«0, 
which proves the proposition. 

2. Normal Oscillations tinder the action of forces vajrying 
as the distance. Tlie e<^»atioii» for the di.«placemeiit ^ and the 
acceleratiou / of a particle which has a simple periodic motion are 
j- = osin«((-fl,) 
/--««• sin 01 (/-^i)- 
By combining these we obtain the relation : 

/--««V (4). 

This is au ei|uatioii of great importance, for it shows the necessary 
condition which must be satisfied in order that a particle shall execute 
normal oscillations when Bct«d on hy a force directed to a centre. 
This condition is, tliat the force tending to bring the particle back to 
its position of etiuilibrium is propurtiond to the distance of the particle 
from tliat positioiu 

Consider a particle constrained to move in a straight line and 
attracted to a. tixed centre by a force F, whicli is proportional to 
the displacement. If m is the mass of the particle and F- - h*x 

This agrees with (4) if «* ia eijual to n'jm, an 
oscillation is obtained in terms of m and n, for 
2ir -iajm 



hence t the time of 



All forces of nature diminish with increasing distance, and the 
particular law of force which produces normal oscillations may not at 
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Grat aj^t seem therefore to have any practical importance As a 
oattef of fact, this law, however, holds in almost all cases when the 
digplscements are small, for nhen the particle is kept at rest under 
tie action of opposing forces, the resultant of these forces will 
tinji, if the displacemente are sufficiently small, increase proper- 
tionttlly to the distajice of the particle from its posidoii of eaiuilihriam. 
Astliis is an important fact, it is well to give a few examples. 

IEmmptf 1. The Simple Pf lid idum. A heavy particle is suspended 
OB a fixed point by a thin stiing of length / and is set in motion. 
Let 6 (Fig. 2) be the angular deviation of the string from tlie 
vertical at any instant. The only forces acting 
1 on the particle are itfl weight and the tension 

1 of the string. The particle is constrained to 

\ move in a circle, and the force which tends to 

\ draw back the particle to its position of e'jui- 

\l librium is found by resolving these forces along 

\ the tangent to the arc. 

\ If m ia the mass of the particle, its weight 

sV— -"'^ is mg. The tension of tlie string has no 
tr-^"^ component in the direction of the tangent to 

' I the arc, and therefore the resultant force acting 

on the particle is mg sin 6. 

If 6 is so small that we can neglect 8^ com- 
pared to unity, we may replace sin fl by the angle 9, mi that the force F 
^^dug on the particle is : 
^H F=-mgB 

W "7? 



Fig. 2. 



-(5), 



where * is the displacement of the particle along the are corresponding 
tii the angalar displacement 6. 

This equation shows that the particle moves along the arc, as if it 
irere subject to a restoring force which is proportional to the distance 
uf the particle from the lowest point of the arc. Therefore the particle 
•ill describe normal oscillations about this point. The acceleration of 
the particle at any distance s is Fjm or -gsjl. By comparing this 
i Kith (4) it follows that o? = gll or that the period is determined by 



) is the well known eiiuation for the time of oscillation of a 
i pendnlum. 



Example 2 

prmnum. 
Let 
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Oscilltitiong prodiiPed h/ if>lume elantieitt/ of gaseniu 



I 



J^ 



airtight vessel be closed by a weighted piston A, which 
can move without friction in a cylindrical tube attached to 
the vessel. This piston will have a definite position of 
eiinilibriuni. If it is forced down below this position and 
tlieii released, it will be driven up again by the increased 
lirL'>*8ure of the air within the vessel. The raomentura it 
Ihen aainires will cany it past it« position of aiuilibriuiii. 
The air in the vessel expands to fill the larger volume, 
its pressure is accordingly reduced, and it is unable to 
ight of the piston and the external pressure. 



Fig. 8. 

counterbalance the 

The piston is thus driven in again, and, the process repeating itself at 

regular intervals, periodic oscillations are perfonned. 

We proceed to find the time of oscillation of the pUton. Let V be 
the original volume of the vessel and I' the pressure of the enclosed 
air. Suppose the piston is pushed down until the volume is diminished 
by a small quantity v and tlie pressure is increased by a small amount 
p. The volume and pressure are then ( I'- r) and (P +p) resjiectively. 
We shall disregard the inertia of the air and assume the motion to be 
sufficiently slow to allow the change to be isothermal. We liave then, 
applying Boyle's Law : 

or pv=pr-vf'. 

If the displacements are small, so tlmt the product of the two small 
quantities p and v may be neglected, 



p-i' 



V 



Denote by A the area of the eiiH of the ptstou. Then the resultant 
[ force on the piston, when tlie volume of the vessel is diininiahed 
rby V, ia 

' F-pA 

_AF 
y ■'■■ 

If a' is the distance tliKugh which the piston moves 
v = -A.ir 



* Example* 2 and 8 are taken from Lor.i Bayleigh's Sound where they a 
ttealed in a diSerent manuer. 
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Tims the force acting ou the pistou is pro]K>rtioiial to tlie dis- 
plftceinent of the piston frpm its etiuilibrinm position and is alwaj-s lu 
the opiKwite direclion tu tlie displacement. If M i» the mass of the 

piston, its aC(»leration is F^M or -,*,.■ ": Hence the time of oscilla- 
tioD is given by 



'•J%- 



If the vessel were a cylinder of length /and area A, bo that V=Ai, 
aud if also the pressure were entirely due to the weight Mg of the 
jHston, we should have 

A • 
yupA by aubstitutiou it would ToUun tiiat 



--y; 



Fig. 4. 



i.«. the time of (iscilUitiou of the piston would he exactly the .same m 

the lime of oiKiUation of a simple pendnliiiu, the length of which is 

the same as that of the eyHndrical vessel. 

Emmplf. 3. Noi-vmI 0»<-ilUitioiiit due to tlw tension of a ulrliy. 
Let a string attached to A pasB over a 
]>eg B at the same level as A, and carry 
at it* end a mass M. If a particle P of 
ma.ss m he attached to the string half- 
way Imtweeu .-1 and B, and the [iarticle 
be displaced vertically downwards until 
it coincides with Q, the tension T of the 

string will have a resultant which, neglecting the weight of the string, 

is easily shown to be 

27> 

where 2.i is the distance AB and j- the displacement PQ. 

If J- is so small that x'/'a' may be neglected, and if m is so small 
compareil to M that in the position of equilibrium the displacement of 
/• is a small nuantity of the second order, we may disregard the weight 
of P and take 7" to be einal to Mg. 'ITie accoleration of P is therefore 
— -^ , and hence the time of oscillation 

Energy of a Particle in Periodic Motion. If a particle 
nuisa is m is monng with a velocity e, its kinetic energy is \mv'. 



I 
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If the particle is e-iecutiDi; normal oscillations, its velocity at any 
time t K II --^ nut cos w (< ~ 6). 

Therefore its kinetic energy A' at this instant is 
i.'- JmiuVcos»a.((-e) 

= J»»<uV{I+f08 2ai((:-e)|. 

The second term on the riglit-hand side has values ranging from 
■»■ 1 tfl - I, and is aa often positive as negative, its average value taken 
over one complete period of vibration being zero. 

If U- luo is the maximum velocity of the particle, it followa that 
the average value of K is Imii'ui^ or \tiiU''. Tliis proves that the 
average energy is half the maximum energy. 

The average value of the kinetic energy of a vibrating particle is 
taken a*i the measure of the intensity of the vibration, which has just 
been shown to lie proportional to the srjuare of the amplitude as loug 
as the mass and period remain the same. 

Since no energy enters or leaves a vibrating particle, the sura of its 
kinetic energy and wliat is commonly called its iiotential energy must 
always reraaiu constant. Now the kinetic energy ^'varies periodically, 
being at Ma nitLximum of \mV'' when the jmrticle is passing tlirough 
its centra! iwsition and falling to zero when the dispUcemeut is a 
maximum. 

If the constancy of the total energy is to be maintained, then it 
foltond tliat the potential energy P must satisfy the equation 

F + J/HK^ = a constant. 
Assuming the itotential energy to be zero when the kinetic energy 
is at its maximum, the value of the constant must be ^mU^. Hence 

= im«V{l-co8'<i.((-fl)I 
= J jwrt^u)' ein^ ai{t — ff) 

Thus for a body perfonuing normal oscillations the potential energy is 
proportional to the -^maxe of the displacement of the i»rticle from the 
centre of force. 

4. GompoBition of Periodic Motions. If a single particle is 

acted upon by two distinct agents, eiich of which, if acting separately, 

wouhl cause the particle to perform simple perioilic vibrations, the 

s, question arises — What is the resultant motion on the supposition that 

each produces its own effect ? 

We consider first the case in which the two comitonent vibrations 
are in the same straight line and have the same period. 
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I^et the two amplituden be it, uud fC, and tlie <M>iiim<jik period, iw/o. 
At ftDy instant t, the displacement x,, due to the first oscillation, 
KonM be 

^i = «iCoau>(( — tf,) 
mid that due to the second o»cillatiou 

Since the two displacements are in the same straight line and each 
pnMlace^ its own effect, we can combine them algebraically and write 
for the resultant displacement 
J- = j-i + J-, 
= <», cos »((-#,) + (1, cos o. ((- e.) 
=^ P COS -it + Q»inatt, 
where P = ti, cos oiS, + «, cosi <oS.) 

(^=«, sin urfii, + -(, sill <«e,/ 

Now write P = R cos fi 

- :l,,,t //' = /" + (?' and tanS = Q//'. 

rii./ii J = * (cos W cos S + sill wt sin 8) 

= ficosC»(-8) (7). 

It ia seen Irom the last equatjou that the two component simple 
periodic oscillations have combined to form a resultant simple periodic 
oscillation with the same period as the component oscillations, but with 
a different amplitude and phase. 

The amplitude of the resultant oscillation is H, 
I^ = P'+<^ 

= (a, cos <^, + a, cos <^9,y + («, sin «i0, + a, siu mO,)' 
= «,' + ((,* + 2rt, a, COB u (ftj - $,). 



..(6)- 



Therefore the amplitude R = -yitf,' * Oj' + -in, n, cos u (fl, - #,)] is equal 
in magnitude to the diagonal of a parallelogram liaving two adjoiniiig 
~ lies «, and ((j, the angle between the Rides being ii{0,-&,). 

We may now show tliat the diagonal OP not only represents 
t resultant oscillation in amplitude, hut also indicates the phase. 
IBy separating the iiuantities n, and ctt in the eiiuatious (6) we 
ain the two eiiuations : 

F sill uflj - Q COS "tfj = n, sin « {$s - 6,), 

P sin m$j - Q cos fuS, = - Ida sin w (tfa - fl,). 

1 If in these we substitute P= R cos 8 and Q= R sin 8, we find 

R sin (<-e, - S) = a, sin bj (6, - ff,), 

fl sin (u», - S) = - «j sill «. (flj - fl,), 
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, ox]>ri!(iNO(l iitlierwise 

.(, : It, : //-=sin(u.ea-2) : da (S ~ ii>6,) : sim"(fl.,~ff,) -.-(8). 

If II iiiirnllolograin be described with OA=n,. and OB = a^, aS 

^ adjoining sides, and with an angle AOB 

ei|ual to the difference iu phase w{fli— tf|), ' 

tietweeii the two oscillatioDf which are to 

be combined, the geometry of Fig. 5 shows ' 

Ihftt 

■* «, Ki.,: /{^»\ii BOF: Bin AOP: sin AOB. 

A comparisoD between this relation and 

/iOi'-- o,$.,-S mid AOP = &-<^e,. 
which moans thnt the auglen between the diagonal OP and the two 
liiioit (I, fuid '(, rcpreBent the ilifference in pliase between tlie resultant 
(wcilliition and the two component oscillations. 

The proposition that normal oscillations in the same straight line 
may l»e coniliiiiwi like two forces is of primary importance, and a second 
proof of it is tlterefore given. 

We represent the two i>eriodic motions by the orthogonal projec- 
tions OM, and 0.1/a of two points P and Q, 
moving with uniform speeda round two circles 
(Fig. fi). 

The two radii OP, OQ represent the ampli- 
tudes of the respective ost-illations. If the 
periodic time is the same the radii OP, OQ 
revolve with the same angular velocity, and 
therefore the angle PO^ remains constant. 
Complete the parallelogram OQHP and imagine 
• third point at tlie angle //. Then the jwint at H will describe a 
' circle in the same time as the points P and Q, and its projection S 
I On the diameter AJi will perform a simple periodic vibration. 

But O.S=OM,i-OM, 

, unce the projection of OB must equal the sum of the projections of 
OP and 0(^. 

Hence the displacement of A' is always equal to the sum of the 
I displacements of J/, and M, and the motion of <S' will be the resultant 
of the motions of if, and Af,- 

The figure shows that the resultant amplitude OB is found from 
tlie amplitudes OP. OQ by the parallelogram construction and that 
tlua constrnction enables us to determine not only the amplitude but 
also the phase of the resultant motion. For, if we measure phases 
from the time the particles liave their maximum )»ositive disphicement, 




^H from the tini 
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dien in tlie ti{j;ure, tlie phase of tbe particle J/, is the angle I'Ot* aud 
the phases of J/, and S are measured bj- the angles QO-S and HOS 
lopectively. 

fieiice the direction of the diagonal 0/f indicates the plia^e of the 
MnitAiit ui^ciUation. 

6. Combination of any number of Oscillations. Hjiving 
seen bow two linear ottcillntions, which are in tlie same straiglit line, 
on be combined, it follows tliat any niiiober of such oscillations can be 
Mllltiiued by taking the resultant nf any two of them, and combining 
with ii a third oscillation and so on, until we reach the final resultant. 
IrnJart, a system of such oscillations is reduced to a single resultant 
in eactly the same way as a system of forces acting at a point. Any 
pippwition relating to a system nf forces can be made to apply to 
a system of linear oscillations of the same period which take place in 
the fi&me strught line. 

According to a well known proposition in Statics a system of 

" forces OP,. O/'a OP, Las a resultant which coincides in 

direction with OG and is in magnitude equal 
to iiOG, if G is tho centre of inertia of 
particles tiaving e(|ual masses, placed at 

points P„ P, /*.. We make use of this 

proposition to find the resultant of a large 
number of oscillationH of &iual amplitude 
and having their phases in arithmetic pro- 
gression. 

The oscillations will be re]»resent«d by 

Pig. T. the lines 0P„ OP^, 0P„ OP. (Fig. 7), 

such that III! the points P are equidistant 
•xi lie on the arc of a circle. If the constant phase difference 
wween two successive oscillations is very small, the problem of finding 
'lie resultant resolves itself into the detenninatiou nf G, the position 
of the centre of inertia of the arc /*,/'„. 

The distance OG is known to be equal to where "Ja is the 

Mgle of the arc P,P„ and hence a is the angle between OG and either 
OP, ur OP^. The resultant vibration has therefore an amplitude eriual 
to M sin a/a and a phase which lies halfway between the pha.ses of the 
firrt and last i-ibrutious. If alt vibrations were of equal plia.se, the 
rdraltant amplitude would be nn. 

Hence we may formulate the following important proposition 
proved hy the above reasoning : 

Normal rectilinear oscillations liaving e>]ual amplitude and period, 
and taking place along the same straight hnc with differences of phase 
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Buch that any two successive oscillations have a pliase difference which 
ia small and equal for each successive jiair, combine together into 
a result&nt oscillation which has the same periud, and a phase halfway 
between tliat of the first and last oscillation. The amplitude of the 
resultant oscillation is // sin a/a where 2a U the phase difference 
between the two extreme osoillatione and If the amplitude of the 
resultant in the special case that the phase differences vanish. The 
values of sin a/a and sin' a/a' are plotted as ordinat«s as against a as 
abscissa in Fig. 7(1, Art. 54. 

6. Combination of oscillationa in directions at right anglei 
to each other. Let a particle M (Fig. «) describe simple periodic 
osi'illationw in the direction OA' about the centre 0, 
its motion being represented by the equation 

.r-a^ cos ait. 
Also let a second particle X perfnnn oscillations of 
the same period, about the same centre 0, but in 
the ilirection V perjjendicular to OA'. The motion 
Fie- 8. of -V may be represeuted by the equation 

1/ - «, cos (to( + 8), 
8 expressing the difference of pltase between the two oscillations. 
Now imagine a third particle P to move in such a way that its 
projections on O.Y and Y always coincide with the points M and jV. 
The problem is to investigate the motion of tlie particle P. Before 
treating the (juestiou generally we may take a few coses, which are 
simple and of special importance. 

C-ise I. Leth^ 0. 'nds means that both M and N pass through 
the centre at the same instant, and that therefore the point P 
passes through 0. 

The equations of motion of M and X are respectively : 

y -- tti cos tu^ 
Ey ehminatiiig the time t from the eituations, we obtain a relation 
between j- and ;i, wliich determines the path described by P. ' 



Thus 



«, rt. 



«i 



This is the eijuation of a straight line passing through the origin 0. 
nie coai nea of th e angles which OP forms with OA' and 1"" respectively 
are a,/Jn? + «,' and uj/'-'V + "s* Projecting j: and y on OP we see that 
the distance (r) of P from the origin is r= ■/«]' + "a" cos orf. Therefore 
the motion of the particle P is a simply periodic linear oscillation in 
the direction OP, having the same periodic time as ite component 
vibrations, and an amplitude ecjual to Jfh' + th'- 
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Cote IJ. Let h = ±-. This means that the particle M is 

[n&aiii^ through its mean poaitioii whea N has it!) luaximuiii dU- 

pWemeat. 

Hie eiiuatiuua of motion are now : 



y=fi,co8r(irf±^jJ 



-(9) 



^Kr — + (1^ sin <Mit. 

E^QEiling t by s<iuaritig and abiding the two equations, it in found 
tbat 

Hence the path described by the purticle P is an ellipse. In the spei'ial 
cnee of u, = u, the eiiuation becomes that of a, circle of radius », . 

Tiie time occupied by P \a moving round the ellipse or circle is the 
same as tlie periodic time of the linear vibrations. It is easily seen that 
if iho phase of J/ moving along OX exMtdg by a right angle the phase 
of S moving along Y, the motion will be from the positive axis of j" 
to the positive axis of y, for accordiug to e<iuations (9) the particle /' 
CKKwes the positive axis of x when ( = 0. When t = wj-iu or after a 
quarter of a period, P is on the positive or negative branch of OY 
sccorfiing as the upper or lower sign is taken. Hence the pasitive 
«gn in the second equation (9) indicates a clocfcivise and the negative 
agu an anti-clockwise revolution. The axes of the ellipse in which P 
moves are coincident with the axes of x and y. 



^^lie«[Qati 
^■Theu 



Ca*e fit. or General Case. 

tt[Qations of motion are 

J- =^ a, cos lot 



Let 



have any value whatever. 



tnd from (10) : cos lat sin 

Squaring and adding we get 

sin' i-—,- 




. sin lot sin S 
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This is the equation of an ellipse the axes of which are not now, 
in general, parallel to the x and y axes (Fig. 9). Bj patting S = 

^ ^ = ± ;^ 1^ ^^^ general equation we return to the special cases I. 

St 

and 11. 

In the customary treatment of the kinematics of a particle, the 

point P is said to possess simultaneously 
velocities along OX and along OY which are 
respectively eriual to the velocities of its pro- 
jections. Adopting this mode of expression, 
we may say that a particle having two simple 
periodic motions of equal period at right angles 
^' to each other, moves in general in an ellipse, the 

time of revolution being equal to the period of the oscillation. In 
special cases the ellipse may become a circle or a straight line. 

The amplitudes Oi and a, of two periodic motions at right angles to 
each other, and their difference of phase 8 being given, we may require 
to determine the ratio of the principal axes of the elliptic orbit, and 
the inclination of these axes. We obtain the result by means of some 
well-known propositions concerning curves of the second d^^ree. If a 
new system of coordinates be introduced inclined at an angle y to the 
original one, so that .r, y are related to x\ y\ by 

.r-^cosy-ysinyl 

^ = y Bin y+y cosy/ '' 

the term in .rij disappears provided that 

tan 5^7 - ".- ' , cos 8, 

or if tani/^ = -, 

tan 2y =- tan 2i/r cos 8 (13). 

The Hiun of the KqunreH of the factors of a^ and y^ is not altered 
by the traiinfonnation. If therefore A and B are the semi -axes of 
the ellipse, tlio MubHtitution of (12) into (11) gives 



h^lr Q'ri)'»i°* (1*)' 



and similarly aocordiuK to another well-known proposition, the product 
of the factors of .r* and // lens the sciuare of half the factor of xy 
remains constant in all transformations. Hence 

1 _ cos* 8 sin* 8 
• • a,a^- AB (^^> 







^^H 
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Combiniiifi lU) and (15) we find 






rt,* + fl,»= A'+B".... 




,.(16), 


t^?r(i*>''- 




..(17). 


Writing tan* for //'J, (17) gives 






ain2* = sinai^siiiS.... 




■(!«)• 


Eiiiniiuting i between (18) aod (13) we obtaiu 






cos 2* cos 27 = cos 2<f . 




..(10). 


Miiltipl}Tiig this last equation by (13) we find 






I'oe 2* sin 27 = sin SiJ- cos H 




..(20). 


FiwUy the division of (IH) by (20) gives 






tan 2* = sin 2y tan a . 




■■(21). 


We sliall have occasion to uxe these formnlat; in 


chapter XI. 




From (l(t) we obtain for the components of velocity u and 




H «- = «'(a.'-r'), 




^ 


■ W^o^Co,*-,*). 




^1 


^f Hence for the velocity in the elliptic orbit 




^^ 


^ (/■.„■+,- 




1 


.»'(«.'+«,'-o. 







wtiere r is the distance of the moving jioint from the origin. We 
ponclnde that if the motion of a point in an elliptic orbit ia capable of 
lieiut' represented by the superposition of two periodic motions at right 
bugles to each other, the velocity in the orbit mnat follow a perfectly 
(letinite law, If that law is satisfied the motion resolved along any axis 
ia simply [leriodic. 

A uniform circular motion, as we have seen, is etiuivalent to the 
superposition of two simple periodic motions at right angles to each 
otlier. the amplitudes being the same and the phase difference a right 
Mgle. The simple periodic motions may he taken along any two 
coDTenient directions at right angles to each other. Conversely a 
^ple periodic motion may be considered as being the superposition 
'jf two circular motions of equal pcriotis and velocities in opposite 
ffirwtions. This may easily be proved either geometrically or algis- 
btaic&Ily, 

.\ny number of simple periodic raotion.s in a plane, having the 
aunB period but differing in amplitude and phase, may be combined 
into an elliptic motion. This follows at once from the fact that each 
periodic oscillation may be decomposed into two along the same fixed 
axis at right angles to each other. Adding the components which lie 
in the same direction according to Art. 4 and then combining the two 
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resultant oBciUatioiis at right angles to each other we ohtAiD the 
required elliptic motiou. 

Any number of simple periodic motions in a plane, having the 
samo period but differing in amplitude and phase, may be combined 
into two uniform fircular motions in opposite directions, but not 
necessarily along circles of ei^ual radii. This follows from the pro- 
position tliat each of them may be decomposed into two opposite 
circular motions, together with the fact that two uniform circular 
motions in the same direction may be combined again into a uniform 
circular motion. 

It follows that any elliptic motion in which the velocities satisfy 
the required condition, may be conaidered aa being the superposition 
of two uniform circular motions iu opposite directions. 

To follow this out algebraically, let the rectangular projections of a 
circular motion taking place anti-clockwise be «, cos wt and a, sin uit and 
that of another circular motion taking place clockwise a,cos<o{t-B) 
and - Oj sin IU (( — $) so that their combined motion is represented by 
«■ = rt| cos lot + a, COS m{t — S), 
y = a,ahiuti — Kj sin >a(t- 6). 

Ehminating I in the usual way, gives for the elliptic imtli the 
quadratic equation 
«*{Oi* + rt," — 2rt,a>C0Siijfl) + y'(a,' + «j' + 2tfi«jC0S ui6) — 4,ryrti»,sinuil9 

The three available constants a,, «,, and 9 may now be determined 
in terms of the tliree constants which determine the elliptic orbit. 

Composition of Linear Vibrations of slightly different 
Periodic Timea. We now consider the composition of two linear 
vibrations in the same direction but having slightly different periodic 
times. 

Let them be represented by 

J] = « cos tii,(, 

d-, = a cos u^, 
I aaeaming, for simplicity, that they have the same amphtude. The 
resultant vibration is given by 



= a cos luii + a COS w^ 

= 2a cos ** ( . cos ^ '^ I. 

r— t !b periodic, varying in value between - 



J 



Vlhere 
lofa 
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- 1 and guing through a complete period in the time 4ir/(ui, - <u,). 

this time is great (because oji — u, is small) in comparison with 

time 4ir/(iui + Bi,) which is the period of the other factor. We may 

lerefore consider 2a cob "^ "^ ( to be the elowly varying amplitude 
of a simple oscillation, having a period 4T/(t>i, + w,). 

The intensity / of tiie resultant vibration is proportional to tlie 
■qtuure of the amplitude, so that 

/ oc 4a' cos" ^— — t 

oc 2a* 1 1 + cos (oil - <%) I)- 
Hence the resultant intensity varies between 4a' and 0, and the time 
interval between two successive maxima of intensity is 2t/(ui, -tu,). 
An important apjilication of this equation is made in the theory of 
Bound. When two notes of nearly equal pitch are sounded together, 
beatH are heard, and according to the above, the periodicity of the 
beats is 2b-/(o)] - m,), if 27r/tiii and air/wj are the periods of the two notes. 
As the number of vibrations per second (the frequencies) are inversely 
proportioiuLl to the periods, it follows that when two notes have 
frequencies n, and n-i, the number of beats per second is n,-n,. 

6. Use of imaginary quantities. The mathematical treatment 
of oscillations may often be made more concise by the introduction of 
imaginary quantities. Writing » = V- 1, we make use of the symbolic 
expresRioii 

e'* = cos </> + ( sin ^. 

If ^^w^, it is seen that both the real and imaginary part of «•*, 
represenb> a simple periodic motion. The same is true for re**, where 
the "amplitude" e, may be real, itnaginary, or complex. Writing,- 
to Bepamte the real and imaginary parts, c = a + ib, and 



..(22), 



r sin8 = /») 

it follows that r = »■«■■* and «'* = /■«''*+*>. 

It follows from (22) that the amplitude r is equal to ■Ji^b'^ and the 
phase & determinetl by 

tan 8 = &/«. 

If the factor of e'* is of the form 

« -t- lb 
'^~ A+iB' 
The fraction is reduced to the standard form by multiplying its 
BOjoerstor and denominator by .^ - iB. 



18 



THE THEORY OF OPTICS 



[chap. I 



We derive 



(a A + bB) + i (bA - aB) 
^■" A' + B" 



and hence the amplitude and phase of the real part of ce*^ are obtained 
from: 



r» = 



A^ + B" 



, . bA-aB 

tand= — - — ,^ 

aA + bB 



.(23). 



For the particular case that A=a and B = — bj 



{a'-V)-\-2iab 



and 



r = 1 ; tan S - - 



2ai 



a^-6''" 



a + 16 



According to the above, an expression of the form .j^ can 

always be brought to the form re^ where r and 8 satisfy equations (23). 
We may write these equations in another way which is sometimes 
convenient. Put 



P = 



a + ib 



Q = 



a — lb 



A+iB' ^ A-iB' 

where Q is obtained from P by reversing the sign of i. It is then 
easily shown that 

Pq = f^) and .-^^ = tan8 (24). 



CHAPTER II. 

KISEMATIOS AND KINETICS OF WAVE MOTION. 

9. Kinematics of Wave Motion. Every one is familiar with 
tlie appearante of a train of waves prupagated over a siirface of water. 
Ai s nile, such surface waves alter their shape as they proceed and 
thej are aot therefore very good examples of simple wave propagation. 
V»my that a wave has "constaiit type" wheu the outline of the wave 
»t»f!ys remains the same. Waves of sound and waves of light pro- 
PUfited through a vacuum are waves of constant type. 

Conaider a row of particles lying on a straight line, which we shall 
take to be the axis of a;. Let tlie partirlea be displaced in a direction 
it right angles to a-, the diaplaceiueut being represented by the equation 

If tlie displacements at each point alter iu such a way that a line 
joining all particles seems to travel with a velocity -v iu the positive 
direction without change of shape, the equation of the outline at any 
time ( may still be represented by the same eijuation y =/(.r), provided 
llie firipn from which x is measured is shifted through a distance vt. 
B^ned to the old origin, the equation representing the outline will 
w givL'U by y =/(x — vt). This then is the general eiiuation of a wave 
*f coiistani type propagated in the positive direction with a velocity 
'. *nd every wave propagated without change of shape must be ex- 
V^tsMe in this fonn. llie argument does not turn upon the 
^~. displacement y being necessarily at right angles 

/ \. to the direction of propagation, but it may be, 

-^ -^=— as in the case of sound waves, along that direc- 
ts- 10. tiou, and the equation would hold equally for 
di»plfl«nients of any kind. By giviug to i' a negative sign, we obtain 
tte general equation of a wave propagated along j; in the negative 
iKrcction. 

As an example we may con.Siider the equation 
y = "«"''"'"'' 
riticb being of the form y -/(-c - vt) represents a wave motion. 



i^ 



Putting f = we obtain for the shape of the wave, tbe outline 

The equation repreaeute tlierefore a wave of the form shown in Fig. lO 
propagated with a constant velocity v in the positive direction. 
Returning to the general e*iuation 

y =/{x - vt) 
we obtain by differentiation 






_. -d. CI). 



^Jy-. 
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■ ■ df ^ dx' w- 

The last equation is the diSereotial equation which characterisH 
a wave motion. Its complete solution is 

y^nx-vt)^Fix*vt) 
where/and J^'are arbitrary functions. 
As an important special ca,?e we take 

y = acm{<at-px) (8). 

By comparison with the general expression, it is seen that w/f i 
the velocity of propagation. If ^ is measured at right angles to 2^, ai 
if each point always keeps the same distance from the plane ^r = 0, tl 
motion will be rectilinear. For a given x the equation is of the form 

y = a cos {itt + S) 
and every point therefore performs normal oscillations having a period 

The outline of the wave is obtained by taking any value of i 
e.g. t-0, when 

will represent the shape of the wave and its position at tliat time. 
A portion of the wave fonn wliich rem^he^ out to infinity in botl 
directions, is represented in Pig. U. The figure illustrates the motho< 
of drawing the curve. Equidistant points divide the circumference o 
a circle into equal portions. In the figure that number is twelve, hul 
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cuuld be increased if it is desired to obtain a greater number of jioint-s 
in the curve. Other equidistant points are taken on a straight line 



Oi paaging through the centre of the circle. Drawing perpendiculars 
to OA through each point on that line, and lines parallel to OA through 
tile corresponding points of the circle, the intersections of the two sets 
of line* mark the points on the curve. The waw-tength ia tlie distance 
bfltieen the two nearest points which have the same phase. If A. be 
tlie SBVC-lengtb, so that the phase is the same for x a,aAa;-*-\, it follows 
tilt /A must be equal to 2x, ai p = 2n-/A. 

Prom V = t^lp and lu = 2ir/T, we obtai u w = A/t. 

In terms of X and t we may write eijuation (3) 

The difference of plia*e between two particles at distances ^i and «, 
fcom the origin, as obtained from this equation, is 

-;^- (■»■.- ^l)- 
in the further consideration of wave motion, we shall consider prin- 
ni»l!)f waves the displacement of which can be represented by the 
eqnatinn (3). 

10. Application of Fourler'a Theorem. By an important 
■heotem due to Fourier, any function /(x) may between fixed limits 
'=-cand j^= + f be represented as the sum of a series, in such a way 
tkat writing o = irxjc 

/(*■) = a, + Oi cos n + ffi, COS 2ti + a, COB 3a + 

+ 6,sin<i-t-6i8in2a + ^sin3a + (4). 

The constants (i,, «,, 6,, 6„ etc. may be determined from the function 
/ md we may for our present purpose fix for f{x) outside the specified 
lioiita the values calculated from the series on the right-hand side. 
If waves of all lengtlis are propagated with the same velocity u, we 
may obtain the shape at any subsequent time for waves travelling in 
the positive direction by writing in all terms on the right-hand side 
*- vt for X, and having done so we may add the series again, when it 
ii eeen that the sum now becomes f{ic-vt). Hence the condition 
tlut normal waves of all lengtlia travel with the same velocity carries 
with it the consequence that waves of any shape may be propagated 
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sufficiently small. 



without change of type. On the other hand, if as in the case of li^t- 
waves travelling through a dispersive medium, the velocity of pTopag^ 
tion depends on the wave-length, there must always be a change of ni 
type when waves which are not of the simple cosine or sine shape sie 
propagated. 

11. Waves travelling along a stretched string. Let us now '^ 

consider the kinetics of wave propagation. 

Consider a small portion AB of a curved string and acted onbf 

equal tangential forces at the ends. The resultant 
force passes by symmetry through C the centre of 
the circle of curvature of AB and bisects AB. 
If 20 be the angle subtended by the portion AB 
of the string at C, the intensity of the resultant 
is 2rsin^, which is nearly equal to 27W if ^be 
As 2r0 is the length of the arc AB, where r is the 
radius of curvature, the "resultant force per unit length" is Tjr, 
i,e. equal to the product of the tension and the curvature. 

Let now a string be only slightly curved, so that every part of it is 
near a straight line which shall be the axis of x. Its inclination to 
that axis dif/dx may be supposed to be sufficiently small to allow its 
square to be neglected. The force acting on an element of length di 
has been proved to be Tifo/r, and neglecting the square of dy/dx, we 
may take the same expression to represent that component of the 
force which lies in the y direction. 

If P be the density per unit length, and hence pds the mass of the 
length d^, the equation of motion is : 

, d^y Tds 

. d^i/_T 1 
• ' dt^ p'r' 

Again neglecting [~f-) > the curvature is equal to -t4, hence 

dt' p dx" 

Comparing this equation with (2) it is seen that JT/p is the velocity 

of the waves which are propagated along 
the string. 

Let Fig. 13 represent a portion of a 

string stretched to a constant tension by a 

weight P. Let it be displaced by outside 

p. -g forces until it occupies a position such as 

tliat shown in the figure. If the constraint 
is suddenly removed, the tension of the string will, by what precedes. 



(5). 
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Kt ID such a way that there is at each point a rGsiiltaiit force towards 
the c*ntre of curvature. Hence tlie point B will begin to move 
diwnwsrds while .^1 and C move upwards. If ,4 ^ haa been previously 
alraiglit, this portion of the string is in eyuilibrium, but ae soon as A 
a lifted up, the point at which the straight and curved portions join, 
his been moved to the left. If A' is tliat point, AA' which was 
prsvioasly in equilibrium, has ccaeed to be so. It follows that a dis- 
turbance will set out from ,4 and travel from right to left, with a 
velocity which has already been found to be yPTjp. A similar reasoning 
sham that the displaced region AC will also send out a disturhance 
from C towards K. Two waves travelling in opposite directions will 
therefore start from ABC- 

Xuw we know from observation that it is possible for a disturbance 
to travel in one direction only, and it is a matter of interest to examine 
the conditions under which a displacement such as ABCm&y be propa- 
gaWti forward only or backward only. In order that it shall travel only 
foreard, it is clearly necessary that the point A should remain in its 
pmitioR in spite of the force acting npwards, and this is only iKissihle 
if « the time to which the figure applies, ,! has a velocity downwards, 
«f Buch magnitude that the force acting at A just destroys the velocity. 
The force is of the nature of an "impulse" because if there is a 
iJiwrntitmity of slope at A, the curvature is infinite, and hence the 
fcfce ifi infinite, ami capable of suddenly destroying a finite velocity. 
Similarly all along ABC a certain relation between velocity and 
iiqiUcement must hold, and this relation must be of such a nature 
•lilt each portion will have zero velocity as soon as the wave baa 
. pBfflal over it The mathematical relation which must connect the 
(iisplttcement and the velocity at each point when waves are propagated 
in one direction only, is obtained from (I) substituting the value 

*iiere the upper sign holds for waves propagated in the positive 
direction. 

I have discussed this question at length, because it shows clearly 
the important fact that if waves are sent out from any disturbed region, 
the displacements in that region are not by themselves sufficient to 
determine the snbsetiuent motion, the velocities being just as important 
M the displacements. In the above case, with the same displacements, 
the velocities might be chosen so as to give a wave wholly moving 
(brward in one direction, or wholly moving back in the opposite 
direction, while generally there are two portions of the wave, one 
DOTing towards the positive, and one towards the negative side. 
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12. Transverse Waves in an Elastic Medinm. We coufii 
ow attentiou for the present to bodies, the elastic properties of whici 
are independent of dirA:tion. Such bodies ai« a&id to be "isotropic. 
Consider a medium in whicb tiie displacements are the same 
nutgmtnde and direction for all points ipng in the same plane drat 
normally to a given line. In Vig. 14 OA' represents this line, an 
A,Bi, AtS„ AiB,... are the intersections of a number of plant ^^ 
perpendicular to OX with the anrface of the paper. At each point o^ 
these plane» the displacements are sup- 
posed to be identical, but they may^ 
differ in different planes. If the dis- 
placements are all normal to OJC and 
in the plane of the paper, each plane 
may be imagined to slide along itself 
through distances e<jual respectively to 
C,C,; C,C^ etc. We confine the in- 
vestigation to the case of elastic forces 
Fig, 14. which are such that for the linear dis- 

placements contemplated, the restitu- 
tional force acts backwards in the direction of the displacement. 

The strain set up in the medium by the displacement is one 
involving clmnge of sliape only, and not any 
change of volume. 

If PM and M'P' are the positions in 
the strained condition of two lines originally 
parallel to 0X\ the parallelogram PQNM 
was originally a rectangle, and the elementary 
theory connecting i^trains and stresses shows, 
that the plane AjB, to be maintained in its 
displaced position must be acted on by aa 
Fig. 15. upward force which per unit surface is equal 

to H tan a, where n is the resistance to distor- 
tion and a the angle between PM and OX. Similarly the plane AtBt 
to keep its position must be acted on by a downward force which per 

* Thomson and Toit, Tol. i.. Art. 676, give tlio roUowing definition of 
imtropy ! 

"The Eubntanoe of u homogEOeous solid is oalled isotropic when a apherical 
poctinn of it, teslcd bj Aay phyRioi se^^^?- cihiliitB uo diflurenoe in quality 
kowerer it i> tarned. Or. whieli amoante to Ibc same, a cabicul porlioo cut fmin 
any posiciou in an iBotrapio budy exbibita the xaine qualities relutirel; to each 
P»ir of parallel faces. Oi two equal and nimilai p;>TtiDQB cat from any posiliona 
in the body, not subject to the condition ol paralleli>«n, are undiatinguinhable from 
mother. A gubstanoe ichich is not isotropic, but exbibiti diSerenora of 
quulltj in different directioua, is oalled eolotropic," 
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unit surlace is n tau a, where a in the angle between P'M' and 0,1'. 
The fsaultant force acting on a small rectaugular volume of unit height, 
tliickiiess -VA" and length M!v' is 

J/.V X n (tan a' - tan a). 
If the di§placenients are denoted by y, we have 

tan a = ^, 

d.v 

!tnd if .1/.V = t, 

dj- ol*- \dir/ ' 
wtlat the resultant force may now be written MNxlx »t-^, but 

UN « t is the volume considered, and if p is the density, n j^ / p will 

•ieoow the resultant force divided by the moss. We have considered 
tbefiirce neceesary to maiutaiii the medium in its stTaioed condition, 
Wt if tltat force is removed, the acceleration may be obtained by the 
third law of motion : 

df P dj^' 
This equation is of the form (2) and shows that the medium is capable 
of tmnamitting waves in a direction O-l*" with a velocity -Jn/p. As the 
wlucity is independent of the wave-length, waves of any shape are 
pnipft^nited without change of type. 

If we imagine a second disturbance superposed on the one which 
^ hwn discussed, and at right angles to it, we arrive at a wave 
JWfsg&tion in which each particle describes a plane curve. We may 
fct convenience limit the discussion to waves of the normal type, in 
Tiiich the disphicements are therefore represented by 

y = acos('ut-pj-). 
Superposing a similar wave, the displacements being in the s direction, 

z = bcas(uit-px + S). 
The pntlis of the particles in each plane are seen to be similar and 
sllipnc, circular or rectilinear, according to the value of 8 and the 
wUtioiis holding between a and 6, Art. 6. 

One iiuiKirtant observation remains to be made. Imagine the 
HKilium to consist of a number of detached particles, not acting on 
etch other, but attracted to their position of equihbrium by a force 
Tarjniig as the distance. 

Let the particles at the time ( = be put into such a position and 
hate such velocities that their displacements may be represented by 
y = a cos px 
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and their velocities by 

then the particles will continue to more under the action of the forces in 
such a way that their position at any subsequent time is represented by 

y = a cos (a»^ -p^)j 
for this is the only relation which satisfies the condition that the 
accelerations are proportional to the displacements, and gives the 
required values for the displacements and velocities when ^ = 0. Hence 
a number of detached particles may simulate a wave motion, if once 
their displacements and velocities are properly adjusted, and if the 
force tending to bring them back to their position of rest causes an 
acceleration proportional to the displacement. 

13. Condensational Waves. We imagine the same conditions 
to hold as in the previous paragraph, with the exception that the 
displacement (i) shall be in the direction of propagation. An investi- 
gation very similar to the one which was applied to the distortional 
or transverse waves will now hold, and it is not necessary to deduce 

again in detail the equation of motion, which for the case that t- 

is small is found to be: 

Here m represents the longitudinal stress per unit elongation. It 
would be wrong to substitute for m the resistance to dilatation, or, 
as one might be tempted to do, Young's Modulus. The magnitude of 
m in terms of the elastic constants needs to be specially determined by 
the fact that there are no displacements at right angles to the direction 
of propagation. This we proceed to do. If the forces acting in the 
medium were all in the direction OA^, a contraction of the medium at 
right angles to. the direction of propagation would take place. The 
application of Young's Modulus would be justified in that case, but we 
have worked under the assumption that the displacements (not the 
forces) are parallel to OJT. To counterbalance the contraction, trans- 
verse forces must act, and these forces will afiiect the elongations. It 
is known from the elementary theory that if P be the normal tensional 
force along OX, it will produce an elongation equal to 



\dk "^ 3h) 



where k is the resistance to compression, and n the resistance to 
distortion. 

The contraction at right angles is 



[en dk) ' 
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If aioal tensions Q act along V and OZ at right angles to O.V, the 
ek>ngadi)Qs alung V and OZ are both equal to 

(G). 

The cloujration along 0-V i.^, taking account of (/, 

Sulistituting the value of Q found by etiuating (6) to lero, the elongation 

Si + 4« • 
Tlie stress per unit elongation is therefore 



Tlie velocity of propagation ia \/mjp and depends therefore on the 
itsistuuce to distortion, as well as ou the resistance to compreesioiL 
Tlie wavea which involve longitudinal displacements only, are 
cslied condensational waveB, because they involve changes of volume, 
but all condensational waves involve also distortion. A difficulty may 
w found in admitting the existence of waves having the type con- 
ridered on account of the force Q which would have t^i be applied at 
tw hoandary of the medium. The difficulty no doubt e."dats in some 
casM aud it would be wrong, for instance, to apply the resiilt obtained, 
to the propagation of waves along a rod or \»r. Waves in which the 
owpUcenients are solely in the direction of propagation could not 
tni^el along a nxl, unless forces were applied at the surface and 
Mjiuted so as to prevent all contraction or expansion at right angles 
to llie rod. 

Ill an elastic medium, the boundaries of which are at a considerable 
distauce, plane waves do not occur except as the 
limiting case of spherical waves, when the radius 
of the sphere has become very large. There ia 
no difficulty in conceiving radial displacements and 
stresses across planes of AB and A'B' (Fig. 16), 
which prevent the lateral contraction. Our inves- 
tigation may therefore he considered to apply to 
nsk 8[dierical waves having a large radiug. 

14. S|dierical Waves. If a disturbance is produced within a 
null volume of an isotropic clastic medium, it spreads out in the form 
of spherical waves. Let at any one time, a very small volume The 
&tarbed, the rest of the medium being in a state of equilibrium. If 
a11 disturbing forces are now removed from the region T, the complete 
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theory proves, what the recalts at the prerioiis paragraphs already lead 
as to expect, that r being the Telocity of propagation, the distarbanoe 
after a time /, will be confined to the neigfaboorhood of a spherical 

sur&ce drawn with uniformly increasing radios 

r = rt about some point within 71 If the medium 

can propagate both distortional and condensational 

waTCs^ the distnrbance in general separates into 

two portions : one of these is spread over a sphere 

of radius n = r^/, and consists of displacements 

which do not involve any change of volume, while 

the other, spread over the sphere of radius r,=t^, 

involves both condensation and distortioiL In terms of the elastic 

constants, the velocities of propagation are the same as for plane 

waves, so that 

«i = n'i» (k r. = n ^1- -^ Jh) p (T). 

In all fluid media, the resistance to change of shape is zero, 
hence the distortional wave does not exist, and the condensational 

wave is propagated with velocity % i* p, where for rapid oscillations, 
such as take place in sound waves, t is the adiabatic and not the 
isothermal elasticity. If a medium is incompressible, t is infinitely 
large, and the condensational wave is propagated with infinite 
velocity. 

If the disturbance is of the normal periodic type, waves spread 
outward from the source, and, in consequence, energy is propagated 
outwards. Unless there is a continuous accumidation of energy in 
space, the energy passing in unit time through all closed surfaces 
surrounding the centre of disturbance, must be the same. Apply this 
to spheres of different radii drawn round the centre, when it will 
be clear that as the total energ)* transmitted through each sphere is the 
same, the energy per unit surface must be inversely proportional to the 
square of the distance. 

Remembering (Art. 3) that the energy- of a particle performing 
periodic oscillations is proportional to the square of the amplitude and 
following the analog)' of plane waves, we are tempted to write for the 
displacements (y) in a spherical wave. 



y.'icOS->.(';-9 (8). 



where a is a constant which may be difierent for difterent directions, 
but remains the same along the same radius. This is not, however, 
the correct expression (Chapter xiii) though it is approximately 
accurate, when r is large compared to A, and becomes more and more 
nearly true in proportion as A/27rr is negligible. 
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According to (8) the difference in iihase between two points at 
t distance r,-r, from each other, along the same radius, would be 
''*(''i-''i) but this result is limited to the same restrictiona aa the 
eqiu^oii itself and must not he applied when r, is not large compared 
with X. Difficulties which Lave been felt in certiiin parts of the subject 
lie due to the tacit assumption that (») is generally correct, and that 
the difference in phase between a point at a distance r from the origin 
Mil a point at the uri^rin is 2jr/-/A. This is not true. 

15. Waves spreading from a diaturbed region of finite 
»«e. If the original disturbance be spread over a s|Mice T of finite 
dimetLyons. Fig. 18, we may by a simple geometrical construction find 
tlie »pttce which at any subsequent time t may be disturbed in con- 
sequenre of the wave motion spreading out from T. We assume that 
no forces continue to act within T, that H[)ace being left t« regain a 
Btote of equilibrium under the action of its own elastic forces only. 
Snbdivide T into indefinitely small portions and consider eaoh 
small portion to be an independent centre 
of disturbance, from which spherical waves 
spread out as in the last paragraph. If A 
and B are the two points in T which are 
I nearest and furthest, resiJectively, from P, 
then at a time APjv the disturbance from 
A has just reached P. Previous to that 
time the point P was at rest. It will con- 
tinue to be traversed by waves coming from 
"*' ■ some point in T until a time equal to BPjv. 

TW the disturbance will have completely passed over it, and P will 
■BWi be in eijuibbrium, i-e. its velocity wilt remain zero, though its 
puaition may be different from that which it occupied previous to the 
pWMge of the wave. To obtain the region over which the disturbance is 
^>fea(l at any time (, we may draw spheres with radius vt, ronnd every 
poiiit of the boundary of T. These spheres will have one or two 
wonding envelopes, which separate the space cut by the spheres, 
^m that which includes all points which are not cut by any sphere 
of radius et drawn round any point within 7" as centre. The envelope 
w envelopes therefore form the boundary of the disturbed region. 
In Figures 19. 20 and 21 the disturbed sparse is supposed to have a 
nctaagiilar section, and the sections of those waves are drawn which 
ipresd out from the edges of the disturbed region. In the first figure 
tbe time t is taken to be small, so that there is only one envelope and 
one boundary. In Fig. 30, / has increased sufficiently to show a space in 
tie centre of the originally disturbed region, in which c<iuilibrium has 
been restored. This space spreads out until as siiowii in Fig. 21 the 
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distarb&nce is cocBned to a shell, iDclnding a. rousidernble space i"* 
which the disturbaoc* has ceased; the boundaries of the disturbed 
region approach the shape of spheres. 
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16. The Principle of Saperposition, It haa been assumed 
in llie last article tlwt the disturbance at F may be ubtaincd by 
fujKTjKwing the disturbances reacliiiig it separately froiu all wave 
centrea vithia T. This is called tlie principle of auperpoaitioii, and 
holds, as may easily be proved, when the elastic properties uf the 
aediam are such that the stresses are linear functions of the displace- 
meirts, or of their difTerential coefficients with respect to the coordinate 



In the special cases discussed in Arts, 11 and lii, y being the 
lUcemeut, the stresses are proportional to ,-^, and satisfy there- 
fere the condition of linearity. This is still found to be true if the 
iuveatigatiou is not limited to plane waves, for whatever be the 
properties of the medium, the stresses are always functions of the 
iXrims, of such form that when the strains are small, their squares and 
Iiri)ducta may ultimately be neglected. The principle of superposition 
Mj always therefore be taken to be an approximation which becomes 
more and more nearly true, the smaller tlie motion. 

17. Huygens' Secondary Waves. Instead of following a 
(iistnrbance from its original source, it is often more convenient to 
trace it« subsequent propagation from its position and 
character at a given time. Thus let a disturbance origi- 
nally coming from a small space be spread at time ( 
over a thin spherical shell of which a portion AB is 
shown in Fig. 22. We may consider this shell to be 
the disturbed region and find the disturbance at time ^i 
from Art. 1;') by drawing spheres with nulius r{ty-t) 
round each point of the shell. We get in tliis way two 
spherical envelopes B'K' and HK between which the 
disturliance is necessarily confined. 

This result seems to be in contradiction with that 
mother line of reasoning, for, going back to the original 
OKseof the disturbance, the latter should, at time t„ be confined to 
• thin shell of which UK is the outer boundary, and except close 
•o BK there should be no tlisturbance. 

This brings us to the important remark thut the construction of 
Art. 15 only gives us the space in which there may be a disturbance, 
*ni| not the space in which there is one necessarily. When the 
liisplacements and velocities of the originally disturbed regions are 
independent of each other, each point of the space in question will in 
J have a velocity and a displacement, and only in exceptional 



32 THE THEORY OF OPTICS [CHAP. U 

cases will theee reduce to zero. But the displAcements and velocities 
ID the shell AB (Fig. li) are not independent of each other, for they 
all originally come from the same source. Hence the waves which we 
may imagine to spread out from different points of AB must have 
some relation to each other as regards direction of displacement and 
velocity. As both our methods of reasoning are correct, it follows 
that the relation in the present instance must be such that there is 
neutralization at all points except in a narrow space close to the outer 
boundary HK. 

If we imagine the velocities in >4 if to he reversed, the displace- 
ments remaining the same, we should get a wave travelling inwards. 
In that case, there should he neutraliiiation of the secondary waves 
over HK and the disturbances would now lie in a shell close up to 
UK'. This shows that the question whether a wave travels in one 
direction or another depends on the relation between velocities aod 
displacements. The same result has already been proved in Art. 11. 

The propagation of waves not necessarily plane or spherical may , 
be treated in the same manner. As long as we know that t^ 
disturbance originally comes from a small space, and is therefore 
confined to a thin sheet, we may alwajs have recourse to the pro- 
position, according to which the disturbance at time t^ is obtained from 
that at time t by constructing the outer envelope of all spheres having 
a radius v (i, - () and their centres on the boundary of the space to 
which the disturbance is confined at time t. 

Huygens was the first to investigate the propagation of waves by 
considering secondary waves to spread out from all pointe of a dis- 
turbance, but the question why the disturbance should be confined 
to the outer envelope of the secondary spheres iias been a serious 
difficulty up to the time of Kresnel, and even now the reason why, 
according to Huygens' construction, a wave should not be propagated 
backwards as well as forwards, is often a stumbling-block. 

18. Refraction and Reflexion of waves. Imagine a plane 
wave disturbance to be confined to a 
narrow layer between two parallel planes 
of which AB and A'l^ are the intersec- 
tions with the plane of the paper. Let 
this wave meet a surface HK which 
forms the boundary of another medium 
having similar properties to the first, but 
differing in the rate at which the waves 
travel through it. 
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If the secoud medium had the same velocity of propagation, the 
nves at subaequent times ti would be spread over a spwe between 
the pamllel sheets CU, C'ly, and it will now be shown that the wave 
entering the second luediiini remains a plane wave, but with changed 
direction, bo that LM, L'M' may repre- 
sent the boundaries of the space to 
whifh the wave has spread. To prove 
this, let AB (Fig: 24) represent the 
front of the sheet of disturbance which 
is supposed to be at right angles to the 
plane of the paper. After a time t the 
wave haa moved forward in the first 
Fig. 2*. medium through a distance 

Id the meantime, we may imagine, according to the previous 
wticles. a secoudar>- wave to have spread from ,4 through a distance 
V. »4iwe r, is the velocity of propagation in the second medium. 
Db« therefore a sphere f£ nAins AT - v-,t. To trace another secondary 
mve we choose a time, say tju, at which the wave occupies in the 
fel medium a position such that BM-BHjn; its point of inter- 
awtion with the line AK will be N, such tliat AN= AKjn. From 

■lii* |»int N, waves spread out, and at time (, i.e. an interval t{\--j 

»ft«r the wave has reached A', this secondary wave will have a 

ndiuB «,( M - ~ 1 . If all these secondary waves are drawn for values 

'i "i between U and 1, they are found to have a common tangent 
plwie KST. This tantjetit plane gives the extreme limit of the 
oiaturljsuce in the second medium at the time t and represents 
•ierefore the wave-front at the time t. Draw KE normal to the wave 
IB the first medium, A T normal to the wave in the second medium, 
wJ let S, and B^ represent the angles between the wave and the 
Wt&ce of separation. Then an inspection of the figure gives at 
once 

sin 6| _ KE _ \\ ,, , 

^me," AT~v, ^■'^■ 

we call the wave in the second medium the refracted wave, and 
•qitttiou (9) gives the law of refraction. The "refractive index " of a 
wbrtance as commonly defined is therefore equal to the ratio of the 
Telodty of light in vacuo, to the velocity of light in the substance. 
Ine reflexion of waves may be treated exactly in the same manner, 
»iid tlie well-known law deduced, according to which incident and 
nflected waves are equally inclined to the surface of separation. 



M4 THE THEORY OF OPTICS [CffAP. tt 



f 

^H 19. Wave Front and Wave Surface. In a niediutu iu which 

^^M iraves of ail ))eriods are prupugateil with (x^ual velocities, a wave-front 

^H is best defined an a surtiioe .such tliat the disturbance over it origiDally 

^H eame from the same source, and started from that source at the s&nie 

^^B time. This doen not restrict us to any particular form or shape of the 

^^H mve. If the digturbance follows the law of normal oscillations the 

^V wave-fronts are also surfaces of equal phase. This follows ti-oin the 

^* filct that if we imagine ourselves to follow e.g. a condensation as it 

leaves a aour(^e, and spreads outwards with the velocity at which the 

wave is propagated, the locus of the condensation will, by the above 

definition, be a wave-front; it will also remain a locus of equal phase 

and remain so, though the wave may be refracted and reflected. When 

the medium transmits waves of difiereut lengths with diflTerent 

velocities, the above definition no longer applies, but we may still 

trace the surfaces of equal phase in the case of simxily periodic 

oscillations. 

A wave-front may lie altogether in one medium, or partly in one 
and iMirtly in the other. Thus in Fig. 23 DCLM represents tlw 
trace of a wave-front. We si)eak of a wave surface when we refer 
to the front of a wave which completely surrounds a small centre of 
diaturbance, and lias never passed out of the medium in which that 
centre lies. A wave surface in a homogeneous medium like air, glass, 
or water, is always a sphere, while the shape of a wave front would 
depend on the previous history of the wave, and might be plaue, 
spherical or of irregular shape. In all media whether crystalline or 
isotropic the wave-surface is characteristic of the medium, while the 
^_ wave-front in general is not. 



CHAPTER III. 

lElIMIXARY DISCUSSION OF THE NATURE OF LIGHT 
AND ITS PROPAGATION. 

20. The Nature of Light. We imagine the lurainiferous tether 
to hn a medium, filling all space and permeating all bodies. Light is 
a nve-motioD in this medium. The waves of light are of the nature 
of dislortloual waves, the displacements in transparent and isotropic 
Wira being in the wave-front. Waves of the simple periodic form 
«re propagated through the lether with a velocity independent of the 
MTe-Iength. Hence any plane wave may be propagated without 
dufflge of type. 

A wave in which the displacement at every point are simply 
periwlic, is called a homogeneous wave. If e.g. the displacement in 
* plane wave travelhng in the direction of .r is represented by 



('-f) <■'• 



k 



y = « cos 2jr 

'ithoQl limitation a« to the distance x, we should have a homogeneous 
lilmtion of wave-length A, period t, and frequency I/t. But we 
»»e DO pra<'ticttl exjwrience of a homogeneous wave of light If 
It (listed. I.e. if equation (1) were strictly true, the oscillation of 
•ny [loint would know no limit as regards time, either in the positive 
I" negative direction. A particle caimot send out homogeneous 
tldiiticjus unless it has been vibrating for an infinite time, and the 
"ere fact that we are lighting a flame, and extinguishing it, shows 
wM tlie flame does not send out homogeneous radiations. Students 
•wuU clearly realize that this is a con.sequence of our definition of 
Wugeneous light. We cannot alter that definition without intro- 
Aionga vagueness into our ideas, which has been the cause of much 
WW and confusion. 

t)iir perception of light depends on a physiological sensation, but 
tie Waves which are capable of producing this sensation are restricted 
to 1 definite range of frequency. There are radiations which have all 
^ properties of luminous radiations, but which we cannot perceive by 
■Man* of our eyes because their wave-length lies outside that range. 
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When we speak of the " spectrum '' we include the whole range of 
radiation emitted by a radiating body, and we distinguish between the 
visible portion of the spectrum, which extends fix)m the red to Ae 
violet, and the invisible portion which includes the wave-lengths which 
are too long to produce a visible sensation (infrared radiations) and 
those which are too short to produce a visible effect (ultraviolet radia- 
tions). A heated body emits radiations consisting of transverse waves, 
which when the temperature is low, belong entirely to the infrared 
portion of the spectrum. As the temperature increases, shorter waves 
are added to the radiation and increase in intensity both absolutely 
and relatively to the rays previously emitted. Ultimately the waves 
belonging to the visible portion of the spectrum begin to be included, 
when the body becomes red hot. A still further increase of temperature 
adds other visible and ultimately the ultraviolet radiations. 

Table I. gives an approximate idea of the length of different waves. 



Table I. 



cms. 



Extreme Infrared radiation observed by Rubens and 

Ascbkinass ... ... ... ... ... '0061 

Extreme Infrared in Solar Spectrum *00053 

, , Red of Visible portion 00007 7 

„ Violet „ „ -000039 

„ Ultraviolet transmitted through atmospheric 

wir ... ... ... ... ... ... ... \/vr\./\/ 1 o 

Extreme Ultraviolet observed by V. Schuman ... '000010 

The electrical vibrations emitted by an electric spark are of 
the same nature as luminous radiations, but the shortest electrical 
wave we have been able to produce is several millimetres long, i.e, about 
one hundred times longer than the longest observed infrared wave. 

We shall discuss in Giapter xin. the knowledge we possess of the 
nature of light as it is emitted by incandescent bodies, but for the 
present it will be sufficient to introduce a simplification which is not 
in contradiction with any known experimental fact. All known sources 
of light, even those most nearly homogeneous, can be treated as emitting- 
a large number of radiations, each being homogeneous, but differing from 
each other in wave-length. In the case of ordinary white light these 
vibrations must be distributed throughout the whole range of the 
spectrum, and must be sufficiently near each other to escape the 
possibility of resolution by any known spectroscope. If the space be- 
tween wave-lengths Ai = 5*889 x 10"* cms., and A^^ 5*895 x 10"* cms. 
(which are the wave-lengths of the components of the yellow sodium 
doublet) were filled uniformly by waves, each differing from tlie other 
-n length by the millionth part of A,- Xj, no power available, or likely 
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bi be available, woald rect^nise the intervals between these wares, but 
t-ht light apiiearing in a spectroscope nouM se^ m to &1I aniformly the 
space inclnded between the sodium lines. If throughout the spectrum 
Iranogeneons Tibrations were distributed at int«rvals equal to the abore, 
DO ioglniment could tell us that we were not dealing with what is called 
awntiouous spectrum. We are at liberty therefore to assume that all 
Kmtinnoug spectra are made up of homogeneous vibrations in &tich cloee 
pTunniity that we caunot separate them. This is not put forward as a 
^Jsctl theory, but as a method of obtainiog an analytical expression 
of the facts in a simple manner. 

21. Intensity. Id comparing different radiations in the same 
niFidiuiD, we may take the wjuare of the amplitude as a measure 
of llieir tnteD.sity. As comparative measurements are always made 
u tliG Hame medium, this dehnition is sufficient for practical purposes. 
Waves of different nave-lengths can only be cumimred with each other 
»lifi) their energy is converted into some common type. This is 
generally effected by absorption, the heat ejuivalent of the radiations 
lieiug compared by the bolometer or thermopile. 

22. Velocity of Light. The experimental methods by means 
'jf wiiii'h the velocity of light may be measured are explained in 

isleraentary hooks, Fizeau's method of revolving apertures was used 
^' .\. CV>mu in a series of experiments to which the highest value 
mmi be attached. The final number arrived at for the velocity in vacuo 
*" 3'0O4k Itf'cms./second, 

iresult which is not likely to be in error by more than '370- 

Knacaiih's method of the revolving mirror was used by Michelson, 
wd later by Newcomb in conjunction with Michelson. The final result 
"i*" 2-9986 X 10"'cms./aecond. 

The accidental errors of this method seem considerably smaller 
Man iu the method of FJEeau, but certain asaumptioiia ou which 
B teats are not quite free from objection. Professor A. Cornu haa 
Jnblislied in the Rapports de Phijg'ique da Congrh International de 
Pij^ur, 1900, a very clear discussion of the relative merits of the 
tvn methods. His ctjuulusion is, that the arithmetic mean of the above 
determinations gives ns at preseut the be-tt result, and that the most 
probable value of velocity of light in c.g.s. nnits is 
30013 K Iff". 
Aji error of one part in a thousand in the number is quite possible 
»a that for all purposes we may for convenience adopt the simple and 
Msily remembered number 3 x 10'". The veWlty of light in empty 
(face will throughout this l)ook be denoted by I'. 
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Optical length and optical distance. The optical lengtV: 
of a path is dcliued as it-i ei|iiivalent in vacuo, two lengths beiug call«" 
equivnieiit when light oi-cupies the same time in travelling along then 
If the path traverses several media, the total optical length ia the m 
of the optical lengtlis of all the different parts. Thus if Uj, v^ 
are the velocities of light and «,, s^, ^, etc. the lengths of the paths ii 
the various media, t)ien the optical length is 

But by Art. IS, if ^,, ft, ih a^ the refractive indices, 

id Uonce the optical length of the path is 

/I,*, +fi,«, + ^», + (2). 

The optical datancK between two points is defined to be th» 
shortest optical length of any line, curved, straight, or broken, that 
can be drawn between them. If both jmints lie in the same medium, 
the shortest path is clearly the straight line which joins them, and 
optimi ilisUitK'o is the length of this line multiplied by the refractivft 
index of the substance. 

A "ray" is definud to l>e a path of shortest optical length. Ia 
a UKwIium possessing uniform optical properties, a ray passing through 
two given points, must, by tlua detiuitiou, always be the straight 
winch joins them. The path of a ray between two points which are 
situatitl in different media may be determined as follows : 

Let A and /f, Fig. 2o, he the two points, and S some point oa tliB 
surface of separation, wliich lies in the plans 
drawn through -4 and Jl, per]>endicular to thft 
surface. Draw AC perpendicular to AS, andl 
RE perpendicular to S/t. Prom any point T 
in the plane ASH draw TO parallel to AS, 
and TK parallol to Sit, and construct perpen- 
dic\dat3 SI{ and k'T from S and T, on CT and 
.S7/ respectively. Let the position of iS be such 
that the optical length //T is equal to the optical length Ni", then the 
optical length of CT-t-TE is equal to that of AS + SH. But from 
inspection of the figure, A T> CT, nT> TE, hence the optical length 
of the path .17"+ TB must be greater than that of the path CT* TS 
which is equal to that of .-l.S'+ SR. Students should convince them- 
selves that the same result follows when the point 7" is taken to lie on 
the other side of S. It follows tliat the optical length AS-t-SR ia 
smaller tlian that of any other path joining A and J{ in the plane trf 
the paper. The condition on which this result depends is that tha 
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opticd lAgth of HT is e^sal to dui of £f or ttnl if ^„ ^ ue tlv 

if0,iiKldLv« tbeu^M wlikfa J8aad £JV frtM whli the 
btbenirfMe.tfaBeawfitionraihwes to 

•tiicliiithe vdl-kDovn law of nfraetian. The raj^ as definnl faj u 
in llierefcn identical vidi the nj« of gManMiial t^itics. 

It hw been asmmed in the abore prooC that the path of shortat 
tptictl i&taac« Bes in the plane vhirh is at i^t angles to the 
mi&K separating the two media. The restriction inaj be remoTed 
M ^^i>g to S « nnail diq)laceneDt to either side at tight angles to 
tlmt plane, and showing that the c^cal distances AS and SR are 
Iwth cltorif inrreascd. 

A ny may be drawn between any two points of an opbral $rsten>, 

Ixit onlj- a single set of raj; belong to one act of «aTe-fK»t«. Let HK 

and H'K' (Pig. i«) reiresent two wav«-frontE of the fame 

distarbaiice. From a point A on WA", a line may he 

drawn tracing the shortest optical length between .-I and 

any given point C on H'K'. By altering the poeition of 

C. \\n optical distance from A changes, and ^nie point may 

be found on H'K' for which that optical distance is least. 

Let B be that point. The path of <^hort«st optical Ici^th 

between A and B is one ntj- of the s>-sl«ni which belongs 

I g, to the two wave-frontji. We may similarly trace a ray 

Mtisfyin^' the same conditions from eTer^' point P on BK 

to * corresponding point $ on H'K', and thus obtain the system of 

' ''I* belonging to a given system of wave-fronts. 

If tlie meditim is homogeneous, the rays must be stmigbt tines. 

in & DQiuber of separate media, each being homogeneous, the system 

tifisys is made up of a system of straight lines, which will in general 

B>uige in direction when passing from one medium to another. 

If the medium is isotropic, bo that one wave-front may be obtained 

from another by Huygens' construction, as explained in 

, ^ Art. 17, the system of raya intersects the sj'steni of wave- 

yA fronts at right angles. This is proved by considering two 

\_JU< points. A,, A^. on a wave-front HK. Every other wave- 

TnA front H'K' will be a tangent surface to two spheres, 

-M^Bi drawn with the same radius round A, and A, as centres, 

« -^K- ^ '•''** ^ ^1' ^'- ^^ *''^ '*** points of contact, AtB, 

-. and A^Bi must be at right angles to HK'. This being 

so, AsH, is necessarily longer than A,By, pro%'iiled that 

A, in sufficiently near to A^. Hence all pointA on HK which are near 
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Ai are farther from Bi than Ai, and therefore the sphere idiidi is 
drawn through ^i roand Bi as centre, cannot intersect, but must toodi 
the surfiEu^e HK, AiBi stands therefore at right angles both to HK 
and to ITK'. 

If the mediam is isotropic, bat not homogeneons, as e,g, the air 
sarroanding the earth, which varies in density and temperature, the 
coarse of a ray may be carved, bat the above proof still holds if we 
take HKj H'K' to lie near each other, and hence the rays are in this 
case also at right angles to the wave-fronts. 

It also follows frt)m Haygens' coDstruction that the optical length 
from one wave-front to another is the same when measured along 
different rays. We shall call this length the optical distance between 
the two wave-fronts. 

To illustrate the use which may be made of these propositions, we 
may deduce the welUkoown formula connecting the position of a small 
object with that of its image fonned by a lens. 

If waves spread out from a point source at P, the wave-fit>nts are 
spheres with the point as centre. If these wave-fronts, after passing 

through the lens, are spheres with Q as 
centre, the wave-fronts wiU gradually 
contract until the energy of the waves 
is concentrated at Q, (This is not quite 
correct, owing to the fact that the wave- 
_. fronts after emergence are not comptete 

spheres, but this does not affect the 
argument) The optical length from P to any point on HK is the 
same, and also the optical length from any point on H'K' to Q. 
It has been proved above that the optical distance from HK to HK 
is the same when measured along any ray, hence the optical distance 
from an object to its image is the same along all rays. PSQ and 
PMNQ are clearly lines satisfying all conditions laid down for the 
rays belonging to the system. If ft is the refractive index of the 
lens, the equality of optical lengths leads to the equation 

PS+SQ = PM^,jiMN+NQ^PQ + {,jL-l)MN, 

or {PS- PC) + (SQ - QC) = (m - 1) MX. 

Also PS^ -PCr = SCr, 

" ^ PS + PC~2PC* 

if the angle SPC is so small that its square may be neglected. 

Similarly ^^-^^ = 2CQ' 

■ _L4._1 _2(<^-i).afA" 

• • PC CQ~ SO' 
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]f MX ood tyC are express in tenus of the radii of curvature of 
ti» iurfftcea of the Wa, we obtaio the well-known relation betweeo 
the petition of object and image. 

24. Fermat's Principle and its application. Fennat(16UH 
It ififiS) making use of the tirgument that Nature could not be 
"MWfiil, and was bound for this reason t'l cause iJie raj-a of light to 
tavel between two points id tlie shortest time possible, was able to 
deduM from this proposition the laws of reflexion and refraction. 
Thiragh »e do not now attach any weight to the premiss, we iiccept 
liutondDEion. 

"Fermaf* Principle." as it is called, may serve as a connecting 
Hull between the waves of the audulatory theory, and the rays of 
^metnciil Optics, and often gives us a powerful method of dealing 
qnirkly with otherwise complicated problems. The ruy being dtfiutd 
M the path of the shortest optical length, Fermat's principle requires 
■w prooC but what must now be proved, ajid has been proved 
ilwe, ia, that the course of the rays so defined leads to the correct 
Wiatruetiou according to laws of geometrical optics. The importance 
fif the pniperty of minimum optical length lies in the fact tliat it 
miIiIm us often to determine optical distances with suflicieut accuracy 
vbeii the course of the rays i.s only approximately known. That the 
jiptica] length is the same wlien measured along a ray or a line 
iitiaiiely ue^r the ray, follows fi-om the minimum property, but iii 
^™ of the importance of the proposition, it may bo more formally 
pwved thus ; 

HK, UK' being wave-fronts, let A PB be a ray belonging to the 
system. Let Ai^B be a line l)'ing near APB 
along its whole course, in such a way tliat tlieir 
distance apart 'ST at any point H may be eic- 
pressed in terms of tlie position of 6', and the 
separation PQ at some definite point <l. Writing 
PQ^a, the difference in the optical length of 
A^B and APB must then be expressible iu terms of a, and if a is 
sfiall, must be capable of expansion in a series proceeding by powers 

fl,a + Ann" + Ajio' + 

If the product Aio were negative and a were made to diminish in 
Ua^itude, so that the higher powers ultimately vanish, it would follow 
tint AQB is shorter than AFB, which ia contrary to the supposition 
ihttAPB is a path of minimum length. Hence A.a cannot be negative, 
but as nothing limits the sign of u, it follows that A, must be zero. We 
also see that the difference in length between APB and At^B can 
ultimately only depend on the square of PQ, hence we may conclude 
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that if a problem deals with the angles between adjoining i»rt 
which depend on the first power of PQ, we may neglect when P^ ' 
flinall any differeiiceB in optical length between them. The tirfj 
adjoining raya need not intersect at the wave-fronts, but they mnd 
botli 8l«rt and both end in the same wave-front. 'ITius the differena 
in lengtli between A C and AB may ultimately be taken to be of tlfl 
second order of magnitude when the point C approaches B. 

The aiiphcation of Fermat's principle may be illustrated 1 
example. 

r. a beam in which the rays are parallel a_, 
therefore the wave-fronta planes whicl 
cut the rays at right angles) fall oaj 
priani and be refnu-ted through it. Lcj 
IIK and LM (Fig. 30) be two wayfl 
fronts, then /i being the refracti* 
index, the equality of optical length 

HR + ^RS + SL = KV + ,LVT+Tm 
Hiip|>ose a. wave i>f slightly different wave-length and refractive in<U 
III fatlfl on the i)ri8m, tlie incident beam being coincident with that Jul 
considered. We may take HK as being also one of the fronts of dJ 
racond set of waves, but on emergenre, the wave-fronts for the w»< 
defined by ^' will not l>e parallel to those defined by ^. We select th|| 
front which passes thr()ugh L. Let its inclination be sucli that 1 
intersects tlio ray TM in ;V. If /i' and /i only differ by a smu 
quantity, we may measure the optical length of any of the raya ^' no 
along its own jtath, which we do not know, but along the path tracd 
out by one of the rays ^ which lies near it, the error committv 
depending only on the sei-ond power of fi'-/t. We may therefofl 
obtain a second equation for the equality of optical lengths, which ia J 

hr+,j:bs+si^s:v+p.tt+'TN; 

taking the difference between the two equations, 

(^' -^)BS= (^' - ^) VT - MN, 
or {^■-^){VT-HS') = MN. 

The angle 6 formed between tlie emergent rays of the two beams 
equal to the angle NLM, or if small, ecjual to its tangent Nif/Ml 
It follows that 

« _ VT-BS 

(?^rt- ML ; W; 

This is a useful expression, first obtained by Lord Rayleigh, connect 
the dispersion of a prism with the width of the emergent beam, ui 
the lengths of the paths traversed in the pristn by the extreme rays 
the beam. 
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2S. nie Princiide of Rereraibility. Aixordiug to an im- 
portut pTO]M»ilion, a reretsal at aoy time of all velocities in a 
jynamicaJ ^t«m, in which there is no dis^pation of enei^~, leads to 
& complete re^-ersal of the previous motion. Any configuration of the 
fynlem idiich existed at a time t before the reversal took plat;e will 
again adst at the time t after reversal. 

St an example of this principle, I give an investigation originally 
due to Stokes, which yields important relations between t)ie ampli- 
tudes of incident, reflected and refracted light. Let a 
■^ y* ray of homogeneous light JO (Fig. 31), of unit amplitude, 
- Y fall on a reflecting siitfaie. Let r be the anjplitiuie of the 

,'T reflected ray Off, and ( that of the trati^^mitted ray OT. 

t, r If at any moment the courses of the refiect-cd and refracted 

Fif;. n. taj'S are reversed, the two reversed rays coming together at 
the surface (^iiould combine to reproduce the ray of unit 
»iiiplitu(le passing along OA and nothing else. That is to say, the 
r&y OT' due to the reflexion of TO must be neutralized by the ray due 
t« tile refraction of JtO. We shall begin by assuming tliat there is no 
cHsTi^e of phase at reflexion or refraction, except possibly one of 180° 
"hicii will appear as a reversal of the sign of the amplitude. If / 
iiMsnreH the amplitude after reflexion at of a ray of unit amplitude 
tBvelling along TO. the ray which originally travelled along AO with 
unit amplitude, and after refraction took an amplitude t. will, after 
ttverRal and reflexion at 0, have an amplitude Ir'. Siiiularly the ray 
"fi reversed and refracted takes an amplitude r(. Hence one of the 
CouclusioiLs we may draw from the principle of reversion is that 
rt + r't = n 

"' .--t-r'^O (-1). 

'Iliis e(|Uation must be interpreted to mean that there is a revetaal of 
FW either at interna! or external reflexion, r being e*iual in magni- 
•ude to r, bnt of opposite sign. 

Tlie ray OR of amplitude r, has after reversal and renewed reflexion 
"t 0, an amplitude r", the ray OT of amplitude f has, after reversal and 
Jflfaiction at 0, an amplitude tt', if /' is the ratio in amplitude of the 
lofiiient and refracted ray when the ray passes through the surface in 
lie reverse direction. If the two rays make up tlie original one of unit 
»rup!itude. it follows that 

r' + «'= 1 (5). 

The etiuations are not suflicient to determine t and t' in terms of r, but 
ihey establish an important relation. 

ffa may now generalize our results bo as to include the possibility 
of a change of phase. 
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Let the oscillation in the incident ray at the point of contact will 
the reflecting surface be given by the projection on a fixed line of 
the revolation of a point / (Fig. 32) in a circle, the revolution bong 
counter-clockwise. Let similarly the motion at the same point of die 
reflected and refracted waves be represented by the projection of the 

circular motion of R and T. The system of 
points /, R, T revolving with the same angular 
velocity represents at any time, the phases at the 
point of incidence of the incident, reflected and 
refracted rays. At some instant let the rays be 
reversed ; the effect on our diagram will be that 
the points T and R now revolve clockwise, but 
their position at the time of reversal is un- 
Fig. 82. changed. The reflected ray reversed will give a 

reflected ray represented by ORi where -ft must 
lie on 01, because obviously the reflexion in the re?erse direction must 
produce a change of phase which is identical in magnitude with the 
change of phase in the forward direction. The refracted ray Orgi?e8 
rise, on reversal, to a refracted ray, which again must be capable of 
representation as a projection of the circular motion of some point* 
Ti and this point must also lie on 01 because the principle of rever- 
sion shows that ORi and OTi must have the resultant 01, 

With the same notation as before, we find that the equation 

is independent of any assumption as to change of phase at reflexion. 

The reflected wave OR gives rise after its reversal to a refracted 
wave which as regards phase and amplitude, may be represented by 
OS where OS = tr, while the refracted wave Ogives rise to a reflected 
wave represented by the vector OSi-tr\ which must neutralize 08. 
This as regards magnitude leads to the equation 

Now the angle ROS must be equal to lOT, and 

T08=T0I + I0S 

= TOI^ROS-ROI 
^^TOI-ROL 

If the change of phase {lOT) at transmission be denoted by t, and the 
change of phase at reflexion (lOR) by />, then the change of phase p' 
at the internal reflexion is TOS^ measured clockwise, which is the 
direction of the reversed motion ; this is equal to ^ + TOS, 

Hence p' = ^ + 2t — p 

or p + p' = TT + 2t 
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Fig. 33. 
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I firei the cotnptete Uw, which for t = M reduces to /> * p' = * as previmisly 
' estaUisbnl. TlK^ehuigevfpha.'ieat tnosuiissioiiishy tlteHamereasoiiing 

ihovn to be the saine in whichever direotiou the re&ootjnu takes place. 

TKii completes the iiifonuation we cau get out of tlie principle of 

revennbility iri dealing with tliis pmblpin. 

26. PolarlEatlon. If in a wave of light, a point nf the nieiliiim 
loom in a straight liQe. we call the light plane polariied. If the path 
uf n point isnti uucliangiitg ellipse or cinle, we speak of ellipticwl or 
circular prtlu^'ialii^n. The pheiiouien<in of polarization was linit dis- 
covered by observing tliat light cowld he obtained which showed 
properties which were nnsymmetrical with respect to the ray. Thus 
, if a ray of light .-! ff (Fig- 33) be retfet-te.) (rniu 

a glass surface HK. at a particular angle de- 
peudiug on the reftwtive index of the glass, 
and the reflected ray RS he incident on a 
second mim)r L^f, which in "ne position ia 
parallel to UK, hnt is ca{)able of rotation round 
an axis OS coincident with RS, the inten.sity 
of the reflected ray SB depends on the position 
of the second mirror. If LM be parallel to 
HK,ihe intensity of the reflected ray is a maxinium, and if the mirror 
w lumed through a right angle, so that the plane of incidence, instead 
"f being in the plane of the paper, is at right angles to it, the intensity 
rf the reflected light is zero. Such a result has no analogy in sound 
unii »(juld not he capable of explanation if light were due to lungi- 
Minal waves. In the ca.se of transverse ilisturbances, we may draw a 
toiiftion between the vibrations which lie in the plane of incidence 
*oi tliose at right angles to it, and thus ejcplain the want of symmetry. 
If ve imagine that at a i^irticular incidence, those rays only are 
Inflated in which the vibration is at right angles to the plane of 
uwidence, the ray RS will consist nf vibrations at right angles to this 
[Jwe &Dd will be reflected in tlie same proportion by LM. if the two 
Bitrora are parallel. But if LAI be turned through a right angle, the 
"ibiation along RS will now be iw the plane of incidence of the second 
mirror, and hence by hypothesis, no light is reflected. Light which 
hh been polarized by reflexion, is said to be ]iolarized in the plane of 
iittidence. 

AU Aomoffetteous ray» are polarized. To prove this, we imagine the 
■sre to proceed in the direction of the axis of x. 

Let the displacement have one component along OV, 
y = a cos lat, 
ami one along OZ, 

s = tcos«.((- 
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Acvordiiig to An. 6 tbe motioo is recbHoear when B=0, circular 
a=h and t=±r-i, and eiGpdcal io all other cases. Hom<^i 
Ii|^t BMj- tbevrfiwe be i^ane, dxniUriy, or ellipttcally pol&nzed, I 
will almn be poUiiaed. 

We hare c«ttuii experuBCBlal neduxl^ of det«cting poUria 
Wbeo tbe^ metfaodd are applied to ligbt emilted from a dame or 
« body renderad incaadaoeiit by tfae dertrie discharge, it is found 
vnder <»diBai7 arcamstaaces do polaiization can be detected, 
vben a single spectnd line is examined. We couclude that the 
emitted from theK soorcee is not ligomusly homogeiieaua, thougl 
often called sa The T»a$e of ware-leogth may be small in 
rafies. bat it is not iufinit^lr smalL 

If ve pn>jev-i a .spe^-tmiu on a screen, and by means of a ni 
slit in the screen, sepante a small portion of the spectrum, we 
find that this portion is not polariie<). We must conclude tha 
vibrations ar« not strictly bomi^neous, though ve may have sepa 
from the spectrum waves the extremes of which differ only very 

in period. Let A,. A,. A, A,, be vfave-Iengths in such 

proximity to each other, that evea the most powerful ava 
spectroscope cannot separate A, fnam A,. Let each wave be li 
geneous and therefore polarixed. Assuming plane polarization fc 
sake of simplicity, there need be nu relationship between tbe diret 
of vibrations of the different periods. We may define the direct! 
vibration by the angle a bi>tween it and a fixed direction in the ; 
of the wave. If the vibrations are irregularly distributed, the nu 
lying between directions o and o + rfa will be independent of a. I 
in the resulting motion formed by the overlapping of all the trai 
waves considered, there can be no preference for any one parti 
direction, and the light will ap{)ear to be unpolarized. This wa 
polarization is not au intriiiBic property of the tight emitted b; 
source, but a cooseiiueQce of the want of homogeneity ; it is caus( 
the superposition of a large number of polarized oscillations of slij 
different periods. The difference in the period of the super] 
vibrations, however small, is a necessary condition of the wai 
polarization, because any number of oscillations of the mme p 
would necessarily combine into a motion wliich must be 6 
rectilinear, circular, or elliptical. 

We may observe polarization in light which is not homogeneo' 
the motion for all frequencies is along similar paths, similarly situ 
or at any rate, if the cliance of a number of elliptical vibrations hi 
it« major axes in directions lying between a and a + da is greate 
some values of a than for others. In the former case, we have ■ 
plute, and in the latter, partial polarization. 
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37. Ught reflected Irom transparent substances. It will 
iw Btefiil lo foltov oni a Utile more closely at tiiis stage ibe effects 
of reflexioo tmm a tiaospanpnt pn]iahe<) suriaoe. According to the 
[i«ceiiii*g article, ordinary light reflet-ted bv sqcL a surface at a 
partimlar augle, called the angle nf pnlarizatioQ. is plane polariietl 
and by definitioii, polarized in the plane of iucidenoe. This is true 
whelher the incident beam is poUri:»d or noL I anticiiMte the reeults 
of lsi*r Chapters by specifying at once, tbat the direction of vibration 
i! at li^'hl angles to what has been called the plane of polarization. 

The amplltade of the reflected light mast, according to wliat has 
WcQ sud, depend (I) on the direction of polarization of the iDcident 
li^M, and (2) on the angle of incidence. A mathematical expresaion 
for the reflected amplitudes lu dttfereut I'ases was first obtaineil by 
Freaiiel, whose results we here adopt, deferring to a later stage a 
diiRiusioQ of their justification. If a homogeneous vibration of unit 
unplitiide vibrating noruially to the plane of incidence talis on a 
wflectiiig transparent substance, the angle of incidence being 6, tlie 
unpiitude of the reflected ray is 

8iu(tf,^fl) 

" 8iu(«, + ff) '^ -'■ 

If the liglit >'ibrates parallel to the plane <>f incidence the reflected 
nbntion has an amplitude 

^ tan(i9,-g) 

'"'■ tan(», + #) '■'■'■ 

lo these equations 6, denotes the angle of relisction so that if f is the 
Rinctive index, Bia0 = i/.mi9i. For the present we take these 
eqiAtions to represent experimental facts and apply them to study the 
poliiriation effects in particular cases. 

The square of r, increases with increasing incidence from 0=0 
(noniiftl incidence) to ff=jr/2 (grazing incidence). When 6 h sutH- 
neatly Kuiall, we may put sin S = S, = /iSi, and obtain 

r..l^ (8). 

This holds for normal incidence and gives ua the intensity of the 
teflecled light at that incidence: 



m- 



Thus for glass with refractive index 1"5, onfriiinth part is reflect«d at 
nunnal incidence, and hence eight-ninths are transmitted. When the 
incident ray is as oblique as possible, the light is entirely retlected, 
none being transmitted. The negative sign of ?■„ when ^ is greater 
llian one indicates a cliange of phaae of 180°. The e.xpresaion for tlie 
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uugles to the plane of iociileDce, diiiiiiiUhes 



light polarized at rigl 
from 



for normal iucidence, to i>, when &-*-6i-vj2. In that case, siutf, = co8S, 
and the etiuatioii of refraction sin fl = /i sin S, becomes tan 6 = /i. If ths 
aiiljlo of incidence further increuses, the amplitude increases again and 
for grasing incidence the tight is in this case also totally reflected, 

Ei|uatioDS (6) and (7) preserve their numerical value, but reverse 
their sign when 6 and 8i are interchanged. This shows that on reversal 
of the ray the »ame fraction of light ih reflected, but that if in one case 
there is no change of phase, a change of IHO* lakes plaoe in the other 
case. This agrees with the result independently deduced in Art. 25, 

If the incident light has an amplitude a and is polarized in a plane 
inclined at an angle a to the plane of incidence, we may decompose the 
oscillations into two, one « cos a being polarized in the plane of incidence 
and tlie other itsina polarized at right angles to that plane. The re- 
flected rays of each component may then be united again. If b be the 
amplitude of the reflected ray, and fi the angle its plane of polarizadou 
fbnus with the plane of incidence, we have 

sin(e,-*) 



/.C( 



n{6,-6) 



tau(C, 
cos (9, - 



and 



(.'-«■ 



sin' {0, 



COS (e, - 

-J) . 



t an' (g, - 

'tan'(e, ■ 



The first of these equations shows that for tf + tf, = ir/2, the reflected 
ray is polarized entirely in the plane of ijicidence. The resulting value 
of $ obtained from tan 9 = /i, gtveis us therefore the angle of polarization. 

When ordinary light falls on a reflet^ting surface, we may obtain 
the intensity of the reflected tight by considering that the homogeueous 
waves of closely adjoining wave-lengths have their planes of polarization 
distributed quite irregularly; cos' a and sin' n in the above equation 
must therefore be replaced by their average value, which is one halt 

Eof the reflected light is therefore 
'. 
I. 



,Bi ii'(fli-e) / cob' {9,+e )\ 

" .in" («, * 8) l>' * CO." (», - «y ■ 



The total intensity is given by this expression, but the intensity is 
distributed nnsyrametrically in diflerent directions. That part of the 
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krizatioii has I 



ia= 
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light which is polarized at right angles to the plane of poll 
an intensity 

,tan'(9,-e) 
*" ten'C«, + fl)' 

while for the light polarized in the plane of incidence, the intensity ia 
Rin^(fl, - 6) 
fiin*(tf, + 6)' 

The liiffareuce hetween tlieae two quantities gives us the amount of 
polarized light, which, together with the unpolarized light of intensity 
equal to twice the smaller, makes up the ptirtially polarized beam of 
the reflected light. 

The inteiifities of the transmitted beams are obtained by the 
principle of the conservation of energy, and if /„, 7^, /,, represent the 
I intenHities of the incident, reflected, and transmitted beams respectively, 

/. = /, + /,. 
It would be wrong to conclude from this that if «o, a,, a,, measure the 
amplittidfn of the incident, reflected, and transmitted rays, a,' = «r° + «i', 
because the squares of amplitudes only express the relative intensities 
if the waves have the same wave-length, and are transmitted through 
media possessing the same inertia. It is, however, in every case the 
intensity that concerns ub, and the equations given above give there- 
ibre everytliiug that is required. 

As far as can be judged by experiment, Fresnel's equations (6) and 
(7) very approximately repre.sent the observed facts. The most im- 
portant case ia that in which the angle of incidence lies near the angle 
of polarization. If the incident light be polarined at right angles to 
the plane of incidence, and falls on the surface at the angle of 
polarization, no light should according to equation (7) be reflected 
Bt all, and there should be a complete reversal of phase in the reflected 
li^t, as the angle of incidence changes from a value slightly smaller 
Atui the angle of polarization to a value slightly greater. Sir (Jeorge 
Airy discovered that this is not quite correct for highly refracting 
■nbetances like liiamond, and Jamin, pursuing the subject further, 
fcund that there is always a residue of light reflected at the polarizing 
angle though the incident light may be strictly polarized at right angles 
to the plane of incidence. The phase, which should change sud^ienly 
through 1K0°, changes rapidly but not discontiuuously, so that at the 
poiariring angle there is a retardation or acceleration of phase amounting 
to90°. 

fjince then. Lord Rayleigh' has shown that .Tamin'a results are in 
great part, though not antirely, due to surface films of probably greasy 
matter which may be removed by polishing. 

• CoUeetid Warlu, Vol. ii. p. 622. 



ir light falls on tlie surface of a pkt« of glass at the polarizing 
augle, the ray eatering the glass falU uu the second surface Again »* 
the polarizing angle, an the condliiou + 0, = »/2 will, in a platfl 
bounded by parallel surfaces, be fullilled at both incidences. It follows 
that the light, reflected at the secoud surface, incre-ases the iuteusitf 
without detracting from the polarization of the reflected beam. Th» 
same argument may be used to show that a pile of parallel plates gives 
at the proper augle a polarized reflected l(eam which, neglecting 
absorption, wight be made to equal tlie iutensity of that compoueut ol 
the incident beam which is polarized in the plane of incidence. Such 
a pile furnishes a simple aud cheap method of obtaining polarized light 
There is some disadvantage, however, iu the fact that the direction of the 
rays is changed by retlexion. For tliis reason, the transmitted beam 
is occasionally used. The transmitted beam is only partially polariied' 
by a single refraction, but it is clear that when the number of plates 
is sufficiently great to reflect all the light polarized in the plane of 
incidence, the refracted beam can only contain light polarized at right 
angles to that plane. A large numlier of plates is however required, if, 
the polarization is to be approximately complete. The amount of Ughl 
transmitted through a pile of plates, or reflected from it, lias heeH 
calculated by Provostaye and Desains*. 

If P be the fraction of tlie intensity reflected at one surface, tliat 
reflected from a number n of parallel surfaces is 

"P 
l+(«-l3p- 

If there are in plates, there are '2m surfiices, hence iu terms of m, the 
intensity of the reflected light is 

i + (2».-l)p 
uid the intensity of the transmitted light is 

1-p 

1 +(2m-l)p' 
For glass of refractive index 1-54, p at the polarizing angle is -16, 
and from this we may calculate that it requires 24 plates to furnish 
transmitted beam which sliall contain not more than 10 7e of 
unpoliiriied light. 

28. Total reflexion. When a ray is totally reflected, therw 
10 refracted ray. but equations (fi) and (7) still hold, provided 
we give to the angle of refraction the iuiaginary value which it takes 
according to the laws of refractiou, interpreting amplitude, when 



[. p. 16'J (I860). 



J 
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!tcDnt«ii£ &u imaginary term, according to pnociplea explained in 
Art. 8. If l9 deDOt« the angle of iucidence, in a medium of refractive 
iniieifi, the second medium being air, the law of re&actiou is 



ud tnUl retiejcion takes place if sin 0» 1/fi. Id that case we may 
Kparate the imaginary and real parts for light vibrating nonnally to 
the plane of incidence as follows : 

sin (*i - ^ - sin $, cos 9 - cos 0, s 

sin (d, + 6) = sin 9, cos 9 + cos tf, s 

_ sin 6, cos 6 - cos 6, s 

■ sin ^1 COB + cos 0, sin fl ' 

All quantities are real except cos 0. The expression for r, ia of the 

'''™ ip~''l):(P'^ 'V) *i"i hence, according to Ait. 8, the amplitude is 

oae. This was to be exi>ect«d, since we are dealing with total retlcxion. 

Udder these conditions, the complex amplitude is of the form e"i, 

and it« real part measures the cosine of tlie change of phase (S,). The 

real part of (p - ig)Hp + iq) being (p' ~ ?•)/(/»' + ^) we find, with the 

Lelp of (9) 

cosS, = ?^'''l?-'''«"''i (9). 

j^8 special caaes we have 

for sin fl = i ; «, - 0, 



foTglfl^:^ 



This shows that at incipieiit total reflexion there is no change of phase 
and at grazing incidence, a reversal of phase. 

In order to reduce the tangent formula, we transform as follows : 

tan (fl, -0) ^ aia^e , -ainae 

tan (e, + 6) sin 2», + sin 28 

^ (sin ae, - sin ^ey 

sin'af.-sin'aff " 
Here siu 26, is imaginary, but its square is real, hence for the real 
portion of the fraction we have 

sin' 26, + Bin* 26 



cos 8, = - 



' 26, - sin' i 



«8,= 



(^Ul)-(M'+I)si 



..(10). 
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As special cases we have 

for sin ^ = - ; 8^ = », 

for sin^-^; 8, = 0. 

The differenco in phase of the two components is best obtained direetlf 
by taking the real part of r«/rp which is eqoal to cos (81 - 8,). 

r, ^ s in (^1 ~ ^) tan (^^ + ^) _ co6(^,- ^) 
^^^ rp~8in(^, + ^)-tan(*i-d)"cos(^, + ^) 

_ cos ^ cos ^1 -f s in B sin ^1 
~ cos ^ cos ^i - sin B sin B^ ' 

As the only imaginary quantity is cos ^1, the expression is of the form 

-p + iq 
the real part of which is {<f -p^)/{q* +/^)- 
Hence 

- 1 -^ 2/i^ sm^ ^-(1 + M»)sin» ^ 

1-(1 +fi«)sin*^ 

liquations (9) and (10), though giving us the values of the chao^^ 
of phase, are unable to distinguish between an acceleration or retar<>^' 
tion, and equation (11) does not tell us which of the two vibration^ 
ahead of the other. This ambiguity cannot be solved by the m0^^ 
transformation of Fresnel's formulae. We may, it is true, show t^^ 
means of (II) that ^i - &» does not pass through zero, and hence reasC^^ 
that if Si is positive, Sj must be negative, but recourse must be had ^" 
the complete dynamical theory in order to decide which component ^ 
accelerated. Though the subject has often been treated by varioi^^^ 
writers, it was only quite recently that Lord Kelvin* pointed out fc^ 
the first time that the vibration in the plane of incidence is retarde(^^^ 
while the normal vibration is accelerated, and also that the diflferene-^^^ 
of phase with the materials at our disposal, is always an obtuse anglc^^*''^ 
The latter conclusion may be derived from ecjuation (11) as it is readil 
shown that the numerator within the range of total reflexion is positiv 
and the denominator negative. 

At incipient total reflexion (where /Asin^=l) and for grariuj 
incidence, there is a phase diff*erence of 180". Between these two 
limits of 6 there is one angle for which the difference in phase is 
least. This angle is obtained from (11) by putting the differential 

* Baltimore Lectures, p. 400. 
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oiefficient of the right-hand side with respect to sin' 6 equal to lero. 
lliig gives 

((»*+ l)sin'fl = 2; 
the corresponding manmunt retardation is 



cos (S, - &^ = 



6*.'- 



-1 



..(12)- 



An important practical application of these results was made by 
FraneL If it were possible to make the right-hand side of (lit eiiual 
to It, there would be a phajse difference of a right angle, which, if the 
original light was polarized at an angle of 4.')', so as to make both 
coiuponente equal, would give circularly polariaed light (Art. 6). 
Among the media at our disposal, there is none with a refractive 
loda BDt&ciently high to give a difference of phase as small as ir/2, but 
■e can secure circularly polarized light by means of two successive 
tefetiong, if S, - a, = 3t/4. 

Bijnation (ll) may then be written 

S/ain'#-Cl + Vi)|(l +(*»)8iD'fl-i; = 0. 
ilu-^ i$ a quadratic equation which may be solved, and has in 
pnenil two rootfi. Thus for glass of refractive index 15, 155 and 
l'<> the following table gives the calculated values of the two solutions 

Table II. 



n = 


1-6 


1-55 


1-6 


a.-8,= 135' 


50* U' 


45- I4'-6 
67" .V 


tjr^- 




Fresnel's rhomb is a rhomb of glass (Fig, 34) 

bich gives circularly polarized light after two total 

lexions in the manner described. 

Of the two possible angles for the rhomb, the 

lai^er is chosen, because it gives a smaller error 

for slight changes in refrangibility or deviations 

from the theoretically correct incidence. 



CHAPTER IV. 

THE INTERFERENCE OF LIGHT. 

29. The Interference of Li^t. Under the name of inter- 
ference of light, we group together all phenomena in which two or 
more rays, coming originally from the same source, are brought together 
so as to cause a combined disturbance. This resulting disturbance may 
be calculated if we accept the principle of superposition which has 
been explained in Art. 15. According to that principle, the dis- 
placements or velocities produced by any number of centres of 
disturbance, are obtained by superposing the displacements or velocities 
due to each. This fundamental principle in Optics rests on a very 
strong experimental foundation. Already Huygens saw the importance 
of the fact that the passage of a beam of light through an aperture 
is in no way affected by the passage of another beam through the same 
aperture. As he pointed out, different people may look at different 
objects through the same opening without noticing any blurring due to 
the overlapping of the large number of waves which must pass through 
the opening. The waves cross each other at the aperture without in 
the least interfering with each other's course. 

The foundation of the principle of superposition rests therefore on 
the experimental fact, that there is no interference between different 
waves of light, and yet certain phenomena are observed and explained 
by this principle of non-interference, where the combined effect of two 
waves differs from the sura of the separate effects. The apparent 
discrepancy arises from the fact that we do not observe the displace- 
ments or velocities, but the average s(iuares of the velocities, and the 
principle of superposition does not hold for the squares of either the 
displacement or the velocity. 

There may be therefore, interference of intensity, though there is 
no interference of displacement. To make this clear it is only 
necessary to refer to Art. 4, where it has been shown that the 
superposition of two periodic motions of the same frequency, amplitudes 
ai, tta, and phase difference 8, leads to a periodic motion, having for its 
amplitude the square root of 

a,^ + 02+ 2aia2 cos 8. 
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The last term i* a metisure of the " interference " as r^ards tlie 
eqiiin' or ampHtuile. If a, = n, = a, the amplitude beMmes 



2a cos 



3" 



If S=0, the aiuiiHtude is doubled, but the intensity, which depends 
«n the square of the amplitude, is iacreaaed fourfold. If & is equal 
to t«o right angles, the amplitude is zero, which means that two 
mclllaUonB of equal amplitude may ueiitraliEe each other. After these 
preliminary remarks, we may show how an experimental illustration 
My be obtained of tliis interference of intensities, which it must 
1") always remembered i* a conseiiueuce i)f the non-interference of 
di«placement«. 
30. Calculation of the combined efi^cts due to two 
separate sources. Let P and Q 
(Fi^r. 'A^)} represent two particles 
which are sending uut waves, the 
motion at /* and (^ being simply 
periodic. Let the vibrationH be in a 
direction perpendicular to the plane 
of the diagram and identical as re- 
gards amplitude and period, and let 
.0. ('onsider a [toint 6' on a distant 
perpendicular 




Fig. -fa. 



tlw phases at P and Q be the 

KTwn, the plane of wliich is parallel t.. the line PQ 

tothe plane of the diagram. 

The two motions produced by P and Q at S, considered as acting 
•fpimtely, are parallel to one another, since they are both per- 
pBudiciilar to the plane of the diagram, and they have also 
■pproiimately the same intensity, if the distance of the screen 
from the two sources is great compared with the distance of the 
t»» wnrces from one another. There will he a difference of phase 
Mttfwn the two vibrations due to difference of the distances PS ajid 
9$. If ft be a point on PS, such that PP = QS, the phase at R of the 
^itntjon transmitted along PS, must be the same as the phase at S 
iw Ui the vibration transmitted along QS. Hence the thfference 
ofphwe between the two vibrations at S, will be -- (/'S- QS)- 

Let C be the middle point of PQ, and from C draw CA' perpen- 
dicular to the plane of the screen, and cutting it in the point N', 

Let CiV=/, JV.S' = .r, and PQ = c. 

Then p^./.^(^ + 5y (1), 

QS^=r^{-^-fJ (2)- 
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Hence PS^ - QS^ = 2at. 

Therefore FS - QS = pg'^g. 

If X is small compared to /, we may write 2/ instead of PS-k- QS, 
the error committed being of the order of magnitude a^//*. 

The difference of phase between the two vibrations hi Sis iherefoie 

2ir xc 

TV- 

Let a denote the amplitude which would be produced at 8 by each 
source acting separately. 

Then the resultant amplitude at S, due to both sources, is 

2aco8^^.^j (3). 

The amplitude is variable and depends on the angle xj/. 

Thus considering points situated on the line NS on the screen, the 
point N for which x = 0, is a point of maximum intensity. 

The intensity at points on either side of N diminishes sym- 
metrically, and becomes zero when x = ±^ , After this the intensity 

increases and reaches a maximum again when x = ±2 . ^ . 

The points of maximum intensity are at equal distances — apart 

c 

and the points of minimum or zero intensity lie halfway between the 
points of maximum illumination. 

So far only those points have been considered which lie in the 
plane PQN, but there is no difficulty in including points outside 
the central plane. If a point T be taken vertically over 8, and at a 
distance z from it, 

pr = PS' + z" 
qr = QS' + z" 



PT'-Qr^PS'-QS', 

As long as PT in, to the approximation required, equal to PS, Le. as 
long as z' is neglected, 

PT-QT=PS-QS, 

Hence the illumination at T is the same as the illumination at 8, and 
the illumination of a screen placed at NS consists therefore of a system 
of alternately bright and dark rectilinear bands, which are at right 
angles to the plane PQN. 
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If the digtance of the screen is altered, the distance of the banda 
dimmuhes in direct proportion to tlie distance from the source, and all 
hands for which the difterence in optical len^li PS-Q-S is the same, 
lie iu a plane at tight angles to the plane of the juper, and poking 
tirouRh C8. 

These reisults require some qa&lilication a.g they depend on the 
Hjuare* of X and z being neglected. The complete iuvefitigation is 
ndi, liowever, difficult. The locus of the surfaces of equal difference 
in pha.'w is determined by the condition that PS~ QS is a constant, 
» rundition which delinea the surlaces as hyperboloids of two sheets 
Hiviuy P and ^ as foci. The inteniectioiis of these hyperboloids with 
the plane of the screen are hyperbolaa, and not straight lines, as found 
bf thB approximate method, but when the distance between P and Q 
is small, and those bauds only are considered which are situated nejir 
tfie centre of the screen, the hyperbolas are very slightly curve*!, and 
tniy, near the central plane, be considered to be straight lines. 

If the two sources of light are not in the same phase, but vibrate 
•ith a difference of ))hase which remains constant, the interference 
f»D(is are formed as before, but the whole system is shifteil to one 
aide. 

Let the vibration emitted from the source P be represented by 
i>m(i^-j, 4- a\ and that from Q by ac08 2ir y,. Then at a point -S 
w the screen, the difference of phase, which before was - — y 
*ill DOW lie — — ^— £-i + a and the position of the bands will be 
("en by the equation 

"M bauds are still at the same distance \/le apart, but the whole 
•ysiein is displaced sideways by an amount equal to X/a/an-c. The 
*wiiBiption that the oscillations at P and Q are perjiendicnlar to the 
plane PQy, may be removed, provided that these oscillations are 
PWslIel to each other, for under experimental conditions the distance 
pi is so small compared with the distance of the screen, that the 
iMlination between the displacements at f! caused by parallel dis- 
twriiuice.s at P and Q may be neglected. 

31. Conditions necessary for the experimental illustration 
of interference. Two homogeneous sources radiating from two points 
near each other, would, according t/i the last paragraph, produce a 
pfttteru of unequal illumination on a screen, but the jTOsition of the 
baJiils of maximum and minimum illumination could not d priori be 
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determined unless we knew the differences in phase between d^ 
oscillations of the sources. It has been explained in Art. 20, that 
all available sources of light may be supposed to give a number of 
homogeneous radiations agreeing closely, though not completely, in 
firequency. The difference in phase between each pair of radiations 
having equal frequency is quite arbitrary, so that the interference 
patterns for each of the closely adjacent wave-lengths are quite 
independent of each other ; the dark bands of one wave-length overlap 
the bright bands of another wave-length, and the illumination of any 
point of the screen, being the average of a number of superposed effects, 
is uniform. 

To produce visible interference effects, it is necessary that the 
phase differences between the oscillations of adjacent frequencies should 
be nearly identical. This cannot be secured if the sources of light are 
independent, and hence such independent sources cannot be made to 
produce interference effects. 

The experimental conditions of interference are obtained by deriving 
the oscillations originally from the same source. 

32. Young's experiment. Both on account of its historical 
importance and the simplicity of its arrangement, Young's experiment 
deserves the first place. Two small apertures P and Q (Fig. 36) were 
illuminated by light which originally had passed through another 
aperture at 0. After passing through P and Q, the waves spread 

out in all directions, and falling on the 
screen SS\ produce equally spaced inter- 
ference bands. If P and Q are equi- 
distant from 0, the phase at P and Q 
will be the same, hence tlie central band 
will be at N. The equality of pliase at P 
and Q holds for waves of all frequencies, 
and therefore the experimental conditions 
of Art. 31 are realized, and (3) correctly 
represents the distribution of amplitudes. 
As the distance between the bands de- 
pends on the wave-lengths, the light should be nearly homogeneous, 
if it is desired to observe the effects under the simplest conditions. 
A great number of bands may thus be seen. To give an idea of the 
scale on which the experiment has to be conducted, we may take as 
an example, the distance between P and Q to be 1 mm. and the 
distance of the screen from the aperture to be 1 metre. The distance 
between the bands is then for red light 
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Fig. 36. 
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anil similarly for blue light "(W ons. The baniis are therefore very 
dose together; if we wish tn space thera further apart, either the 
distance of the screen has to be iucreased, or the apertures have to be 
pnt closer together. 

33. Presnel's experiments. In Fresael's celebrated experi- 
ataU, the two depeiidenl sources were secured by forming two 
vertical images of a narrow illuminated slit. 

Fnutmrg Mirrors. In the first nf the two methods to be described, 
tBO inclined mirrors were used to obtain the vertical images. 

Ill Fig. 37 O.V, and OM, represent two plane mirrors, which have 
their planes at right angles to the plane of the diagram. Two images 
A and B are formed by reflexion of the light coming from S. 



I 




Fig. 37. 



The distance between the two images depends upon the angle of 
inclination of the two mirrors. Let D be the middle point oi AB and 
w' flO be produced to meet a distant screen in C. Then Cwill be 
">« centre of the system of interference bauds, formed upon the screen. 
To rttlciilate the distance between the two images A and B, we note 
'nit A being the image of 5 formed by the plane mirror OM,, the 
distance of A to any point on OM, is the same as the distance 
from S to the same point. Hence 0^=0,4. Similarly OS=OB. 
Renee the points A, B and S lie upon a circle with centre at 0. 

Hence ^A0B^2ZASB 



4 



•liere ii> is the angle lietween the two mirrors. 
Tlierefore ^ BOD - <«. 

Now let OS=b and OC=d. 

/>0 = iooBw and /JC=d + icoB<u. 
AB ^ 2BD = 2b sin u,. 
The distance between the bauds produced on the screen by Wo 
Kmrcea of lights has been proved to he A,//c. 
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In this case 
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Fig. 38. 



/=/>C = a + Acos«, 

aiid c = AH -Sbsiato. 

Therefore the iJistjiuce between the bands produced by Fresnel's 
X(« + 6cos<-) . . ,, , \{>i + b) 

— -n— : or, since »• is a small angle, — ^rr 

26 Sinn " 26iu 

FresneTg Bipn'sm. lu the second method, the two images are 
obtained by doubling a single source 
by means of refraction. Suppose two 
similar small-angled prisms OPR, OQR 
are placed baee to base as in the figure. 
This constitutes what is termed Fresnel's 
fiipriam. If a source S is placed eym- 
metrically behind the two prisms, two 
virtual images of it are formed say at 
A and.fi. 
To calculate the distance between the bauds, we make use of the 
&ct that a prism of small anglu a deviates any ray which falls nn one of 
the faces in a direction nearly normal to it by a quantity (ji- l)ii, 
where a is the angle of the priain. Hence the vertical images of the 
slit are at the same distance from the prism as the object, and if h 
be the distance of the slit from the prisui, 2(fi- \)ba. measures the 
distance between the vertical images. If a be the diatunce of the 
screen &om the itHt, the general expression for the diatAnce between 
I the bands reduces to 

2K^-1)"- 

It should be noticed that the distance between the vertical imagea in 
this case, which represents the distance between the two sources of 
light producing interference, depends on the re&active index, and 
therefore on the wave-ieugth. Plate II. Fig. 1 is a ])hotograph of 
the interference bands formed by Fresnel'a biprism. The rhythmic 
variation in the intensity of the bands is due to a difFractinn effect 
which will be further alluded to in Art. .^6. 

Subjective method of obaerving interference bands. 

When interference phenomena are observed on a screen in the manner 
described, the bands are very close together, unless the screen is at 
a considerable distance from the sources, and in that cose, a strong 
hght has to be used if the bands are to be seen. There is, however, 
no difficulty in uiagnifyiug the bands by optical means. It has been 
showu in Art. 22 that the optical distance between object and image 
formed by a lens, is the same when measured along all rays. If tbere- 
I 'ire the screen he removed, and the rays crossing at any point P be 
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fomssed by a lens on another ^reen, the difference in phase between 
the two rays at the geometrical image of P is the same as the difference 
in phase at P. 't\\e interferenw pattern on the second »crecD will 
therefore be an ima^ of the interference pattern on the original screen. 
If tlie lens in this argDment is represented by the focnssing arrauge- 
meut of the eye, so that the retina represents the second screen, the 
interference effects will be seen just as if tbey were projected on a 
iscreen coincident with the plane for which the eye is adjusted. We 
an also inteqwse between the eye aiid the plane for which the eye is 
fbcaesed a ma^iifying glass or eye-piece, and this enables as to measure 
'(bt distance between the liands, for we may introduce a movable cruss- 
•ire in the fo-al plane of the eye-piece. This is practically Fresnel's 
urangeQienl, and the one which is generally adopted now. 

If the two slita of Young's arrangement are used, and a. telescope 
bcussed for infinity placed dose to them, the interference pattern at ' 
tie focus of the telescope is the image of that which would be formed 
tt infinity, were the telescope away. We may use therefore sucli a 
teWope to observe the baiids. 

The »iui])lest mode of lieeing Young's interference bands ha^ been 
tiescrilted by Lord Rayleigh*. Two plates of glass are silvered ; a fine 
line ix ruled on one of them, and two fine parallel lines, ti& close 
together as possible, on the other. The ruling of the lines removes 
the silver film, so that we have now two opaque plates, one containing 
We slit, and the other, two slits close together. If the double slit is 
pl«e<i close up to the eye, and the other r short distance ftom it, 
mterference bands are seen when the two plates are so adjusted that 
their slita are nearly parallel. The whole arrangement is easily con- 
B^trled, and can be mounted in a. tube. 

35. Observations with white light. When a nearly homo- 
geneous soun^e of light is used, such as a sodium tiame, a large number 
of buids is eAfttXy observed, but with white light only a few bands i 

Wi he seen, as they soon become indistinct and resolve themselves I 

into a genetal illumination. The reason of this is easily seen fn>m ' 

the formula given. The distance between the bands depends on the I 

■sve-length. Under ordinary circumstances the wave-lengths which | 

■ntke an impression on the eye, cover such a range that the length of t 

the citreme violet is about two-thirds of that of the extreme red, I 

Equation (3) shows that for .r = there is a maximum of liglit for 
ill BBve-lengths ; tlie central band apjiears therefore white. As j- is 
btreased, a [loint will be reached at which x = K/jc is satisfied if X 
i^resents the wave-length of the shortest visible, /'.c. the violet, I 
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CaD the raloe of x at dial pobt, j-,. For nnntlier vkIu« 
-|^, tbe Buxtmnm for the red mires vUl be reached, uid f 
tBtomediue vftloes «e bave maxima of iiil«nnediate colourR. 
either aide of the ceotnl haad there are therefore a Dumber of coloure 
qiectra. The visible coloor begins near the point at which the k 
has ite firvt minimum and is tho^eKme of a isddtsh hue. 

Tbe second maximam of the violet will be reached when i = 2^,, tb* 
second maiitDiim of the red, when j- = 3r., but this same value of J 
whirb gives bs the second maximam for the red tbvs, gives us also tl 
third maximum for the violet rays. Oa the wcond colonr band ther 
the violet of the third hand has already encroaehed, and the red is d 
lees pnre. .As we go farther and furtber &nm the centre, it is easily 
seen that the haud^ of different colours overlap each other more auiL 
more. Tbe colours we see become, therefore, le^ aud less pure, and. 
very soon overlap salficiently to form white. 

An instructive experiment can be made, if a spectroscope i 
placed in each a position that its sHt is parallel to the interference 
bands, and made to coincide with e.g. the 10th or 20th one of thei 
The appearance in tbe spectroscope is then represented by equation (I 
in which we mnst now imagine j- to be constant and K to vary. 

Squaring the expression we obtain for tbe intensity, 



Jb'cos' 



a?)- 



The intensity varies periodically, and the spectrum is crossed by 
bright and dark bands. Starting from any one bright or dark band, ~ 
tbe next bright or dark band is obtained by increasing jk/K/ by unity. 
The bauds would therefore be etjually sjiaced in a spectroscope in which 
the dispersion is proportional to tbo frequency, i.e. one in which the 
aeparation of colours is somewhere intermediate between that of a 
grating and that of a prism. 

Writing M for the inverse of A, ao that n is proportional to the 
frequency, tbe diCTerence in the values of tii and n, in two successive 
bright or dark bands, is given by the relation 

r 

"a - "i = — . 
JT 

on example, we may take the case where the slit of the speutruscopa 
is coincident with tbe "iOth bright band of the red ray whose frequency 
IB defined by iV",. This gives 



,./ 



and therefore for the distance between successive bands, 
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The fr«|iiL-uciea of the violet detiued by iV, would 1« such that 

or y^ ^ N, = J A', = ]0 (h, - «,). 

The whole range of the spectrum occupies, therefore, ten times the 
disMnci- between two suct^essive bands, and if there is a liright band in 
the red, there is also a bright band in the violet, and eight bright 
UucU between them. 

36. Difficulty of illustrating Bimple inteTference pheno- 
mena by experiment. The simple matheiuatical treatment of the 
interference phenomena which we have so far studied, neglects certain 
elTerts which disturb the simplicity of the exjierimental verification. 
Thus the bipriaui of I'Vesnel (Fig. 38) shows interference only in the 
Mgle POQ, but u wave diverging froiu A and limited at so that the 
Bitreine geometrical ray is AF is not propagated entirely like a 
complete spherical wave. Certaiu so-railed dift'mctinn effects wliich 
will have to be discussed in detail, take place, these alter the distribu- 
tion of light, especially in the neighbourhood of the extreme rays OQ 
>iid OF, aud there appears a rhythmic variation in the brightness of 
fte Eringea, wliich sometimes makes their measurement difficult. The 
l*u<is seen in Fresnel's mirrors are subject to the same irregularity, 
owing to tlie Umitation of the beams by tlie rays AO and BO. 
Youiig'i! arrangement is free from this particular defect, hut aufi'era 
^in auother. The slits at P and Q do not radiate light equally in all 
directions, hut tlie intensity is a maximmn in the directions OP and 
OQ reflectively, and there are some directions (Art. 53) in which the 
light is totally absent. Hence here also, though from a different 
<^ti»e, the experiments give a rhythmic variation in the intensity of 
Ml* iulerference fringes, which affects to some extent the positions of the 
loarima. We are therefore led to look in another direction for experi- 
meiilal methods to show interference in its nimpleat form. 

37. Light incident on a plane parallel plate. Wiien light 
wiiicideut on a plane parallel plate, images of the source are formed 
hy reflexion at the two surfaces ; the reflected arul transmitted beams 
wU then show interference effects due to tiie overlapping of the waves 
Wffling from tlieae images. As tiiere are more than two images, the 
cilcQlntions are a little more complicated, but the result being 
entirely determined by interference, is also more completely repre- 
«Dted by the calculation. 

Let LM and L'M' (Pig, :J9} be the parallel surfaces of a trans- 
fWBnt plate, and AB au incident plane wave-front, wluch gives rise 
to a reflected wave CD and a refracted wave JiS. This refracted 
Mve will be reflected internally so as to be parallel to E'K and 
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most be ^tkr 
SimiUrly 
tmtnf the surface 
W f^dld to C/> and tU 
famim^ •■> of the 6ii]-&ce L'M' 
W >— Hrl u> AB' which u 
il to JA 1b calraladag the 
■f the MKwrs ttjrmed hy the 
d «sra-frantB of the reflected 
of light in the 
V the Tweeted ao^ 
of tke inctdent beam. 

Tk fart ^9 m tk alnlitiM Mk eosart in obtaining tbs 
Cfcaets B ikw of ifc* Jlfarat iimiwIibI «swv-&oDt£. M&kioA 
mm it At iKt Alt «• aajr «lr«hle optkal dutuKies between ivtrO 
— wfcti dbnc iBy mr aamaHmg litm, -wv ma-j take some oc«" 
vne^wt JA B tk BodoA ban (Pig. M> uid fCme one ray f^^ 
vUch at ^ t? reflected tovanb .^■ 
Tkx^ the ny P5 backnarcA 
fhliwe.h the plMe, we tind a nv 
£rff SDcli tbst starting from tfci 
i«^nial«BT^&ont J£, it coincide 
with SP after -me intenutl reBexiiy* 
at f and refau:tion at S. Tl*** 
|iha^ at /* of the wave to whicJE 
thds rsj heloogs is determine^ 
hf its pliaae at ^ and the optical length of ffffESP, SimilarljJ 
we may obtain a number of rars ihruogh B", BT, BT, B*", whicl> 
wiU coincide along SP having been retierted two, three and fijnf 
times, at the lower sur&c« of the plat«. 

The difference in optical leoctli between the two first rays is the 
■ame a^ the difference iu oiitii-aJ length between HE^ ES and K8, 
K being the foot of the perpendicnlar fkim H on BS. If BS is diawn 
at right angles to HE, the optical length of A".S' is the same ae that of 
JiK. This follows from the fact thai HK and BS are parallel 
rmpectively to the incident and reflected wave-fronte. The difference 
III optical length ifl now that due to tlie path RE ^ ES, or drawing 
the iioniiftl to the plate through A' and producing HE to F, its point 
of inteniectioii with the normal ; the difference in optical length is 
IlRE where n iK the reftactive index of the plate. Notijig that SF'k 
! thickneiw of the plate (e), and tlrnt the angle at F is the 
angle botween the refracted ray HF and the normal to tlie plate, for 
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wbich we may write y. it is finally found tl»at tlie difference in optii^ 
leiigtli is 'i/itco^y. To obtain the difference in phase at /*, we must, 
tiowerer, take accoust of the fact that the reflexions may be ac- 
compiinied by change of phase, and we have already shown (Art. 25) that 
accwntiiig to the principle of reversibility, there must be a change of 
two right angles at either internal or external reflexion. 

A difference of phase of two right angles is equivalent to the 
addition to tlie optical length of a f|uantity equal to half the wave- 
length A measured in vacuo. The difference in phase is therefore 
tiually 

k 
■IfAS COS y + 5 . 

" we only considered the superposition of the wave which is reflected 
externally, and the one reflected once internally, we should find that 
the iuteiLsity of the reflected wave would be zero whenever 

*• keiug an odd number, or by transposing, when 

2(16 cos y — »X, 
'* being any integer. It will be noticed that the difference in path 
i^ccomes leae, aa y, and therefore also the inclination of the incident 
*e«ni, increases. 

Before discussing the bearing of this equation, we extend the 
fTCstigation so as to include multiple reflexions. 

We take the vibration at •S', due to the incident light, to be 

wpreeented by cos tat, for which, according to Art. 8, we write «■■"', 

t«)ecting at the end of the investigation the imaginary part- The 

■ribfation at 8 in the reflected wave may then be written r«'-', where r 

w r»al, if there is no change of phase. An incident wave of unit 

^tDplitude would then be reflected as a wave of amplitude r. 

I We may similarly apply eoeflicients t to the waves which are 

hinBmitted from the outside to the inside, t' for waves transmitted 

' from inside to oubtide, and s for waves reflected internally. A change 

"rf phase would be indicated by the eoeflicients ceasing to be real. 

Taking account of the fact that each of the rays in Fig. (40) has 
t»»«ed through a distance which is longer than the preceding one by 
the name (luantity, of which we have already found the optical 
equivalent to be 2/iecosy, the corresponding difference in phase is 

S = 4'r;je cos y/A. 
Hence we may write for the vibration at S of that ray which has been 
once reflected internally sM'e""'"", and for the ray reflected iuternallv 



li 



ff 



.-\'-rr' 



THE THEORY OP OPTICS [CHAP, 

that tlie factor of 



tliree times, the expression becomes s'K'p'*"' 
••^ in the complete effect at S becomes 

r-fsi<'(p-'' +!^e-^"i +»•«-»« + ), 

The terms of the geometric series in brockete converge towards zero, 
and may be added up. We thus find for the amplitude 

Dealing similarly with the transmitted naves, the successive vibrations 
at Ji, 00 emergence, are found to be «V"'-*' ; s'ttV'"*-'-'* etc. if 
is the difference in phase betweeu S undE, so tliat the factor of e'"^~' 
in the result&ut vibration becomes 

tfd+s'e-i+s'e-^"'* ), 

Rx))onuents show that we are jiistitied in assuming that reflexion 

and refraction at the surface of transparent bodies involve no change 

of phase, except, in certain cases, a change of ■■ which can be repr&- 

seiited by a reversal of sign of the amplitude. We may then apply 

the relations found in Art. 25 for this case, i. 

r + s^O, 

«' + r' = l. 

Tbo expressions for the reflected and transmitted beams thea 

become for the reflected wave 

"■l-r-e-" 

and for the transmitted wave, 

The intensities I^ and /, for the reflected and transmitted wavet 
are obtained &om the results of Art 8 after a simple transformation, 

4r'8in' 4r'Bin'- 



- *>"', 



/,= 



l+r*-2r'cc 



(l-0^'4*r'si 



-2r»c 



..{5). 



from which it follows, as expected, that 
/, + /,= !. 

The reflected and transmitted beams are therefore always complft- 
mentary. In the reflected beams, the intensity is zero whenever 
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This U identical witb the comiitioii fur extinction when only two 
fays were considered, and these were taken to be of ©lual intensity. 

The loaxiiDum intensity takes place, as is easily seen from {4), 
«hen rsin-/(l-r') ifi a maximum. 

Both r and S depend no y, and a calt-ulation of the condition of 
DuiiDum intensity in terms of y would be complicated. When the 
plates are thick, r varies more alowly than S and we may in that case 

t»te as condition for the naaximum sin - = 1, ao that 2/ie cos y = ,, t 

n now being an odd number. We proceed to discuss the special cases 
to which the above investigation may be applied. 

38. Colours of thin filma. Although there is no difference 
m priui'iple between the interference effects observed with thin films 
nt wiili thick plates, the method of observation most favourable in one 
casv is not suitable in the other, and it is therefore convenient to treat 
(ach separately. We consider first the case of thin films. 

The difference in optical length of successive rays (2fiflcoay) is 
proiwrtional to the thickness *, and changes much less rapidly with 
the inclination of the incident beam when tJie films are thin than 
then c is large. This is especially the case when the incidence is 
MSfly normal ao that cos y is nearly one. If in Fig. 40 the eye is 
placed at P, each ray sucli as SP, forming part of a group coming 
friwn a plane wave-front AB, will have the amplitude determined 
"1 (4)- If the eye is focussed for infinity, we may imagine the 
"^liole complex of rays as shown in the figure to be shifted a 
litti* to the right or left, and the pupil will collect together a 
number of these rays parallel to HP, for each of which the amplitude 
» the same. Hence, when the light is homogeneous, the eye will be 
■ffectcd by a reflected beaui having the calculated inteusity. Thia 
mleiwity varies with the inclination of the iucident beam, and if the 
fiye looks in different directions, it perceives periodic variationa in 
intensity. Alternate bright and dark bands appear which form part 
of circular rings, having as centre, N, the foot of the perpendicular 
<irs«n from the eye at P, to the surface of the plate. 

If tlie source of light is extended, as will generally be the case, a 
Doniber of mutually inclined wave-fronts fall on the film, and from 
well of these, those rays may be aelected which unite at A'. An eye 
focussed on S will combine all these, but if the film is sufficiently 
tnin, the difference in path is approximately the same for the different 
*ts of wave-fronts, and the observed effect is not materially altered. 
A peculiarity of thin films lies in the colour effects which are 
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perceived when the iiifideiit light is white. The iMtlours of soap 
bubbles, of thin films of glass, or of a thin layer of oily matter on s 
sheet of water, are due to this interference of liRlit, reflecled from the 
two Burfaces of the film. According to the »iuatioii (6) any particular 
-wave-length is absent in the reflected beam if 
2/iecosy- mA. 

If we imagine the eye to look in one particular direction, a number 
of difiereiit vibrations may be blocked out by interference according 
to tbe different integer valuer of m. When the light is examined by 
a spectroscope, dark bands will therefore be seen to traverse the 
spectrum , 

In order to calculate the number of bands appearing in any portion 
of the spectnioi, we may with sufficient accuracy for our purpose 
neglect the dispersion in the film, and take fi to be a constant. If k 
wave-length A, is blocked out, the condition 
2/iecos7 = mA, 
must be satisfied and the iVth band after this must similarly satisfy 

2fu' cos y -(m + iV) A,, 
Eliminating m we obtain 



^'■(i.-x;)^'^"'''- 



The number of minima included in tbe interval between a wave 
length i!lightly smaller than A.^ and one nlightly larger than A, i 
N+l where an average value of p. may be substituted on the rigbi 
hand side. 

If we take for the limits of the visible range the wave-lengthy 
5 k 10' and 4 "^ 10~', the number of bands included in the raagA 
is found to be nearly 

'2im co^y x 10*. 
For a refractive index eiiual Uj that of water, and y = 45°, th« 
imber liecomes IflOOOt;. We can only expect to see colour effectt 
ien there are comparatively few wave-lengths blocked out, ■• 
otherwise each colour would be weakened in nearly the same pro- 
portion, and the total effect on the eye would again be white. If 
not more than three bauds are to apjiear in the visible jwrtion of 
the spectrum, so that IMOOOc is not more than 3, e must not be 
more tlian 16 " lU"'. This is about double the wave-length at the 
limits of tbe red end of the spectrum. For bright colours to appear 
on thin films, the thickness must therefore be of the order of magnitud* 
of a wave-length of light. 

39. Fringes observed vrith thick plates. When the plato*^ 
are thick, nearly huniogeneuus light must be used. Taking Pl^ 
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(Fig. 40) to be one of the iocident rayn, it is necessary for complete 
interference that all the rays passing through B, R, B", etc. should 
be brought int^ coincidence, or at any rate, all those wldcli have 
Eufficietit amplitude to contribute appreciably to the effect. When 
tbe plate is thick, these rays may be too wide apart to enter the pupil 
togeUier, and in that case, observations must bo made through a 
telesi'ope. If, on the other hand, SP is considered to be the reflected 
ny. it follows that the incident wave mii»t have a siifticieut width. 
Hence it is necessary for satisfactory observations to have either a 
wide incident beam, or to collect a sufficient number of rays in the 
reflected beam. 

The complete wave-front AB gives rise to a number of rays 
parallel to SP, which have the same phase along a plane drawn 
tiirough P and normal to SP. The eye should therefore be adjusted 
for infinity, or a telescope used. Fringes produced by the reftejsion of 
light at the two surfaces of a plane parallel plate of thickness considerably 
peMer than the wave-length of light, were first observed by Haidinger, 
Ixit we owe their investigation more particularly to Mascart* and 
Lummert. If a plate of glass AB {Fig. 41), 
a few millimetres thick, and carefully worked 
80 as to have its fat^es plane and parallel, be 
iUuminated by a sodium flame at S, and the 
rays are reflected from a transparent plate 
CD, so as to strike the plate ABma. nearly 
normal direction, the waves partly entering 
AB and partly reflected at the front surface, 
will cause overlapping wave-fronts to leave 
After traversing CD, these raya luay be made to enter an 
Q'e adjusted for infinity. Rings are then observed having for centre 
"'filioiiit which is the foot of the perpendicular drawn from the nodal 
Pfit of tlie eye to the plate. If it is not desired to observe the 
•^iplete rings, the plate CD may be dispensed with, and the flame 
PWd near the eye. If the light re8ected from the phite is then 
^^tly observed, it is found to be traversed by curved fringes, 
i^or greater brightness, we may use Lnmmer's arrangement, in which 
^" is replaced by a concave perforated mirror such as that used by 
"wlirtfl. The rings are observed through the aperture at the centre 
'^ the mirror. 

The condition for eictinction is as before 
2/Mi cos y - mK 
"Kre m is some integer and y the angle of refraction in the plate. 

• Ann. Cbim. Fhijt. ixui. p. 16. 
■i ffwd. Am. xxm. p. 4S. 
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If # be the angle of incidence, and h the distance of the eye fi 
the plate, the radius of the ring is 

A Bin 9-(i.h sin y. 
This leads to the following construction (Fig. 42). On the radius 

of a circle take a paint A' such tlmt ^ j' = - 

where ni„ is the highest integer which gives 

the fraction on the right-hand aide a value 

than one. Prom A', mark off towards 0, e< 

distant points, A'„ .--A'«, the equal distance bf 

Fig. *2, XOAI'iiie. l-'rom A',, A',, eU\ draw perpeudicu 

to OA meeting the circle in S^, ^..... Then o 

scale in which OA represents ^l.Jt, the diameters nf successive darkri 

from the centre outwards are given by ATiA', ; A',-'^ ; etc. 

The number of rings is hiiit«, and et]ual to the highest int< 
number which is leas than OA/K,K-. The centre of the systen 
ringa may be bright or dark according to the thickness of the plate . 
the refrangibility of tlie light used. 

Fig. 2 Plate I. is a photograph of Haidiiiger's fringes obtained » 
a gkss plate 3'6 mm. thick. The source of liglit was a small mere 
lamp, the ultra-violet rays being absorbed by a solution of quin 
The actinic light was in consequence very homogeneous, being aln 
exclusively due to a violet mercury line. 

A modification of Haidiuger's fringes in which multiple reflexi 
are utilized, has been made use of by Messrs Fabry and Perot in 
construction of an apparatiiK which is etiuivalent to a spectroscop 
very high resolving powers. (Cvmptes lieitdiis cxxvi. p. 34, 1898.) 

40. Michel&on's combination of mirrors. A very powe 
optical combination for obtaining interference fringes was devised 
Prof. Albert Michelson". In principle, it is identical with the ays 
which has just been discussed in the previous article. 

Let s. Pig. 43, be a source of light sending out waves toward 
^, plate of glass a inchued at an angle of 

to the wave-front. The mirror is ligl 
silvered at the front, so that the incic 

^ light is divided into two appro.ximately e( 
portions, one being transmitted toward 
mirror e and the other reflected towi 
another mirror h. At both these points, 
flexion takes place which sends the rays b 
^ towards a. Here once more there is pai 

'*' reflexion and traiismiBsion, and two sets 

' Deseribed in a ;oiiit paper b; A. A, Ukbe\Mm aud Ed. W. Morle;, Phil. I 
Vol -— p. 44g^ (1887.) 
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wave-frftuls wiQ proceed from a towards d, one Laving passed over the 
course salad, and the other over the course siicad. Neglecting the 
thickness of the plate a, we may replace the optical length of the path 
of the ray which paswa from « to r aud back, by the optical length of 
the image of that ray from ii to c and back. The interference effects 
are identical therefore with those obtained when reflexion takes place 
at two siirfiGU^es b and c' of a plane parallel plate. 

The addidon&l trouble of adjusting the mirror at r, so that its 
ima^'c is [larallel to the mirror li, is counterbalanced by the greater 
cnininand we bsve over the different parts of the apparatus. There 
me also two simplifications iu-the theory of the observed interference 
fringes. The passage of the rays taking place in air, the difference in 
optical length equal to 2 x ic' is the same for all wave-lengths (neglecting 
the ilisperdon io air) and there are no multiple reflexions to be cou- 
siilered. 

Id practice, the thickness of the plate a has to be compensated. 
This in done by interposing an equal plate / 
(Fig. 44) into the path of the rays between a 
and A. The inapection of the figure shows 
that as one set of waves has been reflected 
externally at a, while the other has been 
reflected internally, the retardation in phase 
affects the reanlts exactly as in the previous 
cases. We may therefore write down the 
condition which determines the diameter of 
^ i^ a dark ring, by taking /i = 1 in the previous 

formula, and replacing the angle of refraction 
y by the angle of incidence on the mirror. Hence 

■2o COB = mX 
'5 the condition of darkness, m being an integer. 

Nonuai incidence is accompanied by the greatest difference in path, 
'^ tjierefore leads to the highest vaJue of m, which must be that 
'iteger which gives to 6 its smallest possible value. Calling this m, 
^e auccesaive dark rings are obtained by substituting rut- !, m,-i, 
^ for m in the above formula. 

-Vs the diameter of the rings is proportional to sin 6, and is so 
'""il that powers higher than ff" may be neglected, we may write, 
^ this approximation : 

™'«.2(l-co,»)-2(l-^'^*) 




K-1^)*?- 



*lwre m = m„ - /f. The first terra ia constant. Bs gi^m?, \ft * "Owi 
^aceessiye values 1, 2, 3, etc we obtain tUe \a\uB& oi Boi^ ^^^'^ 
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h the eeKn isadf w a point erf minimum light 
f ^^^1 aai A* nfi ct wtetman Avfc lingsweasthe square roou 
«f aaeMBSi* mtegm anbcs. or wk«t coves to tiie same tiling as the 
■fMn lOOtB of jwacemn mmi iab^en. If the centre is a point of 
■udnam ^gblk *« find snikd^ likt sKcesiTe darit rings are as the 
aqnan roots of smenive *M tntegesa. 

41. Newton's lin^ T^ sjstem cf nogs observed near the 
point of eoBtact of m lens, is o^; of tbe aMest of known interference 
phmomcBa. Its elementair theory >s siinple, though its complete 
JBTeEdgatioB is tronUesotoe, and does not poetess anfficient interest 
to wmmot the laboor $p>Mit od it The colmus obserred in Newton's 
rings are tbe nJonis of thin Sims, Uie 6fan being the layer of air 
iaetaded betwem tbe lens and the pUte on vfaich the lens is placed. 
The diancMristic distinciion betveen Newton's rings and the pheno- 
mena we hare atread; diwuswd, ii that the film has now a variable 
tfaicfaiess. 

The simplest case of a film of variable Uiii^nees would be presented 
hy a tjansparent wedge (Fig. 4S). 

A plana «mve AB Gdling on tfae wedge, we majr select one ray 
ffS reflected at 5 towards P, and another 
B^Jf, sach that after refraction at and 
r^exion at £, it meets the npper surface 
at the same point •S". Owing to the 
inclination of the two surfaces, the re- 
fracted ray SP" is not now I'otncident 
with SP, though the inclination is small, 
if the angle of the wedge Is small. The 
difference in optical length between the 
Fig. 45. two rays is 2iie cos y, or taking account 

of the change of phase at reflexion, ifi* co3 y + - . In this expression, 

e denotes tlie length of the perpendicular from 8 to the lower surface 
of the plate (which may be taken to be tbe thickness of the plate at S) 
and y is the angle of incidence on the loiter suriace. The insjiection of 
the hgure explains how the expression is derived. Neglecting all raya 
which have suffered more than one internal reflexion, an eye placed bo 
at to receive both rays SP and SP" and focussed on 8, will observe a 
maximnm or minimum of light, according as Sfuicosy is an odd or even 
multiple of half the wave-length. If the source of light be extended, 
waves coming &om different directions must be considered. Each of 
these waves supplies two interfering rays at S, and tbe difference in 
path depends to some extent on the inclination. Hence the eye focussed 
at 8 combines on the retina a number of rays which are not 
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identical mnditions, and the inWrference will not be so Mmple or so 
complete as when the plat« has eciual thickness tbronghout. The 
disturbing effect will be small wbeu the plate is thin, and may be 
neglected for the first few rings in Newton's experiment when the 
tiiickness does not exceed more than a few wave-lengths. For thicker 
plates, observations may be improved by reducing the aperture of tho 
pupil by interposing a slit so as to narrow the pencil of light which can 
eulet the eye. If the eye is focussed for a point different from S, 
interferfnce is Btill observed, though with a slightly changed difference 
in path. ITiis is shown by imagining the ray li"Jf to be -thifted either 
to the right or to the left. If it is shifted to the right, SF" moves to 
the right, and its intersection with SP moves away from P, so that the 
eye hw now to focus for a more distant point. The inclination of SP 
remains the ^me, but the length of the path inside the plate is longer 
or shorter according as Hfi" moves to the right or left. It follows from 
what ha^ beeD said that we may apply the ei|uations of plane paraUel 
plates to films of varying thickness, so long as their thickness is small. 
The interference is made more complete by restricting the source so 
th*t it only subtends a small angle at the him. If the incidence is 
newly normal, a slight variation in the direction of the incident beam 
I'M Very little eSect on the difference in optica) length of the two 
interferiag waves, which also prevents confusion of the interference 
tflects. Thus while in the case of the plane parallel plates 
["Sriously considered, the colours are due to the varying inclination of 
™ incident beam, the thickness of the plate being everywhere the 
same, we now confine ourselves to the same 
direction of incidence, and obtain the 
colours as a consequence of the diauging 
ttiickness. Fig. 46 illustrates hnw New- 
ton's rings may be observed under nearly 
nonnal incidence. Tlie lens LL' being 
placed on the plate AB, au inclined 
transparent plate MX series to reHect 
"'*' '"' light coming from the source at S, while 

«* eye observes tlie light reHected from the film included between 
«» lens and the plate, and transmitted through .VA'. To calculate 
the diameter of the Hugs, it is only necessary 
j to obtain a relation between the thickness at 

y / any point *, and the corresjionding distance p 

V^ / ^ fi^in the point of contact ; if ft is the radius of 

■ "^ I 1^. — curvature of the lower surface LOL' of the lens, 
the geometrj' of the circle gives 





The difference in optical length of the two iuCerferin;; ray» i* 

2e + - , if the obaervation is coiiduct«il so tliat tlie uiedium inclnilni 

between tlie lens and piate is nir, so that /i = I. The diameters of the 
rings of maximum ill u mi nation are obtained by makiug 2« aii odd 
multiple of half a wave-length, so that theyjire proportioual to ttw 
sijuaro roots of successive wid niiiniiers, while the dark rings will hnre 
diameters proportional to the sijuare rocits of wuccessivo fi«n numbers 
The centre of the ring system is dark, thougli black only when the l«w 
and plat* are of the Miiue material, in which case the whole light is 
tFHDsmitted if there is optical contact at 0. 

The minimum of light at the centre of the system of ringn appean 
AS a cnnsequence of the retardation A/a at internal or external rertexiun. 
there being in consequence total destruction with no difference of palli. 
If the upper and lower 81l^fa(.^es are made of different material, and the 
film hoe a refractive index intermediate between the two, the centre «f 
the ring system on the other hand is briglit, as the lialf wave relardatioo 
now disappears. Thomas Young showed this by introducing oil of 
sassafras between a lens of crown gla^s and a plate of flint giMt. 

In the transmittetl system of Newton's rings, the coionrs are \t» 
brilliant. Their position is easily deduced from the fact that the effset , 
at every point must be complementary. 

Plate II. Figs, 3 and 4 represent photographs of Newton's rings, i 
The same mercury lamp was used in both cases as the soun'e of light, 
the rays producing the photographic efi'ect being principally deiived 
from one violet and one ultra-violet ratliation. In Fig. 3, the ultra-violet 
radiation has been blocked out by an absorbing screen and hence the 
appearance is that due to practically homogeneous light. In Fig. 4 we 
may observe the effect of the overlapping of two gj-atems of rings 
which alternately strengthen and neutralize each other. Where th? 
dark and bright rings of the two systems coincide the rings are clearij' 
defined ; where the bright ring of one overlaps the dark ring of tlia 
other the rings are verj' indistinct. Similar effects may be obsemd 
with sodium light owing to the difference in the wave-lengths of tibt' 
two components of the sodium doublet, but the two wave-lengths Ytexag 
more nearly e<)ual tlie intervals between the regions of maximum defi> 
nitioii arc much greater. , 

42. Brewster's bEinda. When light passes through a jilata. 
of glass, a small change in optical length may be made by slightly 
inclining the plate. If it is desired to observe interference effects due 
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to tlus alteration, it la necessary to iuterpose an exactly 9i|ual piata 
into anotlier portion uf the same beam, so that in tbe tirst instance 
there may be e<iuality of path, which is then slightly disturbed by 
tlie inclination of one of the plates. This leads to the following 
arraugement due to Brewster. A plate of glass, which ebould be aa 
ti«arly as possible plane parallel, i» cut in half so as to obtain two 
plates of ec^ual thickness; one is slightly inclined to the other and 
light passed through them. The course of the rays 
which are brought to interference is shown in P'ig. 48. 
CZ r ^ If the plates were parallel, the optical lengths would be 
equal. A slight inclination of one causes a relative 
change of phase in the overlapping beams, and when 
C t; 1^ an illuminated suHacc is viewed through the plates, 
1^ coloured bands are seen to traverse the field. The inter- 
Fig, la. ference fringes may also be observed in reflected light, 
and Fig. 49 shows how we may obtain a number of 
different sets of interfering rays according to the nnmber of internal 
rellesioas. In the first syst«m, marked 1 in tlie figure, two rays are 
brought to interference, the 
first having been once re- 
flected internally in the piste 
.-1, and the second once in 
plate B. The second system 
consists of three rays, one of 
which has been reflected once 
in each plate, and the two 
others twice in one plate 
The courKf of the third system is also 
} further ones need hardlj be considered, 
■* the intensity of light rajiidly diminishes by multiple reflexions. 
Tu prevent confusion, it is necessary to place a screen at .SS" to limit 
"i« iucident beam. If the bands were observed near the plane of the 
"sure they would be seen to be strongly curved, and the field of view 
"•■oiild only contain bands formed by rays having large retardations. 
<^" find the position of the central band which is that in which the 
fslntive retardation is zero, we start from the fact that the optical 
'fi'lrth in each plate depends only on the angle of incidence of the 
"1^1 The thickness and refractive index of the two plates being 
"» same, the optical length is the same for all rays wliich in 
"leir passage from one plate to another are equally inclined to both 
plito. These rays all lie in a plane which is parallel to the line of 
yitenection of the plates and etiually inclined to both uf them. The 
unage of that plane in the plate B is the locus of the central baud. 
If ■■« wish to carry on our obticrvations in a horizontal plane, the two 




It at all in the other. 
>lio«ii in the figure, and the 
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} plates should therefore be etjually iai^lined to tlie horizon tliroagb & 
atnall angle but iu opposite directions, their intersections being 
horizontal. If the second plate ia inclined downwarila the central 
fringe will lie a little below the horizontal plane. The fringes near 
the central plane iire approximately horizontal, and if a apectmscope 
is used to analyse the reflected light, the slit should be horizontal 
Useful hints for mounting the apparatus in this and other experiments 
on interference are given in Quincke's writings*. 

43. Stationary vibrations. When two wave-s of the .same 
amplitude and period proceed in opposite directions, we may represent 
the displacement by 

acos{uit — nT) + acos{a^ + nT) = ancosnxcoaW. 
The right-hand side of tlie equation shews that the phase is now 
constant everywhere, but the amplitude depends on j: and ia zero 
whenever j: is an odd multiple of a quarter of a wave-length. The 
amplitude has a maximum value in the intermediate plai'^a at which 
« is a multiple of half a wave-leugth. The combined disturbance of two 
waves crossing each other iu this way is called a stationary vibration. 
An alteration in the phase of one of the waves shifts the positions 
of the maxima and minima, but does not alter their distance. Altering 
e.if. the phase of the wave proceeding in the negative direction, by two 
right angles, we should get 

a COS {ait - ux) - a coa (iu( + h j) = 2(t sin ait sin rnc. 

These stationary waves are easily illustrated in the case of sonnd 
waves. Experimental investigation in the case of light involves great 
difficulties, which were, however, successfully overcome by 0. Wienert. 
Hie experiments required the preparation of a photographic film having 
a thicicness considerably smaller than a wave-length of light. They 
were made of collodion, sensitized by chloride of silver, and bad a 
thickness from between one-twentieth to one-fortieth of a wave-length. 
Light was incident normally on the silver coating of a plate of glass, 
vid the sensitized layer of collodion was placed against this plate, in 
each a fashion tliat when the bands of thin films appeared in reflected 
light, they were several millimetres apart. This means that the film 
formed a very araall angle with the silver surface, it being a neoassary 
condition for the .success of tlie experiment, that the two surfaces 
should not be {juite, though very nearly, parallel. 

When nearly homogeneous light is made to fall normally on this , 
arrangement, the stationary vibrations give rine to disturbances which 
are of different amplitude at different distances from the reSectiDg 
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»arfai:e. As the film is slightly incliued the photograph wlien diive- 
loped is crossed by alternately bright and dark bands, the dark lands 
being due to the deposit of silver at the place* where the ainpHtude 
wnt near its maximum. Plate II. Fig. 5 is a reproduction of one of 
Wiener's photographs. The light incident on the ti!in was decomposed 
in this case into its homogeneous constituents by a priHin, and the 
result gives a pictnre of the separate effects of the difi'erent wave- 
lengths;. The vertical bands represent the fpectnini of the electric 
arc used. The carbon bamU will be noticed, and the // and A' calcium 
lines show funtly, but eaili of these lines and bands is seen to be 
crossed obliquely by a series of bands which are due to the variations 
in amplitude of the stationary vibration. The inclination of the two 
systems of bands to each other is due to the inclination of the refract- 
ing edge of the prism decomposing the light to the edge of the wedge 
formed by the photographic film and the reflecting plate. 

Driide and Nenist having succeeded in obtaining sufticiently thin 
duorescent films, observed the stationary vibrations by their fluorescent 
effect. 

Lippniann's Colour Photography is based on the formation of thin 
layers of reduced silver deposited within a photographic film, the layers 
being lialf a wave-length apart. They are formed by the stationary 
vibration of waves of light reHected from a surface of mercury over 
which the sensitive film has Iteen extended. When viewed in reflected 
light, the colours of thin plates are seen, and that colour shows a 
maximum of intensity which has a wave-length equal to twice the 
distance between the layers. We therefore see in the reflect«l light 
chiefly the colonr belonging to the wave which originally had formed 
the stationary vibration. Tiie possibility of reproducing natural colours 
by phot<^^phy in this foehion, had already occurred to Wm Zenker", 
to I*ord Rayleight. The experimental realization due to Lippmann 

however, a very considerable experimental achievement. 

44. Applications. We may divide the principal applications of 
the interference phenomena which have been described, into two classes. 
In the first, the difference in phase of two jiortions of the same wave- 
front which have traversed two media, is used to measure the difference 
in optical length of the jHith, and hence the difference in refractive 
index. Instruments used for this purpose have been called interference 
tefractonieters. Fresnel, already, in conjunction with Arago, used the 
principle of interference to measure the difference in the refractive 
mdex between dry and moist air. Two parallel tubes, fiUed with the 
gases to be examined, were placed in the path of a plane wave-front 
• Lthrbueh der Plioloehromic. 
f CetkeUd Worki, Vol. in. p. IS. 
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which CTAversed the tubes longitDdioally : the displace tuent in the 
bands observed when drj- air was replaced by moist air served as a 
measure of the difference in refractive index. Jamin carried out 
important measorements in an apparatus in which ose was made of 
[ Brewster's int«rference bands. Pig. 5U represents Jamin's apparatus. 




Fig. 50. 



One of the plates of ^lass PB is fixed, while the other CD is movable 
found a vertical axis by means of the screw Q aiid a horizontal axis by 
means of the screw 0. If the ptat«s are exactly parallel, the illumina- 
tion over the whole field is uuiform. If now the second plate be slightly 
tilted round a horizontal axis, horizontal bands appear which come closer 
and closer together as the inclination increases. Rotation round the 
vertical »Ti< does not change the distance between the bands, but shifts 
tile whole system of bands up and down. If two tubes, which may be 
exhausted or filled wit)i different gases, be introduced into the path of 
the interferiog rays, the position of the bands depends on the relative 
retardation of the two rays. Starting e.g. with air at atmospheric 
pressure, and the central band being adjusted so as to pa&s through 
the centre of the field, a partial exhaustion of one of the tubes 
displaces the bands ; the displacement being measured by means of 
"Compensator." This compensator, in Jamin's apparatus, consisted 
of two plates of glacis (Fig. 51) capable of being rotated round a 
horizontal axis AB, and placed at such a 
■^■sssj,^ distance from each other tLat each plate 

j r^ ^B receives the light which has pai>sed through 

^*tJJ one of the tubes. Rotation round the 

fig ^,\_ horizontal axis altera the thickness of glass 

traversed. The alteration being different 
f fcr the two plates a measurable retardation of one set of rays, as 
I compared with the other, is produced. If the central band, having 
been displaced by the change of pressare in the tube, is brought back 
by the compensator to its original position, the difference in refractive 
index between the air under partial exhaustion and the air at atmo- 
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splienc pr&^sure, oan be measored. Different gnses way be compared 
ID a similar manner. 

Lord Rayleigh's form of Refraotometer more nearly approaches the 
ffn rnttl iustrument of Fresuel and ^Vrago. 
Bh Light coming from a fine slit L and rendered paraUel by a 
Wm c collimator lens C of 3 cms. aperture 

Wl J j\[ t~^ "~ j ^A -p passes through two brass tubes tide 

"" V " " " ■ - " IV" ' " by side, and soldered together. 

^^- ^^- These tubes, 20 cms. long and 

6 inms, in bore, are closed at the ends by plates of worked glass, 

s>j connected as to obstruct as little as poBsible the pa.ssage of light 

immediately over the tnbea. The light having parsed through the 

tubes entera two shts and is brought to a focus /"by means of a lens. 

The optical arrangement Lf practically identical with that which gives 

Young's fringes (.\rt. 32). The fringes are observed by means of an 

eyepiece. To secure better ilium uiation and sufficient magnifying 

power, the eyepiece is cylindrical, so as only to magnify in a horizontal 

direction. It is made of a short length of glass rod, 4mm. in diameter. 

There are two systems of bands, one formed by light which has 

traversed the gases within the tubes, the other by liglit which passes 

above them. If ditferent gases are to be compared with each other, as 

regards their refractiug power, their pressure is adjusted until the 

^pteiu of bands formed by light which has passed through the tubes 

IS coincident with the system formed by the light which has passed 

above the tnbes ; the retardation in the two tubes is then the same. 

It tJie experiment be repeated at a difl'erent pressure, then the ratio of 

tbe changes of pressure for each gas is the inverse ratio of the 

*e&activitie8 (;*- 1) of the gases. 

Other refractometers have been constructed, chiefly with a view 
to W]janiting the path of the interfering rays laterally as much as 
Possible, so aa to leave more room for the tubes or other apparatus 
^ h introduced into the path of the rays. It is sufficient to refer to 
™6 ap[M>ratus of Zehnder". It should be noticed, however, tliat the 
™CT»1 separation of the rays is by no means always an advantage. 
"He of the experimental difficulties in delicate optical measurements 
rongigtn iu keeping the temperature sufficiently constant, or at any 
'^'e. [lot to iutroiluce a difference in temperature into the two optical 
l*tlia. The nearer these are tt^ether, the easier will equality of 
, l*"npemtnre be .'secured. Where a separation of rays is necessary or 
Mvisable for other reasons, Michelson's arrangement, which has 
•liwdy been described, will probably be found to be the most 
lageous. The applications which Michelson has made with this 

• 7Atch. f. In.tniiiKnlenknnde. 1891. p. 375. 



80 THE THEORY OF OPTICS [C HAP. IT I 

instrument to tlie iuveatigatioa of the coustitation of nearly iiomo- 
geneous radiation will be referred to iu Cliapter xiv. 

Au appiiaoce, useful in many optical measurements, is the "bi-plate" , 
which serves either tu separate or to bring together two pamllel be&mt 
of light. It consists of two pl&ue parallel plates of glass cemented i 
together at an angle. Their action ia Bufficieutly illustrated by of | 
Pig. 53. 

In the applications of the phenomena of interference whieh 
have been dealt with so fiir, the probleiui 
are of a purely optical nature. We turn 
< the second class of applications in 
which optical methods are used for linear 
measurement. 

'**■ ^^- Fii^au has used Newton's rings to examine 

the coefficients of expansion of certain snbsUnces. Tbe Ixxly to be 
examined, cut t^.g. into the form of a cube, is placed on a plate which, 
by means of screws passing through it, supports a tens. The upper 
surface of tJie cnbe is jwlished. If the lens be adjusted so as to leave a 
small air space between it and the cube, Newton's rings may be observed. 
If the whole arrangement is raised iu temperature, a cliange takes 
place in the rings which depeuds on the altered distance, between 
the upper surface of the cube and the lens. Knowing the effect of 
tempemture on the refractive index of air and the coetbcient of dila- 
tation of the other part of the apparatus, that of tbe cube may be 
deduced. Fiteau has mca.<;ured in this m.tnner. the e.ipausion of 
crj^t&ls in different directions, Kur a more detailed account of tbe 
appantttis and method of obtaining (he residt from the observed dis- 
placements of Newton'^ rings, Mascart's Vptio, vol. 1. p. 503, may 
be consulted. 

Perfectly flat surfaces ait? sometimes required in optical investi- 
gations, and it is a matter of great difficulty to work tltem so as to < 
satisfy optical tests. Nut the least of tlie dtfficitlties consists in 
testing the surface when it is nearly flat, so as to iliscover where 
its faults are and how they may be correrte<L Lonl Rnyieigh* oaea 
for this purpose the iiiterference bands seen between a horiiontal 
surtace of water and the carefully levelled suT^ic« which is to be 
examined. The latter surface is sup))ort«d horisjntally at a distance 
of about one or two millimetres below that of tbe water. By 
the aid of scKws the glass siirfai'e is brought into approximato 
parallelism with the water. W'hen the surface is perfectly flat, the 
iDt«rfereiice bands are straight, while a curvature of the bands always 
implies a curvature of the surface. In the paper referred lo it is shown 

* CotUelnl tVarta. vol, it. p. 303. 
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io* to iuterpret llie curvature of the saHnce by means of that of 
tie bdods. 'ITw: L-hief difficulty in applyiiig the method constst^ in 
secDiing perfect steadiness, so as to av<Hd tbe eifect« of the tremor of 
the irater surfece. 

An important application of interference bfwds has been made by 
Micheisou *, nho was able to obtwii a direct comptmiion between the 
BtsQilard of length, and the wave-lengtii. 

45. Historical. Christian Huygens, Cbom April U. lfi-29. at 
fliiau Id Hollaml, ditd June 8, 1695.) is the fouuder of tbe uudulatory 
tbeorj- of light. His treatise on light appeared in 1690, and contains 
the explanation of the reflexion and refraction of light by means of the 
principle which now beard his name- He also demonstrated how 
double refraction could be explained by meajia of wave-snrface* having 
two sheets, and in particular showed how, in Iceland Spar, a wave- 
surfiwc consisting of a sphere and spheroid accounted for the lawn of 
refrnction of both i&yK 

Sr Isaac Xewton (bom Jan. 5, 1643. in hincolnshire. died March 
91, 1727) did not look with favour on the undnlatory theory of light. 
He waa misled by the ap|)arent difference in the behaviour of waves 
of sound which, after passing through an opening, <ipread out in all 
dtreetions. and the rays of light which pass in nearly straight lines. 
This seemed a formidable difficulty, and Huygens' attempts at ex- 
plaining the apparently rectilinear propagation of light were not 
clear or convincing. While there is no doubt tliat Newton's great 
authority kept back the progres-s of the undulatory theory for more 
than a century, this is more than compensated by the fact that the 
science of Optics owes the scientific foundation of ita experimental 
investigation in great part ty him. His experiments on the prismatic 
decomposition of white hght do not fall within the range of this 
rohiine, but the phenomena of Newton's rings liave been referred to. 
Newton discovered that the radii of bright or dark rings wa.s deter- 
miiiefl by t)ie thickness of the layer of air interposed, and found the 
correct law connecting the diameters of successive rings. 

Tliomas Young, bom June 13, 1773, at Milverton (Somerset), 
studied mediciue in London, Edinburgh and GiJttingen. He was 
Professor of Physics at the Royal Institution in London lietween 
1801 and 1804, but gave up his position in order to devote himself 
to the practice of medicine. He died on May 10, 1829. To Young 
belongs the merit of having been the first to state clearly the principle 
of the superposition of waves and to show how interierence may be 
explained by means of it. Owing to the historical importance of this 

• Traratu et Mfmoire* du Bureau Inleriialitiiail det Poid* «t Mciuth iv. V\'«i5^- 



i 



82 THE THEORV OF OPTICS ' 

principle, on which the development of the undulatoiy theory of Uglii 
entirely depends, the passage in which Young first introduced It nay 
be quoted. It occurs iu a pajier read before the Royal Society on 
November 12, 1801, and ruus as follows : 

"Proposition VIIl. When two I'udulfttions, from different 
Origins, coincide either perfectly or very nearly in Direction, their 
joint effect is a Combination of the Motions belonging to each." 

"Since every particle of the medium i§ affected by each un- 
dulation, wlierever the directions coincide, the undulations can proceed 
DO Otherwise, than by uniting their motions, eo that the joint motion 
may be the sum or difference of the separate motions, accordingly as 
similar or dissimilar parts of the undulations are coincident" 

Young's arrangement for observing interference fringes, which 
lias been discussed in Art. 32, is thns described in his published 
lectures (18UT) : 

" Iu order that the effects of two portions of light may be thus 
combined, it is necessary that they be derived tiom the same origin, 
and that they arrive at the same point by different patlis, iu directions 
not much deviating from each other. This deviation may be produced 
in one or both of the portions by diffraction, by reflection, by refraction, 
or by any of these effects combined ; but the simplest case appears to 
be, wheu a beam of homogeneous light falls on a screen in which there 
are two very small holes or slits, which may be considered as centres 
of divergence, from Whence the light is diffracted in every direction. 
Id this ca»e, when the two newly formed beams ore received on a 
surface placed so us to intercept them, their light is divided by dark 
stripes into portions nearly equal, but becoming wider as the surface 
is more remote from the apertures, so as to subtend very nearly etjua] 
angles from the apertures at all distances, and wider also in the same 
proportion as the apertures are closer to ea«ih other. The middle of 
the two portions is always light, and the bright stripes on each side 
are at such distances, that the light, coming to them from one of 
the apertures, muiit have iNissed through a longer space than tliat 
which comes from the other, by an interval which is equal to the 
breadth of one, two, three, or more of the supposed undulations, 
while the intervening dark sjioces corresiwud to a difference of 
half a supposed undulation, of one and a half, of two and a half, 
or more." 

There ia no other reference to these experiments in Young's 
published paper, so that we do uot know the size of the apertures, 
or their distance apart. Young seems to liave attached more im- 
portance to the cases where the oi>eiiings are wide and the intervening 
apace narrow, though the theory of these cases is more compUcated. 
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Young was very successful in his explanation of the colour of thin 
films, especially in the mechanical analogy which he brought to bear 
on the change of phase which takes place at one of the reflexions. 
The otherwise formidable difficulty of explaining the dark centre of 
Newton's rings was thus at once satisfactorily overcome. 

Fresnel's important work belongs more particularly to the next 
chapter. As regards simple interference and its experimental illus- 
tration, we owe him the method of inclined mirrors and of the biprism. 
He also showed how fringes could be observed subjectively through an 
eyepiece; a method of observation which enabled him to carry out 
itccorate measurements. 
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CHAPTER V. 



THE 1)1 FFR ACTION OF LIGHT. 



Huygens' principle. By means of Huj'genH' principle, we 
may ubtaiu the effect of a wave-front H'J^ 
at, a point P (Fig. 54), by dividing its 
surface into a number of elements, and 
adding up their effects. Our problem then 
conaists in finding the law atx'ordii^ to 
wliich a small portion of the surface may 
be supposed tu act. if ne consider tbs 
element at 6' to be an independently vibrating Hource, it is seen titat 
its effect at P can only depend on the length of the vector SP, the 
angle which that vector forms with the nonnal to the surface, and the 
angle between the same vector and the direction of vibration at iS'. If 
the investigation be limited to homogeneous vibrations, we may obtain 
in a simple manner au expression for the displacement at P whicK 
yields, at any rate, one possible solution of the problem. 

Draw PO, the nonnal to the wave-front YVP, and call the pole of 
P. Draw two circles with the pole as centie^ 

j' and radii OS and Ofl. The area of the rinff 

^p5|^ included between these circles is 

t Zi ^^^j. '^ C^*" - Off") = -■ (/'S' - PIP) 

I oW =w{P^~PIl)(PS+PJ{). 

^^^ If PS- P/i = S, and S is a email -luantity, thft 

^___J square of which can be n^lected compared to 

PO, the exprosMion for the area of the ring 



Fig. 55. 



becomes 



IttS/'//. 



If the ring bo further subdivided into a very large number of con- 
centric circles having radii OR,, Olf^, such that 

PP, -PR^PIU- PR, = PR. - PR., = etc., 
the successive rings have ef|ual areas, and their sejmrate effects at i^ 
mast be equal in magnitude. To calculate their joint effect, we muBt>- 
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take account of the difference in phase of the vibrations rfiaching P 
from each separate riiig. If a diagram be drawn in whioh the effect of 
each ring is represented by a vector, these vectors will be of equal 
length and will succeed each other at equal angular intervals. 

Hence according to Art. 5 the resultant amplitude is a , 

where a i& half the difference in phase between the iirst and lost 
vibration. The product na represents what would be the amplitude 
at P, if every point of the ring were at the same distance from that 
point. Writing c for this product, we find that the complete ring 

causes a vibration at P, having an amplitude c. Its phase is the 

arithmetic mean between the phases due to the first and last ring. If 
-^.S-/'fl = A, a =.«■ and the amplitude at /'is zero. \( Pti- PR = Kl2, 
tlie amplitude at P is 2c/b-. 

Divide now the whole wave-front into Kones, Fig. 56, hy rings of 
radii OKu OK^ such that 

' = PA'. -P0 = PK, - PK^ =PK, - P£, - etc. 

Tlie resultant phase of two successive zones 
differs according to the above by two right 
angles, so that to obtain the total effects, we 
need only add up the effects of successive 
zones, giving the opposite sign to successive 
Pig. SO. values. 

Hence S-m,~ ma + m, 

■where m, = 2f,/ir ; m, = 2c,/ir etc. The quantities Ci, c, etc. depend on 
the distance between each ring and P, and may also depend on the 
^gie A'i'O or the angle between the direction of vibration and KP. 
il>ew (luantities all alter very little between one ring and the next and 
•e luuy therefore take the difference between two successive values of 
■■ to be very small. This being so, a very simple expression for the 
"Um of the series niay be obtained. 




ronn 



Collecting the terms difl'erently, the series may ^Je written in the 



W = -,- -^ -ir -*», + — 1 + ( -r - m* + -r 1 

2 \2 'a/Va a/ 



•■(1), 



"W W term being im» or ^m^-i - m«, according as w is odd or even. 
»ch of the bracketed terms is small if the values of m alter slowly, 
tiiit We Bhould not be justified for this reason alone in neglecting 
~*i". because if their number is large, their sum may be comparable 
in magnitude to m,. But assuming that the law of vibration is «uck 
tliat tbe effect of each ame is smaller than the aritVTOe^ivc mewa o1 'Oc« 
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efTects of the precediug and following zones, all tenns in brackets are | 
positive, and therefore 

s>f ±? m. 

sign is chosen according as n is odd or even, 
ritten in the form 

■*"•)-(?--?)- <^). 

and under the same conditions as before, each bracket is positive. 
^Dsibly eqnal to m,, and m. sensibly equal to m^.,, it follows 



Comparing this with (2) it is seen that tlie bracketed terms are 
negligible, and hence 

The same conclusion is arrived at by supposing that the brackets in 
(I) and (3) are all negative. If a change in the sign of the brackets 
oocurs in the coiu'se of the series, we may divide the series into two 
parts, and sum each part separately. We thus arrive again at the 
same conclusion tliat the whole effect is equal to one-half the sum of 
tlie elTects of the tirst and last H)ne«, unless the brackets in the 
expression (2) change so frequently in sign that the outstanding small 
effect at each reversal sum up to be an appreciable quantity. 

Excluding such sjiecial cases, which need not be considered in any 
optical application, we may now apply our result to the calculation oT 
the re^iUlaut effect of a plane wave-front ex- 
tended but ultimately limited by a Iraundaiy 
which is nut a circle having the pole aa centre. 
In Fig. 57 the boundary is assumed to bft 
sjuare. We may draw all the circles com- 
plete until one of them touclies the boundary. 
After that point is reached, part'* of the toaeo 
are blocked out by the opaque screen, and the 
effect of these outer Eones must gradnallj 
diminish and ultimately vanish. In this case, therefore, the effect of 
the last Eone is zero, and we find tliat the resultant effect at P is equal 
in magnitude to half that of the first zone. Writing p for OP, the 
area of the central disc has been shown to be irpA, and its effect ei^ual 
to that of a surface 2pA. placed at a distance half way between the 
centre and the edge of the central disc. To obtain its effect we mucit 
apply the factor 2/ir and thus find that it causes an amplitude at P 
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which is equal to a surface of area i/iX, all points of wliicli are at the 
Rama distance from P. If h is the effect at /• of a small surface a 
placed at 0, the effect of the first zone is itpK, and the effect of the 
wliole wave, as has been shown, is eqnal to that of half the first si>ne. 
The wave being plane, the amplitude at P is the same as at 0. Calling 
that amplitude a, kpK - a, and hence 



■We must conclude that if a wave-front is split up into a number of 
smill elements, we arrive at a correct result in the case of an extended 
plane wave of amplitude a, if we take the effect at a point /* of a 
(mall surface s as re^rda amplitude to he as/pK. Tlie surface s is here 
supposed to be so small that the distances of its various points from 
Fio not differ hy more tlian a small fraction of the wave-length. The 
occurrence of p in the denominator can readily be understood, as the 
efl^ect of an independent source on a poiut at a distance may be 
expected t« he such that the intensity varies inversely as the square of 
t!i« distance. If this he granted, it also follows that K must occur in 
111) deuominator, as the factor of u must be of the dimensions of a 
number, and of the three quantities s, p. K involving the unit of length 
^occurs in the numerator and p in the denominator. 



It may now be i 




that the value of i just obtained also 
gives correct results, when the wave-front 
is spherical. In Pig. 58 let waves diverge 
from a jioint Q and let it he required to 

giQ r calculate the effect at F from one of the 

/ wave-fttints H'P. Theonly difference there 

'p tan be between this problem and the pre- 

Fig. 58. vious one lies in the magnitude of the first 

zone, which must therefore be recalculated. 

I«t RH be drawn at right angles to PQ and let QO = y ; PO = p; 

Rien neglecting powers of /liigher than ./"^ 

P^PR'- PfP 

- {PR + PH) {PR - PH), 



■/-e-')^ 
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The effect of the tirst mne a& reganls amplitude is equal tc 2fefi, I 

where s is the surface of the zone. Sabstitutiiig « = rj'' and k = flijA, I 

where « is the amplitude al 0, the amplitude at P which ia half the I 

I effect of the firet zone is found to be aq/{p + y) and varies therefore, m I 

I it should do, inversely as the dist&nce from Q. I 

I Returning to the case of plane waves we obtain another important I 

result by considering the phase of the resultant vibration. The phue I 

at P due to the action of any zone has been shown above to be 1 

half way between the phases due to portions of the zone vluth ] 

are respectively nearest to and furthest from P. Applj-ing this W 

the central zone, the phase of the resultant vibration at /', if calculated 

L in the usual way, should differ from that at bv 

But we know that the ojitical distance from to /' is simply p, 
»nd hence the diH'erence in phase is 2ir;>/A. It follows that if we want 
to obtain the phase correctly at P by means of Huygens' principle, 

must everywhere subtract a quarter of a wave-length from the 
I optical distance, or imagine the wave-front to be shifted forward 
through that distance. 

It should be clearly understood what it is that has been proved. 
Ad extende<l wave-front has been divided into zones, and grouped 
together in such a way that the effect of the whole wave was found 
equal to that of half the centra.! zone which lies close to the pole 
0. The effect of a small surface « at a distant point P being 
expressed hy is, the result has shown that the possible variations 
of i depending on the anj{le between the normal to the wave-front and 
the radius vector, do not enter into the question at all. We conclude 
that those portions of the effect which mi'j/it depend on it, are elimi- 
nated by interference. Similarly the result is independent of any 
possible effect of the direction of vibration. 

The division of the wave-front into zones, drawn so that the distance 
of their successive edges from the point at which the amplitude of light 
is to be estimated, iucreases by half a wave-length, has rendered it 
ssible to apply Huygens' principle in a simple and effective way. 
This mode of treating the propagation of waves being due to Fresnel, 
the zones should he called " Fresnel Zones." 

47, Lanunar zones. Instead of dividing the wave-frout into 
circular zones, it is often more convenient to perform the division in a 
different manner. Let f (Fig. 59) be the point at which the light is 
to ho estimated and H'F the wave-front. Divide \VF into a number 
of parallel strips at right angles to a central Hue HK. Let LM be 
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I'lich a. strip, which may again be subdivided into smaller areas, cLuscu 
lo lie of such maguitudes that the reflultant phases of two successive 
elementary areas are in opposite directious. If the atrip be indefinitely 
extended iu botli directions, we may form a 
series as m the previous article, anrl 6ud in 
j^i this way that the total efiect must be some 

; ^^-^ -p definite fraction of that element of iJ/ which 

is nearest to the central line HJC. The whole 
effect beiQg proportional to the width of the 
strip t, we may. put it equal to t/tt, where k is 
*''S- 69- the factor previously determined, and A some 

liriearquantity, This expression asserts nothing more than that the 
^Sutt of the strip is equal to that of an area situated iu the central 
line Hh', having a width t and a lieight A. Tlie same reasoning may 
1* upplied to each of the strips which are parallel to LM, and we 
tinally reduce the effect of the wave-front to that of a horizontal strip 
of width A. Tliis may once more be subdivided. As the strip of 
tidth ( produces an effect at /* equal to tht, the effect of a strip 
of width A must be kW. Hence the effect of the complete wave-front 
IS reduced to that of an area A" placed at 0, being the pole of P. 
If the amplitude is a, kk'' = (/. Ileuce 

f l>eirig the dibitance OP ; the effect as regarils amplitude of a strip 
such w, LM of width ( is therefore taj-Jjik. 

To obtain the resultant phase due to each strip, we make use of the 

previously established fact that in applying Huygens' principle, we 

"utain the optical distance by taking away a quarter of a wave-length 

™i the actual distance between the source and the point at which 

^"e amplitude is reciuired. We imagine therefore the whole wave- 

""nt to be brought nearer through that distance. Now the process 

of attaining the final resultant from the rectangular strips consists of 

^ exactly equal steps, the first in obtaining the intermediate residtant 

"' oarh vertical strip such as LM, and the second in summing up for 

^^tjB horizontal strip HK which represents that intermediate resultant. 

^^K^^ total effect of the two steps as regards phase, is to bring back 

^^K *ave-front to its proper position, each step must contribute equally, 

^^V' therefore the optical distance of each strip is obtained by taking 

f"*y V** from the actual distance. Wben the wave-front is divided 

""^ strips, it follows therefore that for the calculation of phases, we 

•nust imagine each strip to be brouglit nearer by X/8. Or for simplicity 

^calculation we may say that we may take the optical distance of 

bip to be equal to ita actual distance, if we correct the final result 
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by subtracting X/8 from the calculated optiiial distanM or 4.' 
calculated phase. 

We may now determine the widths, t, of the strips, so that their 
resultant effects at some given point 

**" — ~ ' ^ ^^ alternately in opposite directions. 

Let Q be the point and 0T„ T,Tt, 
T,T„ etc. (Fig. 60) repre;*ent the 
widths. A vertical striij T,T,a., 
causes a resultant effect at (^ which 
unless the strip is close to must 
be the same as if it were concentrated 
Fiij. fill. into a line halfway between T, aud 

r,,,. The toUl resultant effect of 
all the vertical strips has been shown to give an optical distance of 
p * E instead! of p, and if the resultant phases of successive strips 
are in opposite directions, the optical distance of the centre of each 
must be 



This gives for the edges of the strips the etiuation 

The central strip wants special consideration. It would not be correct 
to say that its resultant phase is the arithmetic mean between that 
due to the vibrations at and T,, its nearest and furthest points, 
because the distance from Q to tbe line HK passes through a mininium 
at 0. Hence the phase at Q due to any vertical subdivision of th^ 
strip, does not alter uniformly with the distance of that subdivision 
from 0. It is found, however, tliat the error introduced by making 
the supposition for the second strip is already very small, and hence 
the above subdivision will give sufficiently nearly the dividing lines 
between the zones which yield alternately opposite phases at P, 
because if the sum of all the strips above the first gives a phaae 
equal to that of the resultant of all the strips, including the first, 
the phase of the first strip must be opposite to that of the sum of 
the remaining ones, which is equal to that of the second strip. 
We take in accordance with this argument 

QTx =p + V"^ eli;. 
A more complicated calculation gives as a further approxiiuatiou 

^7'a=p + ^A.+ -0016X, 
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Aowiiig that for uwirly all purposes, the error introduced by the 
>im|)lificatioD we luive mode \s negligible. 

Tlie width of successive strips is obtained from 

where X' is neglected compnred to pX, Hence for the first strip 

for the second strip t^^ lJp>>.\'Ji - n/S}, 
Md generally ^ = OT, - OT^., 

The effect uf the vitb strip (, ib, as regards amplitude : 



"■n/pa 



{V4«- 



The namerical values of the effects are given in Table III. for « = 2 
toii = ia. They have been calculated from the above expressioo, 
HKcpt for the first strip, for wliich the method fails to give correct 
fMulls. The effect of this strip may be obtained by calculating 
tl» numerical valne to which the series approaches, leaving out the 

fl strip. 
31ie series to be summed up is : 
^[(s'f- •Js)-{-Jn - </?) +(Vi5^ ViT) ]. 

Its value is found to be '1755, and the effect of all strips on one side 
"f being ,5, if the amplitude of tlie incident wave is unity, it follows 
wt the first strip produces an effect etiual to '6725, as it is in the 
oppoMile direction as re^rds phase to the resultant effect of the 
■^t of the wave-front. 



Table III. 

EffecU in AnipliiwU of Fre»nel Slrip». 



No. ol 


Effect in 


No. of strip 


Effect in 


.trip 




sujplituds 


1 


+ -672S 


S 


-■2908 


3 


■ai35 


4 


■1771 





■1547 


e 


■1391 


7 


■1S74 


8 


■1183 


9 


■1109 


10 


■1047 


11 


■0906 


12 


■0949 
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48. Preliminary diBcuBsion of problems in diffi-action. 
When au obstacle is placed in the path of a wave-front and the eli&dow 

of the obstacle received on a screen, the boundary of the sliadow is not 
sharp, but the light encroaches to Kome extent on the dark portions, 
while there are bright and dark fringes on the side towards the light. 
If we draw straight lines which proceeding from the source of light 
touch* the ahadow-throwing body, the intersections of these lines with 
the screen enclose what may be called the geometrical shadow, meaning 
thereby the shadow constructed according to the laws of geometrical 
optics. Owiug to the fact that light consists of waves, the laws of 
geometrical optica are not strictly true, but the waves spread roontt 
the obstacle and encroacli to some extent on the geometrical shadow. 
That they do not do so to a greater extent. waj< the principal difficulty 
of the wave theory in its earlier form. This bending round of the 
waves has been called the "Diffraction" of light. The simplest 
prohlenis of Diffraction are tho.^e in which we imagiue a plane or 
spherical wave to impinge on a plane perforated screen. Wliatever 
form or position the apertures HK, H'K" 
(Fig. HI) have, we can find the disturb- 
a point P by Huygens' principle 
if we know the disturbance at all points 
of the openings. In the usual solutions 
of the problems, the assumption is made 
that the disturbance is the same at all points in the plane of the screea 
as it would be if the screen were away. In other words, the screen 
fiiinply obstructs the light which fails on ita opaque portions, but does 
not otherwise alter the motion of the medium. Tliat the assumption 
is one which needs justification may be understood by coutemplatsng 
e.g. tlie flow of wat«r through a pipe, in which the stream liues are 
parallel atraight lineK, and imagining that at some place a diai)hragin 
is introduced acniss the pipe, leaving only au aperture much narrower 
than its cross section. We should here obviously arrive at erroneous 
results if we were to assume that the velocity of the water at all poiota 
of the opening has not been altered by the introduction of the diaphragm. 
In the case of the ordinary diffrat'tioii effects, it is found that the 
results arrived at by the simplified calculation are in agreement with 
experiment. This ia a consequence of the small size of the length of 
a wave of light as compared with the other linear magnitudes which 
enter into the calculation, the errors lutroduced being sensible only 
within a few wave-lengths of the obstacle. 

We are allowed therefore to use Huygens' principle in ite simpl* 
form, provided we correctly introduce the contribution which each 
small surface element ,« at a point H of the opening contributes to the 
amplitude at P. If r be the distance PS, ^ the angle between r and 
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the perpendicular to the wave-front at S. aud S the angle between r and 
the ilinx^tion of vibrutioo, tlie effect for homogeneous vibration of ii 
small surface » at P is according to Stokeg: 
s(l_ +^s i^aiiiff 
2r\ 
Tliis expression is based on the aasumption that the displact-mentg in 
the openings ore everywhere the same as if the screen were avay. 
Lord Rayleigh, on the other liand, has shown tliat if the forces acting 
across the plane of the iiicreen are the same as if the screen were absent, 
the effect of a would be 



uid has also pointed out that bo far as the treatment of diffraction 
problems is conC'Cmed, the terms depending on 6 and <t> disappear in 
consei^ueucG of interference, so that we may with equal justice adopt 
the simpler expression arrived at iu the previous article, and take the 
efi'ect of an element at ■S' to be according to convenience either «/Xr, 
or Jt/A./», where p is the shortest distance from J' to the wave-front, 

49. Babinet's principle. Two screens may be called com- 
plementary when the openings of one correspond exactly to the opariue 
portionN of the other and vice versa. If b he the amplitude at P 
in the absence of any screen, and «,, u, are vectors representing the 
vibration at P when either one or the other of two complementary 
screens is interposed, then the sum of tlie vectors a, and a^ is obviously 
equal to b. 

The principle due to Babinet allows us, whenever we have calculated 
the effect of one screen, to obtain that of tlio complementary screen 
without further trouble, A little care is necessary in using the 
principle, to take correct account of the difference in phase. But one 
simple result may at once be deduced from it, If a, is zero, a^ must 
be equal to b. Hence at every point where there is no light with 

tone of the screens, the intensity when the complementary screen is 
introduced, is e(|ua1 to that observed when the light is unobstructed. 
^18 statement cannot however be reversed. If a^-b, a, may have 
fsay value between zero and 'la.,, lliis is made obvious by the diagram 
I (Fig. 62) in which OA represents the amplitude (6) 

X'^ ^^\B "f ^^^ unobstructed light; OB the equal amplitude 
at-^ (ft,) observed when one of the screens is introduced. 
BA is tlien that vector which together with OB has 
OA as resultant. If the point traces out the circle 
of radius a,, the vector BA changes in magnitude 
from zero to '2u^. 
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50. Shadows of a straight edge in parallel light. Let a 

plane wave-front fVJ^ (Fig. G3) fall upou a screen .UA* having a 
straight vertifal edfje passiug through A' the plane of tbe drawing 
being liorizuutal, and let it be required t<) liud the distribution of light 
on ft distant and parallel screen SS'. Draw the wave-frout which 
passes through A' and divide up that portion EG of the wave-front 
which is not blocked out by the screen, into Huitable zones ; EP being 
the normal to the wave-front P lies on 
the edge of the geometrical shadow. 
At P the active wave-front EG re- 
presents one of two ejiacUy symmetrical 
halves of the complete wave-frout, which 
would operate if the screen were away. 
Hence the introduction of the screen 
reduces the amplitude at the geometrical 
shadow to one half and the inteusity to 
one quarter. To Gnd ihe amplitude at 




some point Q i 
BDch that 



side the geometrical shadow, construct Fresnel z 



^ T,Q-EQ = nQ- T,Q^T,Q-T,U^ . 



Unless Q \a close to P, the residtant vibration due to the diSerent 
soues will be alternately tu opposite directions, and calling the effects 
of aucceaaive zones m,, m,, etc. the total etTect is 

TOl — Ml + OTj — OTj 

In this case the values of ni diminish too quickly to allow us to 
write down the sum as Jnii. It will however he some fraction of m,, 
and as with increasing distances of Q from P. each of the zones 
diminishes in width, the efi'ect at y is the smaller the further that 
point lies inside tlie geometrical shadow. The intensity which as has 
been shown is only ''25 that of the incident light at the edge of the 
geometrical shadow, rapidly diminishes still further towards the inside 
of the shadow and soon becomes inappreciable. 

If the point Q lies outside the geometrical shadow the intensities 
are obtained by drawing tlie normal to the wave-front, and the 
Fresnel zones, according to Art 47, 

The total effect in amplitude of that portion of the wave-froDt 
which lies to the right of the pole, when the ahailow- throwing edge is 
on the left, is equal to 5, and the effect of the portion included between 
the pole and the edge is a maximum or a minimum, according aa an 
odd or even number of zones are included between and E (Fig. 60). 
The first maximum takes place when Q ia at such a distance from P 
that £>£'= OT,. If the amplitude of the incident light is unity, and 



|ko] 



THE DIFFRACTION OF LIGHT 



95 



the effects of successive Eones are m,, m,, etc, the first masimiini has 
an amplitude '3 + f»t, half the amplitude of the inuideut light beiiig 
added to repreeent that complete part of the wave which lies to the 
right of 0. When (^ has a position such that OE=OTj, there is 
a minimum with an amplitude 'S + ra, -»(,. The next maximum ha^ 
a value '5 4> m, - m, + m^, aud thouf;h the maxima and minima rapidly 
approach each other in magnitude the intensity continues to oscillate 
about its mean value as the {>oint Q is moved away from the geometrical 
shadow. The distances (x) of the mfucima and minima from the edge 



e obtained from 



i-.«i'-y=-Y'/'* 



tThe equation shows that the loci of the maxima and 
ibolss. 
Diftn 



DiftBDoe of n 



Table IV. 
Sltadow of tlraight edge. 

= 100, \=5xl0-', uuplitade ot ineiJenl liKhl = l. 



p 


DiiUDoe 
from edge 








V 


OuUide 

geometrical 
■bBdoir 


lundo 
shadow 


Vl*"-l)/2 




•oei 


l-374« 


■0298 


1-217 


1-23.^ 




-OM 


■7774 


■0140 


1873 


1-871 




•117 


11995 


-0091 


2'34S 


2-345 




■137 


■8429 


■ooa7 


2739 


2-738 




■184 


■1150H 


■oor>3 


3-083 


3-082 




■170 


■87lfl 


■0044 


3391 


3-391 




■184 


1-1259 


■0037 


3^eT4 


3-674 


fl 


■197 


■8891 


■0033 


3-837 


3-037 




«» 


11103 


-0029 


4^1 83 


4'133 


10 


■221 


■•urn 


■0026 


4410 


4-418 


11 


232 


1-0993 


■0024 


4-637 


4-637 


18 


•242 


-9092 


■0022 


4>848 


4-848 


IS 


■268 


10910 


■00S() 


5^05O 


6-050 



llie angle xip being proportional to J>'lp is a small quantity unless 
n is large. But for large values of a the introduction of the screen 
cautKS no apprei-iable change in the distribution of light. Hence the 
effect of the screen is confined to the neighbourhood of its geometrical 
.■'luMlriw. Table IV. gives Ihe inteii»ities of Ug\\t al iVft ^t*V ?«.■(«&. 
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nmxima anil six mitiimu outside the geometrical eliadoM', and the 
iDteneities inside at the Btinie distancet^ from the edge. To give an idea 
of tlie scale, the positions to which the intensities refer are given for 
the case in wliich the shadow is received on a screen one metre away 
from the linear edge of the shadow-throwing object and the wave-length 
of light is 5 X 10-° cms. The meaning of the last two columns will bo 
explained in Art. 51. 

The table shows that at a distance of '2 5 mm. from the edge of 
the geometrica,! shadow the light inside the shadow has only an 
intensity ec^iial to the 5lM)th part of tliat of the incident light, but 
that outside the shadow, at the same distance, the maximum and 
minimum intensities still differ by about 20°/„, while the interval 
between the bright and dark hands is '1 mm. The light must of 
course be homogeneous if it is desired to see more than a few of the 
bands. The distribution of the intensity of light in the neighbourhood 
of a straight edge is plotted in Fig. 64 from the numbers given 




by Fresnel. The dotted vertical line represents the edge of ihft 
geometrical shadow where the intensity is one cjuarter. The distance 
of the screen from the edge is one metre and the scale of abscissM' 
represents millimetres, 

51. Shadow of a Btraight edge in divergent light. If £ 
(Fig. f>r,) represents the source of light, which 
we aiipi>o.se to Ije a luminous line i>arallel 
to the edge A' which throws the shadow, wa 
may for simplicity take the beam to have » 
cylindrical wave-front with the luminous aourcft 
iw axis. The traces of the wave-front with the 
plane of the paper are circles. Drawing £!G, 
the wave-front, passing tlirough the edge, we 
may divide it into himinar Fresnel zones, 07",, 
Fifr "iJ- T,T.i, etc. which satisfy the condition that tl» 
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resultant of successive zonea has opposite pfaa.'^s at Q. The distances 
of the edges of the laminae must be the same as in the previous article, 
no that 

The coDiiition for the position of the maxima and minima is that 
t complete uurober of zones is esposed between and £ so that 

If we put /^ = ^ ; LE^LO = q, 

QE^ sV + 'T' - p + ^ app. 

Hence the positions of the maxima and minima of light are determined 
by 

. ."; 4.-1 

which gives : 

Presnel in his celebrated Memoir on Diffraction obtaine'l the 
Ktpregsion 

a: = m ■JpK(p + qjl'lq, 
"here tn is a numerical fector which he calculated by means of the 
definite integrals which bear his name. 

To make our result agree with hia, we must put 
m --= -J (An- l)/2. 

By means of his formula Fresnel obtained an excellent agreement 
uetweeu the observed and calculated positions of the maxima and 
nucima, but the simple uiethod which we have followed gives results 
"hicli are sufficient for all practical purposes, To show that this is 
the case, the numerical values of the factor m calculated by Fresnel's 
■ntthod and ours respectively are entered into the two last columns of 
Table IV. All numbers except the first and second are identical, and 
"en the difference in the position of the first band could hardly be 
•feteetcd by experiment 

As LQ - (^Ji is a constant for a given value of «, it follows tliat the 
l*t' (if a maxima and minima are hyperbolas liaving L and E && foci. 
The width and hence the eifect of each zone may easily be obtained 
*^<1 hence the inteiisitiea of the maxima and minima calculated, if 
desired. 
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Fig. 66. 



Shadow of a narrow lamina. If a eyliDdncal vave-front 
WF(y\g. 66) falls on a vertical lamina of wliich 
'i .i4S represent* the liorizontal section, and throws 

( I ^ a shadow on a aereen MN, it is convenient to 

consider separately the portion of the screen 
HK which lies within the geometrical shadow 
and the two other portions which are respec- 
tively to the left and right of it. Unless AB 
is very small, that portion of the wave which 
—X passes to the right of B does not affect very 
considerably the distribution of light to the left 
of H, and the distribution of light outside the 
geometrical shadow is therefore appro,rimate!y that observed outside 
the shadow of a straight edge bordering a screen of unlimited extent. 
To obtain the distribution of light at a point Q inside the geometrical 
shadow, construct the wave-front passing through A and B and divide 
it into Presnel zones. The resultant of the effects of all the zones 
to the right of B will agree in phase with that due to the first zone, and 
similarly for the light to the left of A the resultant phase must agree 
with tliat of the effect of the first zone. There is a maximum or 
minimum of light at Q acconiing as the phases resulting from the 
strips BT, and AM, act in conjunction or in opposition. Unless Q is 
I very near H ox K the first zones may be drawn so that QT,- QB = - 
I and QB, — QA --. In that ease the first zones act in conjunction or 
in opiwsition according as AQ~ BQ is an even or odd multiple of half 
a wave-length. T)ie positions of the maxima or minima are therefore 
the same as if two dependent sources of light were placed at A and B. 
The space HK\& filled in conse({uence by equidistant bright and dark 
fringes, hut except near the centre of the geometrical shadow the 
resultant amplitudes of the two portions of the active wave-&ont are 
' not the same and there is therefore never complete darkness. Near 
H and K the hands cease to be equidistant and gradually fuse into 
the ordinary fringes seen outside the shadow. When the lamina \b 
replaced by a thin wire or fibre, the distance between tlie internal 
fringes increases, and the position of the externa! fringes is no longer 
correctly calculated by considering only one portion of the wave-front. 
I As the width of the obstacle is reduced, the fringes become lesa 
distinct and must disappear when the width is only a fraction of a 
wave-lengtii, for in that case the obstruction is so small that the 
portions of the wave-front to the right and left of the obsta^.^Ie cause 
an amplitude which must be prat:ticaUy identical with that of the 
I unobstructed wave. Plate II. Fig. 6 reproduc«,s a photograph of the 
shadow of a. wire and shows the central bright line. 
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53. Fasaage of plane waves through a alit. If a plane wave 

passes tlirougb a slit, placed parallel to the 
front of a wave, it ia easy to obtain an 
expression for the distribution of light on 
a distant screen vhicb is parallel to tbe 
first. The edges of the alit being supposed 
"^- "■'■ vertical, let SS", Fig. 67 and 68, be the 

mtersectiou of the screen with a horizontal plane and subdivide tbe 
alit AB into a large number of vertical strips of equal width. The 
illtunination at a point P is equal to the sum of the effects of the 

Irat« strips. If MM" be at a sutticient distance, all parts of the 
SAB s' *''^ produce equal effects as regards m&g- 
/""^tyif nitude, and the pliase difference of the 
/ / ' different rays is the same at the screen as 
// on tbe arc of a circle J A' drawn with P 
W as centre. For a distant screen this are 
1 I . may be taken to be coincident with the 

_. Ibie AK drawn at right angles to the 

direction of the rays (Fig. 67). The 
phases of tbe rays proceeding from tbe centres of successive strips at 
the points where tbe rays cross tbe line AK are in aritlimetic pro- 
greesion, and hence if tbe diagram of vibrations for the point P is 
constructed, we may apply the results of Art. 5, so that if 2a be tbe 
phase difference between the vibrations due to the first and last ray, 

tbe re.'iidtaut vibration has an amplitude where A is the ampli- 
tude at tbe central point. To determine a, we require the phase 
difference corresponding to the optical distance BK, which if e be the 
width of tbe slit and d ihe angle between tbe direction of the rays 
idered and tbe normal to the original wave-front is : 



^^■■-riT 



The illnmination at MM' is periodic, the amplitude being zero 
whenever a is a multiple of v, Le. when e sin fl is a multiple of A. 

To study the distribution of light more particularly, we must in- 
vestigate the different values which the function ( j takes for 

different values of a. It* zero values lie at equidistant intervals v. 
Tbe position of its maxima are found in tbe usual way from tbe 
condition 

which gives 



.(sj 
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^H Drav the graph of tana as iu Fig. 69. The int«rsectioas of & 


^M Btraight liae drawn at an angle of 45' to tlie coordinate axcH, with 


^H the graph, determine the points 
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y 1 for which taD = 0. The figure J 
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Fi«.6a ' ' The curve of ampUtudes 1 


^=^„sma/a 1 


is drawn in Fig. 70 (dotted line). More important is the intansity 1 


curve /=/o{Bin'a)/«' shown in the same figure. Its coordinates, | 
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Fig. 70. 1 


when /, is equal to one, are given in the third column of Table V. M 


It appears that the bulk of the light is confined to values of « whliA 1 
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lie between + r, the intensity of the second maximum being leas 
than iQ of the intensity of that in the central direction. For the 
first minimum (a = ir) : 

sia6~ X/fl, 
If e is equal to a wave-length, the light spreads out in all directions 
from the sht, with an intensity which is steadily diminishiDg as the 
incliuaiion to the normal increases, but there are no other masdma of 
light beyond tlie central one. The equations must in that case be 
considered as approximate only, as is shown by the fact that the 
total intensity of light transmitted through the screen would according 
to the equations be less than the intensity of the light incident on the 
slit 

Table V. 



I 



• 


Bin a/« 


(Bin>«)/a> 


- 


*.,. 


(rin'a)/.' 


0- 


+1-0000 


1-0000 


270- 


-0-2133 


0-04503 


IS 


+ 0-9886 


U-9774 


aes 


-0-1942 


003771 


30 


+0-9549 


0-9119 


300 


-0-1664 


0-02736 


45 


+0-9003 


0-8105 


315 


-0-1286 


0-01654 


60 


+0-8270 


0-6639 


330 


-0-0868 


0-00754 


75 


+0-7379 


0-5445 


345 


-0-0430 


0-00186 


90 


+ 0-11366 


0-4053 


360 


0-0000 


0-00000 


105 


+0-5271 


0-2778 


375 


+0-0395 


0-00156 


180 


+0-4135 


0-1710 


390 


+ 0-0735 


0-00540 


135 


+0-3001 


0-0901 


405 


+0-1000 


0-01001 


IW 


+ 0-1910 


0-0365 


420 


+01181 


0-01396 


165 


+0-0899 


0-0081 


435 


+ 0-1272 


0-01619 


180 


0-0000 


0-0000 


460 


+0-1273 


001621 


186 


-0-0760 


0-00578 


465 


+0-1190 


0-01416 


filO 


-01364 


0-01861 


480 


+0-1034 


001069 


335 


-0-1801 


0-03242 


495 


+ 0-0818 


0-00670 


340 


-0-2067 


0-04274 


610 


+ 0-O562 


0-00316 


S55 


-0-2170 


0-04710 


525 


+0-0282 


0-00080 








640 


0-0000 


0-00000 



For values of e smaller than X, the equations must not a fortiori 
he taken as pving more than an approximate representation of the 
&cts, which may he wide of the truth if e is a small fraction of the 
wave-length. 

When e is large compared with the wave-length, the whole light ts 
confined to directions for which is very small. This explains the 
apparent discrepancy between the behaviour of sound and light, which 
retaidfd so long the general adoption of the undulatory theory of 
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light. The amount of the spreading of waves which have passed 
through an opening depends entirely ou the relation between the 
wave-length and the opening. If sound-waves, having a length 
measured in feet, pass through an opening, the linear dimensions of 
which arc of about the game magnitude, the waves expand in all 
directions, but if light-wavee pass through the same openings, the 
Spreading is practically nil, owing to the fact that the length of the 
waves is now very minute in compari.son with the opening, and hence 
there is destruction of light by interference in oblique directions. 
To make e.iperimente of sound and light waves comi)arable with 
each other, the openings should be made proportional to the lengths 
of the waves. 

64, Fasaage of light through slit. General case. In the 
previous article it has been assumed tliat the screen receiving the 
light is at a great distance. We may now consider the more general 
case in which the screen is nearer and the incident light divergent. 
If Fig. 71 represents a horizontal section, L being the linear source 
and AJi the aperture, we may find the ampli- 
tude at a point Q of the screen MM' hy dividing 
tlie wave-front between A and B into appro- 
^__ priate zones. Consider first the light at the 
central point P. If be the central point of 
the wave-iront between A and B and the screen 
be at such a distance that /"yt-Z^O^Cin-l) A/8 
m" each half OA and OB of the wave-front contains 
Fig, 71. an even or odd number of zones according as n 
is even or odd. Hence there is a maximum or 
minimum of light at P according as n is odd or even. As the screen 
is brought nearer, the ohserved system of fringes will alternately 
have a bright or dark centre at P. If p and ij be the distances 
of P and L from the plane of the aperture, and d lialf the aperture 
, of A£, 
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det«nnines the distance p of the screen from the opening, the I'entral 
fringe beiug bright wlien n is odd and dark when n is even. When 
the point Q is not included in the geometrii'at beam of light which xa 
bounded by the straight lines LB and LA, a similar reasoning leads 
to tlie (.-oDcIusion that there is the centre of a bright or dark fringe at 
Q according as AQ-BQ is an odd or even multiple of half a wave- 
length. 

^65. Passage of light through a circular aperture. When 
the perforations in a screen are such that we can divide the screen 
tato circnUr zones, the calculation of the intensities is very simple for 
points in the a,"tis of the wines. 

I^t (Fig. 72) be the centre of a small circular aperture in a 

IBcreeu, and OP a line at right angles to the screen which we shall 
call the axis. If it is required to determine the 
I si amplitude at P due to a wave-front of unit 

I '-' J "" amplitude incident on the screen, which we 

' ' shall consider in the first instance to be plane 

and parallel to it, we may divide tlie aperture 
faito Freenel's zones, which produce effects which are efjual in 
nagnitude but alternately opposite in direi-tion. If the radius OR 
<rf the aperture is such that an ecen number of zones is included, the 
amplitude at P is zero ; if an uneren nnmber in included the ampli- 
tude is a maximum and equal t« that due to the first zone, and 
tlierefore double that of the unobstructed wave. The introduction of 
the screen with small iiperture doubles the amplitude therefore at 

» certain points, Tlie condition for maximum or minimum of light is 
if PO^p. OR^r. 
-.V;,'+r'^;> = -app. 

where there is a maximum if « be odd and a minimum if « be even. 
The general expression for the amplitude on the axis is found by 
subdividing the aperture into a large number of small zones of equal 
area«. Their total effect, according to Art. 5, is {A sin a)/a where for a 
we must put half tlie difference in phase at P of the disturbances due 
respe-ctively to the first and last zone, i.e. half the difference in phase 
corresponding to an optical length JnX. This gives; 

" " X ■ Y " 2px " 

A ix the amplitude at P calculated on the supposition that the 
disturbances of all zones reach P in the same phase, which would 
according to Art. 46 be Tri^li>>^, i.e. the area of the aperture divided 
by pk. 



k 



THE THEORY OK OPTICS [CHAP. V 

The amplitude at P is tlicrefore 2sin(irr'/2pX). The points of 
iUumination which Iiave already been determined are the nearer 
:ether the smaller the distance of P. Sideways from the axis, the 
UDplitudes cannot be calculated by simple methods, but general con- 
siderations gimilar to those which lead to accurate results in the 
case of long rectangular openings, are Buflicient to show that there 
must be rhythmical alternations in the illumiDation. Hence a screen 
pUced across the axis will show bright and dark rings having at /* a 
bright or dark centre according to the distance of P from the opening. 
The case of a divergent beam of light presents no further difficulty. 
■ We may subdivide the spherical wave-front into zones of equal area 

and obtain again at P the amplitude — — 




with the difference that i 



q being the distance of L from the screen. 
A has the same value as before. Hence the 
points of maximum and minimum illumination 
are determined by 
I 1 nX 



P </ 



r" 



mplitude at the maximum is 2y/(p + q). 
Shadow of a circular disc. OR (Fig. 74) being a circular 
J, disf, a spherical wave-front divei^ng 
from £, a luminous point on the axis 
of the disc, will throw a shadow on & 
screen SS', the centre of the shadow 
being on the axis. If Fresnel soues 
are drawn on the wave-front, the total 
Kfr T4. effect at P as regards amplitude may 

be determined as in Art. 46 to be the same as that due to half the 
first zone, and if the disc is small, the first zone surrounding the edge 
of the disc has the same area as the central zone at 0, which ia 
covered by the disc. Hence the illumination at i* is the same as 
if the disc were away. Round this central bright spot there are 
alternately dark and bright rings. It will be an interesting exercise 
for the student to deduce the constancy of illumination on the axis 
of a shadow -throwing disc from Babinet's principle, making use of 
the amplitude at the bright and dark centres of the complementary 
circular aperture. The fact that the shadow of a circular disc baa 
a bright spot at its centre was discovered experimentally in the early 
part of the 18tb century, but had been forgotten again when about 100 
years later Poisson deduced it as a eonsetiuence of the wave-theory of 
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light. Arago, who waa unaware of the earlier cTperiment, tested 
Foisson's m&thematical cODcln^ioo, and verified it. 

57. Zone plates. On a, plane screen draw with as centre, 
circles which divide the Fresnel Kones with respect to a point P on the 
normal OP, the wave-front being supposed to be plane. For the radii 
of the circle we have the relation 

where p, is the distance OP, ami where n takes the values 1, 2, 3 etc 
for sQccessive circles. Imagine the zones on the screen to be alternately 
opaque and transparent. Then if a wave-front proceeding in the 
direction PO fails on the screen, the pltases due to all transparent 
zones are in agreement at P, and hence the amplitude at P will be 
JjVni where m represents the effect of the first zone and JVthe total 
number of zones. 

The amplitude at P will therefore be JV times what it would be 
if the screen were away. Such a zone plate acts tike a lens concen- 
trating parallel light to a focus, the focal distance being po- If now 
the source of light is moved to a point q from the screen, the zones 
will again unite their effects at P provided (Art, 46) 
1 l^nX 
p'^ q r" 

.-. 1^A = 1. 

The relation between object and image is therefore the same as for 
a lens. 

Zone plat«s may be made by drawing circles on a sheet of paper, 
the radii of which are as the square roots of successive numbers. 
Mid painting the alternate zones in black. When a photograph on 
is taken of such a drawing, a plate is produced which satisfies the 

iditions of a zone plate. To prepare an effective zone plate involves 
great labour. Prof. R. W. Wood has published a reduced print of such 
a plate* from which other still more reduced copies may be prepared 
by photographic reproduction- Prof. Woodt has also described a 
photographic method by means of which zone plates may be matle, 
which give for alternate zones a complete phase reversal. A more 
perfect imitation of a lens may thus be obtained. 

58. Historical. Augnstin Jean Fresnel was born on May 10th, 
1788, in Normandy, and entered the Government service as an 
engineer. He was occupied with the construction of roads, but lost 
bis position owing to his having joined a body of men who opposed 

• Phil. Hag. ILV, p. 511. 189B. t Ibidem. 
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Napoleon's re-entry into France, after his escape from Elba. Re- 
instated after Waterloo, he remained some time living in a small 
village in Normandy where his first study of the phenomena of 
difiraction seems to have been made. Fresnel was always of weak 
health and died on July 14, 1827. The undulatory theory of Optics 
owes to Fresnel more than to any other single man. His earlier work 
on Interference had to a great extent been anticipated by Thomas 
Young, but he is undoubtedly the discoverer of the true explanation 
of DiflFraction. Young had tried to explain the external fringes 
of a shadow by means of interference of the rays which passed 
near the shadow-throwing object and those that were reflected fix)m 
its surface. Fresnel, starting with the same idea, soon found that it 
was wrong, and proved by conclusive experiments that the surfietce 
reflexion had nothing to do with the appearance of the fringes. 
He then showed by mathematical calculation that the limitation of 
the beam, by the shadow-throwing object, was alone sufficient to cause 
the rhythmic variations of intensity outside the shadow. 




CHAPTER VI. 




DIFFRACTION GRATINGS. 

59. General theory of a grating. A/gmting is a surfiice 
having a periodical structure which impresses a periodical alteration 
of phase or intensity on a transmitted or reflected wave of lights 
The most common method of maiiufacturiuj; a grating is to rule 
equidistant lines with a diainond point on a surface of glass or melai 
The diamond introduces a periodical structure, 
each portion of which is probably very irregular, 
hut which is repeated at perfectly regular 
intervals, Fig. 75. If the grating is ruled on 
a plane surface, that surface is called the plane 
of the grating. Any plane passing through 
— «■ corresponding points of the grooves such as 
A„ A„ A-,, is parallel to the plane of the 
grating. We distinguish between "re8exion 
} they are ruled ou 
an opa«|ue surface, the reflected or scattered light being used, or 
a transparent plate, through which the light is transmitted. 

^let a plane wave-front be incident parallel to the grating. Waves 
spread out from the different portions of the grooves which may be 
considered as centres of secondary disturbances. If the light be 
receiTed on a distant screen, the resultant of all vibrations at each 
point may be determined, t'^onsider that point of the screen which lies 
in a direction A.Cj from the grating, and draw a plane ffJC at right 
angles to that direction. As the optical distance from any point on 
fflT to the corresponding point of the distant screen is the same, 
we may take the phases of the vibrations which are to be com- 
bine«l, to be the same as the phases at HK. We combine in the 
first place, those vibrations which are due to the secondary waves 
coming from one of the grooves. Selecting any point on the groove 
A„ we may always express the phase of the resultant vibration due to 
the whole groove as that corresponding to an optical distance A,C,- t. 



Fig. 73. 
gratiugs" and "transmission gratings" according a 
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r where « is some length which depends on the shape of the groove ftnd 
[ on the direction of A^C,. The resultant amplitude similarly may be 
I writteD ia, where a is the amplitude of the incident light and t & 
\ fector depending also on the shape of the grooves aud the direction. 
The different distances from the points of the groove to the plane /ff 
do not affect the amplitude because that plane is only an auxiliary 
surface, the amplitude really boing required at the screen which is 
BO far away that the small differences in distance from difl'erent points 
of the grating are negligible. Taking the resultant of the other grooves, 
we should find similarly that the resultant phases at HJl may be 
derived from the optical distance A,Ci — », ^4jC, -e, etc., A,, A,, A„ 
being corresponding points on the grating, [The theory of the grating 
depends oti the fact that the values of* < and k are the same 
for each groove. This involves the similarity of all the grooves, 
and if that similarity holds, the difference in pluisea between the 
resultant vibrations of two successive grooves is (AtCt~t)-(A,C,~t) 
and is tiierefore independent of «. We may now draw a plane through 
any set of corresponding i>oints of the groove and call it tlje plane 
of the grating (Fig. 7fi), and in calculating 
the resultant phases at UK we need only 
consider the difference in the optical 

distance A^C,, AA, A^C„ If that 

difference is a multiple of a wave-leugtli, 
tlie phases at UK are identical and we 
mu.st then obviously have a maximum of 
light, wherever those identical phases are 
brought together. Tliis may either be the 
distant screen or the principal focus of a lens placed with its axis ak 
right angles to HK. The direction in which these maxima appear is 
easily obtained- If tf be the angle between the normal to the gratbg 
and the direction AjC, and ./I .A' be drawn at right angles to AiCi-. 

"■""-jTJ.-T 

There e is the distance A,A., between the grooves ruled on the grating 
X the wave-length and n an integer number. The number of maxima 
is finite because sin 6 cannot be greater than one, and the highest 
value which we can take is therefore that integer which is nearest bat 
smaller than e/K. If e were smaller than A there could be uo maximum 
except that for wliich b = 0. The amplitudes in the direcrion of the 
maxima are \la, where A' is the total number of grooves and k the 
constant already introduced, which may and does very seriously affect 
the amplitude. It is theoretically possible that t is zero for one of the 
directioDs defined by [I) aud in that case that maximum would ctf 




Fig. 76. 



(1). 






mrKRAcnos obatings 109 



be al^ent. It U also po^ible tliat X- is unity, and in that case 
tbe whole of the li^bt woald be concentrated at or near that niaximum. 
The complete investigation of the grating includes the determina- 
tion of the amplitudes of light in directions not necessarily confined t« 
those at which the maxima appear. We proceed, therefore, to find the 
distribution of light in the neighbourhood of the maxima. The wave- 
tengih of a bomngeneons beam incident on the grating being A and 
having, as baa been shown, a maximum in snch directions that (FSg. 76) 
At^'^nX, let the whole system of raj-s A,C, A,Ct etc, and with it 
the Dormal ptaoe JfK be turned round slightly so that J,JV now 
becomee iiA', where X' is a length differing little from X. Tlie differ- 
ence in phase between the vibrations at Cj and C, for the wave-length 
X becomes BiniX'/X nr aa-n (X -X),X, as we may add or subtract any 
multiple of four right angles t« a phase difference. Tills is also the 
phase difference between the vibrations at C, and Ci, etc. To obtain 
the complete resultant, we can therefore apply the proposition of 
Art. 5. which gives for the amplitude of A' vibrations of equal 
amplitude iu, and constant phase difference '2<i/;V, a resultant 
SLiuplitude 

,., sin a 
JVta -. 

In the present case, a - mX (X' — X)/X, 

The distrihutioD of intensity corresponding to this amplitade haa 
been discussed in Art, 53. Fig. 70 shows for different values of a, 
the amplitude (sin o)/a (dotted curve) and the intensity (sin' a}/a* (full 
curve). The intensity has secondary maxima which are not, however, 
important compared with the princijial one, at which o = 0, 

The amount of light i.'* everywhere small when a is greater than 2"" ; 
hence if A'n is large, the light is concentrated nearly in those directions 
for which (X' — X);'X is verj' small. It is owing to the rapid falling off of 
the light at both sides of the principal maxima, that the grating can 
be made use of to separate the different components of non-homo- 
geneous light, without any great overlapping of different wave-lengths. 
The condition for the first minimum a-ir, may be obtained in the 
most suitable form by considering tliat a series of waves with constant 
^fferences of path neutralize each other's effect, when the difference in 
optical length between the first and last is a wave-length. There 
beiiig iV lines, the total differejice in optical length is Nn (K' - X), and 
for the first minimum this must be equal to X'. The condition tliat the 
fflinimum of light for a wave-length X' is coincident with the maximum 
''f » wave-length X is therefore 

X/(K-k-) = nN -*9^l. 
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It nill be shown in Cliapter tu. that a spectroscope reeolves & 
double line, the components of which have wave-lengths X and V, 
when the maximiiui of the diffraction iiuage of one line coincides with 
the first njinimuin of the other. The greater the value of jVn, the 
smaller is the difference X - X' which may be resolved. We may there- 
fore take «.V to be a measure of the resolving power. 

If we extend the ^>ove inveHtigation to directions which are not 
□ear thoae of the maxima, the total light is found to be negligible ; for a 
vibration diagram representing phases at (7, , C^, by means of Vectors 
OPt, OPi, and including all X vibrations, woald have the points Pi, 
P„...P, distributed nearly symmetrically, so that the distance of tfaeii 
centre of gravity from the centre of the circle must be small compared 
with the radius of the circle. 

The incident wave>&ont has so far been taken as parallel ti:i the 

plane of the grating. For oblique incidence, consider a grating formed 

by ruling lines on a glass surface, and let a plane wave be transmitted 

obliquely through it. Let A„ ,4, (Fig. 77) be 

corresponding points on successive grooves, and 

LM the incident wave-front, inclined at an 

angle ^ to the plane of the grating. Draw 

two rays LA,, MA3, and consider the light 

diffructed in the direction A,C,, inclined at an 

angle to the normal of the grating. Draw 

* J,A' and A,T at right angles to A,Ci and AiL 

respectively. The difference in phase between C, and C, is then 

e (sin <^ - sin 6), 
and there is a maximum when 

e (sin - sin d) = ± nX (3). 

and <ft are here taken as having the same sign when they are both on 
opposite sides of the normal. 

Writing 7 for <ft- 9, the angle between the incident and diffracted 
beams, the condition for a minimum or maximum of deviation is ^=0, 
which leads to di^-d6. By differentiating (3) we obtain 

cos^ii>-co8tf<;e-0. 
IS di> = d9 it follows that cos <^ = cos B, i.e. 't>-±0. ^ and 6 cannot Be 
equal unless n = 0, which case need not be considered. For the con- 
dition of manmuin-miiiimum we have therefore ^ = -fl, which shows 
that the incident and diffracted light form et^ual angles with the plane 
of the grating. Further consideration shows that it is a minimum and 
Dot a maximum deviation that is involved. 
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If <ft = -6 the deviatioD is 26. Eq^iiatioii (3) becomes in that case 



60. Overlapping of spectra. The maxinia of light for uonnal 
incictence liave been shown to take pluce when e sin 6 - nX. For each 
value of n, the mnxima of the different wave-lengtlia take place along 
different directions, and hence the grating "analyses" the light which 
&I1b on it and produces homogeneous light. It acts in this respect like 
a prism, but splits up the light into a numher of spectra, each value of 
» giving a separate spectrum. For » = 0, there is a maximum, but there 
is no spectrum because the position of the ujaximum is independeut of 
the wave-length. The direction of tliis maximum is the direction of 
the incident light in a transmission grating, or in a grating which acts 
by reflexion ; it is the direction in which the incident beam would be 
reflected from a polished surface coincident witli the grating. For « = 1, 
we have the so-called spectrum of the first order, which spreads over 
the quadrant between tf = for X = and fl = Jtt for A = e. Similarly the 
spectrum of the second order, for which n = 2, spreads over the same 
qoadraut, the limits of wave-length being X = for fl = (i, and A = e/2 for 
6= Jir. For each value of 6 we have therefore an infinite number of 
overlapping masima corresponding to all wave-lengths which are sub- 
multiples of Bsinfl. If we confine ourselves to eye-observations, we 
need only consider the wave-lengths lying between 4 x lO"' and 8 * 10~'. 
The limits ff and 6 of the spectra of different orders are then 
for n= 1; 4x 10-' = flsinfl' and 8x lO-'^esin tf, 
for « = 2; 8 X 10"'=«8infr' and ISxlO'^ 
for n = 3; 12 x lO'^esinfi' and 24x10"' = 

Ifor n = 4; IS* lO'^esinfl' and 32 x Hl-" = 
.In Fig, 78 the extension of the different spectra is marked by 
straight lines lying above each other 
to avoid actual overlapping. If the 
wave-lengths marked are those cor- 
responding to the first order spectrum, 
we may obtain the wave-length of the 
spectrum of order n, by dividing these 
numbers by w. 
Fig. 78. The visible spectrum of the first 

order stands out clear of the rest, 
but the second and third overlap to a great extent, the range between 
X = 6'< 10"' and A = 8x 10"' of the second order being coincident with 
the range of A.= 4 x 10"' to A= 6'3 x 10* of the third order. The 
spectm of higher orders spreading over greater ranges of 6 overlap 
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more and more, and special devices have to be adopted tti separate 
the spei^tra, when obseTrations are made in the higher orders. Whett 
spectra are to be recorded by photography, there is a simQar over- 
lapping but it« range is different. 

61. Disperaion of gratings. The maxima of two wave-lengtha 
Xi and A., being in such positions that 

e sin fia = «X,, 

the ratio (9, - 0,)HK - K) may be taken to measure the angular 
difipersion of the grating. The ratio increases with increasing values 
of nk and hence the dispersion increases with the order of ths 
spectrum. 

If the incident beam is oblique 

s (sine- sin <^) = bX, 
which, by differentiation, gives with a constant value of ^ 
e cos ed$ = ndk, 
s the angular dispersion '" jr = n/e cos 6. 

When the diffracted beam leaves the grating nearly normally, cos $ 
variea much lesu rapidly than sin ff. In that case the dispersion is 
proportional to the order of the spectrum and independent of tha 
wave-length, i.e. equal angular separation means equal differences of 
wave-length. We then say that the .spectrum formed is "normal." 

62. Reaolving power of gratings. The use of a grating as 
an analyser of light depends on its power to form a pure spectrum. 
To obtain a measure of the purity of a spectrum, we may imagine it 
to be projected on a screen, which has a narrow opening parallel to 
the original slit intended to transmit only that wave-length which has 
a maximum coinciding in position with the opening. It is then found 




that the waves passing tlu^ugh even an indefinitely narrow aperture are 1 
not absolutely homogeneous. In Fig. 79 the curve a represents th« I 
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^gtribntinn of light on the screen for a given wave-li 
indicates the iwsition of a narrow opening placed ao as to txtuismil the 
rnvdmum amount of light having a given wave-length X, the amount 
BO trati^mitted being proportional to the intensity OA'and to the width 
of the opeuiog. If A, be a wave-length near X, it will have its maximnm 
a little lo one side. Its intensity curve is represented by the second 
cnrve and an amount of its light proi>ortioiial to OH passes through 
the opening. The curves of intensity having no definite limit, tliere is 
some light of every wave-length jiassing through the slit, hut the in- 
tensity quickly diminishes and we need only consider those wave-lengths 
which are not very different irom X, If we wish to compare different 
gpectnim- forming instriimeuts with each other, it will be aufiicient to 
limit tlie investigation to that light which lies between the two minima 
on either side of the maximum. 

It follows from Art. 69 that a wave-length A, has its first minimum 
when there is maximum for Xif niV(A| -X)/X = + 1. Hence we may say 
that the range of wave-lengtlis passing through the opening extend 

from a wave-length X 1 1 + j^j to a wave-length X ( 1 - ,-- 1 . The 

(quantity A'n has been called the resolving power of the grating. 
Deuoting it by fl, we may say that very little light passes through the 
slit which diflers in wave-length from X by more than \jR. Resolving 
power will be further cnnsidered in Chapter vii. 

63. Wire gratings. lu certain cases, the intensity of the 
spectra of different, orders may be calculated. If tlie grating is 
formed by a number of eiiuidistaut thin wires of 
equal thickness (Fig. 80), the periodicity of the 
grating is such that one portion does not obstruct 
the passage of the light whilst the other is opaque. 
Take the incident light to be normal to the grating, 
and let the widths of each transparent and opai^ue 
portion be « and b respectively; the amplitude of 
the light diffracted at an angle 6 to the normal is 
then {Art. 53) (A sin a)la where a = iro sin 8/X. 

The maximum of the nth order is determined by 

(a + li) ain S = nX ; so that a - Tranj{a + b). 

The amplitudes at tlie maxima are therefore 

Aia^b) . nrra 
— sin - — , . 

For the central image, in which there is no 
the amplitude is A. The law of falling off in 
different images lo the sides of the maxima is the . 
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dispersion, a = (i and 
the intensities of the 
laine near all maxima. 
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tlial for the ratio of tlie iDt«ii8itit;s of llie imager, we may substitute 
the nitiu of the fiquBJeJ^ of the amplitudes at the oiasima. For tlie 
I calculation of the amplitude at the central iiiaximuiu, it is suHicieut to 
point out that the interposition of the gratiiig reduc«s the auiplitude 
ID the ratio of its transparent portiou to its total surface, 1.0. in 
the ratio al{a + b), and hence the intensity of the central image is 
{a/(ffl + 6)1', if the iutensity of the incident light is iiuity. This deter- 
mines the value oi A. 

We now ohtain for the inteusities of the other images, 

nV ^"'' (« + b) ■ 
\ia = b, tlie sine factor is zero for all even values of n, so that tbs 
Bpectra of even order disappear, and the intensities of the spectra 
of odd orders are, in terms of the incident tight, ,; ^-z --jj- 

The fraction I/t* representa the niaximiim intensity wliich the 
Bpectruiu of the first order can possibly have in this class of gratings, 
and shows what a considerable amount of light is lost when a grating is 
used as an analyser of light. If we desire to make the second order 
Bpectriim as intense as possible, we must make ajb equal to 1/3 or 3, 
but even in this case, we should only secure little more than two 
per cent, of the light. 

It is instructive to note that the grating reduces the intensity 
of the total light transmitted in the ratio ajUi -*- h), which is also the 
ratio in which the amplitude of the central image is reduced. The 
difference between «/(« + b) and {«/(a + fi)]" gives the amount of light 
which goes to form the lateral spectra. 

64. Gratings with predominant spectra. Rulhigs of gratings 
may he devised wliich concentrate moat nf the light into one spectrum. 
Fig. 81 represents the section of such a grating ruled on a reflecting 
surface. If the oblique portions 
of the grating are at such an 
angle that light incident in the 
direction of the arrow would, 
by the laws of geometrical op- 
tics, be reflected in the direction 
A,C, then all the rays from 
each of the oblique portions 
would be in ajual phase at a 
plane IfK, drawn at right angles 
to,d,f-',. It further, the differ- 
ence in optical length at //AT between J,C, and A,0, be a wave-length, 
there is coincidence of phase between the rays from successive rulings. 
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B«>ic« the BiDpIitude at a pmat vhirh i.s at the same optical dUlature 
a HK {K.ff. tiie fbciu of a lens adjusud for inlinity) is the same as 
F the whole waTe-front UK were reflected in ihe ordinary way. The 
Bsaltant amplitude is therefore less tlian the resultant amplitude of the 
hcideut wave, only on account of the contraction in the width of the 
, due to oblii|uit>-. If S be the angle between A,C, and iJie 
icideDt beam, it would follow that the intensity of tlie first order 
ectmrn is eos' in terms of the re»nIta^t^; of the incident light- 
bis \ma of light is accounted for by the light reflected from the other 
Kt of inclined fac«s. If the ruling is such that the tir&t order opcctruiu 
a at an angle of 30' from the normal, three- iiuarters of the whole light 
luld go to form tliat spectrum. For normal incidence we have as 
efore, sintf = A/^, and the reflecting facets must be iucHiied at an 
•ksgle Sis. The cnndttion for maximum light can only be fiiMlled for 
one wave-length at a time, but a slight tilting of the grating suppUes 
the means of adjustment for any desired wave-length. Transmission 
gratings may be ruled on the same principle, the 
condition being that the angles of the inclined 
facets are such that the incident rays in each 
little prism formed are refracted along paths at 
right angles to Bft, and tliat there is a retarda- 
tion of a wave-length between two correspundijig 
raya A.C^ and A.C^. Mr T Thorp has been able 
to demonstrato the practical possibility of manu- 
facturing gratings of the kind considered. Tri- 
angular grooves were cut in a metallic surface, and a layer of liquetied 
celluloid was allowed to float and solidify over tliia grooved sarface. 
(hi removal, the celluloid film showcl in transmitted light spectra 
which were all very weak except that of the first order on one 
side. //A' (Fig. 8a) gives the direction of the wave-front of the 
bdiflracted wave which carries the maximum intensity for the wave- 
llength A. 

65. Echelon gratings. If a reflecting grating were constructed 
on a principle similar to that of the last 
article, but subject to the additional con- 
dition that rays which go to form a particular 
spectrum return along Che path of the lucident 
light, the spectnim formed by reflexion would 
contain the whole intensity of the incident 
light This consideration leads to MicheUon's 
echelon grating. In Fig. 83 let a number 
of plates, T„ T^, T„ etc. be placed so that 
the different portions of a wave-front H'i^are reflected back jiarallel 
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a themselves from each of tlie plates, then if tbe depths of tlie step* 
A,C„ AiC'i, AtC„ are all equal to »X, a multiple uf a wave- leu gtii, 
the reBected beam haa iuteiisity etjiial to the incident beam, neglecting 
the loss of light at reflexion. For that particular wave-length, there 
cannot therefore be light in any other direction. The reasoning holds 
for all those wave-lengths for which the step is an exact miiltijile of 
a wave-length, and we may, if » is great, have a great number of 
mojcima of light all overlapping in the same direction. 

At a surface ffK inclined to WF at a small angle 6, the retardation 
of successive corresponding rays is eS, where e is the width of each 
step. Hence there is coincidence of jihase tVir a wave-length A' at 
correspoudiug points of HK if 

H{X-X') = «fl. 
For the dispersion #/(X - K') we thus obtain ti/f. But only a very 
small part of each spectrum is visible because the intensity of light 
&lls off very rapidly to both sides of the normal direction. 

At a wave-front parallel to IVF, the relative retardation of two 
waves X and X', for the light reflected by the last element, is A'n (A - X') 
if there is coincidence of phase for light reflected at the first element. 
Hence equation (2) holds, and the resolving power is iV^n, aa with 
ordinary gratings. 

A reflecting grating of the kind described would be ditScult to 
construct, but excellent results have been obtained by Michelsuu with 
a transmission grating based on the same princijile. 

A number of equal plates of thickness ( are arranged as in Pig. 84. 
Kach part of the beam is retarded by(/*-l)t 
mure or less than it^ neighbour. For normal 
1 1 I I I I transmission, there is equality of pfaass 

everywhere on tr/' if 

(M-l)'-^nX. 

If for the wave-length X', having refractive 

index /i.', the diffracted wave-front ia parallel 

to ffK, the phase at 1/ and f must be the 

Fig. M. same, or 

(/*'- l)i-i-iA'"=(iA', 
and if e be the distance between corresponding point* A„ At. thd 
angle through which the front is turned is LK/e or: 
e = {HX'-(fi'- l)t',/e 
.{«(X'-X)-(^'^p)([/,. 
The angular dispersion is therefore 
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llf j\' be the total number of plates, t)je first mminiuiu of the dif- 
■feu^tive image of A' coincides with the majdmum of X, if the total 
^retardatinii iTefl is equal to A. Hence multi plying both sides of (4) 
■ Xe, we find : 



, rfM I 



V-A 



= ^ 






-(5), 



where -i- has beeu substituted for (fi' - fi)/{k' - A), as only very small 
>riaUons of ^ and A come into play. 
Substituting nk = (fi~l)t, the ratio of the second term on the 
ight-hand side of (5) to the first is -jt/(r--^)- "'"J this for flint 
Ij^k^, and in the centre of the visible spectrum varies between about 
1 —'03 and -"1. We may therefore say that the value of A/(A'-A) for 
this form of grating is from n to 10 per cent, greater than Nn, but 
a])proximatety the resotviug power is the same as for the nth order of 
an ordinary grating having a total number iV of grooves. Full inten- 
sity is only obtained for those wave-lengths for which t = hA. But a 
slight tilting of the grating increases the effective thickness (, and 
brings any desired wave-length into the best position. The total light 
^^L is, liowever, in any case, confined to the immediate neighbourhood of 
^^H the direction of the incident light, because the width of each element 
^^B is large compared with a wave-length. It is worth while to discuss this 
^H a Kttle more closely. The angular distance between the principal 
^H auximnm and the first minimum with an aperture e is according to 
^B Art. t!2, A/t!. We may therefore, disregarding the Ught which is 
^^ beyond the first minimum, say that the spectra have appreciable 
brightness only to a distance A/e on the two sides of the normal. 
Consider now that the maximum of the nth order of A' coincides with 
the masimnm of the (n + m)th order of A when nh' - {n + m)k. If in 
(4) we neglect the second term on the riglit-hand side and for 9 
subfilitute 2A/e which measures the total angular space within which 
^^ the light has an appreciable intensity we find 2\ = (\' — A) w or 
^^.X' = (» -r 2) A, which by comparison shows that m-2. No order 
^B axcept n, ji+ 1 and n + 2 can therefore be visible. In the case oon- 
^H.Mdered the orders n and n+2 would just coincide in position with the 
^^Knlacee of zero illumination and the central image would contain alt the 
^^KSght. As a rule there will be two spectra. As regards intensity of 
^^KSght, the echelon form gets rid of one of the chief difficulties in 
^^nttke use of gratings, as the light must be concentrated almost entirely 
^^Kinto two spectra, and we may adjust the grating so tliat the intensity 
^^Kfe practically confined to one spectrum only. 

^^m The overlapping of spectra of ditferent orders is, however, a serious 
^Kinconvenieuce, for it must he remembered that although for each wave- 
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lenf^ there an onl}r two o«lers visible, the number of- the onler ia 
difTerent for the different mive-lengths, and the total uumlwr of over- 
lapping order* is very great. As an eiatnple, eonaider normal incideni:« 
on a grating having ita plates of thickness '5 cm. For a wave-length 
', the thicknes!^ is 10,000 times the wave-length, so that we 
ehonld observe a sj>ectmm of the 10,r)iK>th order. Coincident with it, 
and for a slightly differing wave-length, we should have the spectr* 
of orders which are near that nnmber. Thos nK-b is satisfied for 
w^ 8.000, if X ^ 6-25 X 111"'. There are therefore 2000 coincident 
maxima within the range of wave-lengths 5 « 10"* and 6'25 ■ 10"', the 
frjrmer tying in the green and the latter in the orange. 

These overlapping sjiectra must be ^parated or got rid of. This is 
done by means of an ordinary spectrorscope, which can be used in two 
wa)'8. In the form of the apparatus an it is most commonly con- 
Etnicted, the light is sent through a train of prisms before it fells on 
the slit of the echelon collimator. The resolving power of the prisma 
aliould be sufficient to exclude all light belonging to the maxima which 
it is dmired to exclude. We may also use a train of prisms to separate 
tlie maxima t^ter they have passed through the ei-helou, and this arrange- 
ment, which would seem to possess some advantages, was apparently 
used by Michelson in his fir^t ex|ierinients. 

66. Concave gratings. That certain gratings possessed a 
focussing power had been noticed by a number of observers, and the 
explanation of the fact presents no difticultieti, but what previously 
had always been considered a defect to be avoided, became in the mind 
of Rowland an object to be desired, and by very perfect mechanical 
contrivances was mule use of to revolutionize spectroscopic research, 

It is always possible to construct tbenretically the ruling of gratinga 
on suHacea of any sliape, such that an image of a spectrum at any 
desired point shall be formed. 

Let A (Fig. «5) represent a point source of light, aud let it be 
desired to form an image of the 
spectrum of the first order so that 
all the tight of wave-length X shall 
be concentmted at B. With A 
;ind Ji as foci, draw ellijisoids such 
tiwt if P. I'. F- be point* on 
successive ellipsoids, 
Ar-^FB^mK 
AJ'-^FB==(m + i)h; 
AF--i-F'B=(m^l)\,ete. 
ivhicli it is desired to CDnvert in 




B the trace of the surface 
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gmtiiig. The gnitiiij; iiitersei'-ts iliette ellipsoids in curves which divide 
it into Presnel nones. The light which might reach B from successive 
»>ne8 is in opposition and no turainous disturbance can therefore exist 
at that point. But if some change be made in the zones, so that the 
amonnt nf lijjht scattered by alternate zones i.i either obliterated or at 
any rate weakened, the plate will act like a zone plate and light will 
be focussed at B. Hulitig lines with diamond point parallel to the 
lines of division between the zones and at distances w^iial to the 
distance between alternate zones, is sufficient tn produce the desired 
effecL As tbe construction of the zones depends on the wave-length, 
the spectrum formed has a focus at B for a particular wavelength 
only. But the adjoining wave-lengths are concentrated into other 
foci ill the ueighbnnrhood. If we desire to produce spectra of 
tiigher onlers, we may draw the zones so that the sum of the 
distitnces of any point from A and B ie mX, (m + ii) A, (m + 2n) A, etc. 
If a portitm of the space tilled by each zone so formed is cut by a 
diamond, so that tlie corresponding portions of all zones are modilierl 
in like manner, a source of light at A produces u spectrum of the Nth 
order at B. 

In practice, we are contined to rulings in straight lines on plane or 
spherical surfaces. We are also unable to rule the lines aaurately 
except by means of a screw turned step by step through efiuai angles. 
It is Rowland's discovery that gratings with very small aberrations can 
be made by ruling lines on a spherical surface by means of a screw. 
Ill Fig. Hti let A represent a source of light, and B the point at which 
B it is desired to form a speitrum of the nth 

J" ■ / onler. We conhne the mvestigation to rays 

I' f _rff^*''*^ 'y'liS '" fl'B plane containmg AB and the 

r-.*--!*^ normal OC of a iur\ed grating GG', C being 

the centre of curvature. Take OC as axis of 
^"■-— .^_ p X, and the tangent to the grating at aa 
V ((X T)i\xis of Y. 

^ ' Put OA=r, BO^r,, AP = u, BP^v. 




. K P lies on the edge of the mth zone, and 

'^' '■ if the «lh order spectrum is in focus at B, 



■ ' 

^^V It + v=r+ri + mnX. 

^^r If the distance between successive rulings is such that ita projection 

^^K O Y is cni»tant and er^ual to c, ;y - me, hence eliminating m, 

^M tt-fv = (»- + r,)±''^* (G). 

^^V If this condition could be fulfilled absolutely we should have a 
^^arfect image at B. It must be our object now to see how nearly' we 
may satisfy equation (6) in practice. 
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Writing a, i. fi^r the coordinates of A, <ii, ^, for tho^e of B, 

we h2kve 

it^ - (y — br - [x - ti/ 

= r'-jr-r-2Ay-2M (7). 

If p M the nuiia.4 of carratnre of the grating, the ei^oation to the 
circle in which the grating cuts the plane of the paper gives 

Bnt onr investigation may be maile to inclade gratings, deviating from 

the ?ipherical ?)hape, !iO long as the o^culatory circle at has a radius 

of curvature p. We therefore more generally put the aquation of the 

trace of the grating 

•2pjr = /ir-jf* (8), 

where p in & numerical constant which is one in the case of a sphere. 
Combining (1) and (8; we obtain bv simple transformatious 

«'-(-'/)'^C-J)-»'-1'-f)^ » 

The second term is of the second order of magnitude as regards y, 
and the third tenn of the fourth order of magnitude as r^ards the 
same rjuantity. Retaining only quantities of the second order, 

•-('■-'?)*sC-j)°j'- 

In order that the grating should fulfil its object, it is necessary 

that at least to this order of magnitude, (6) should be fulfilled. 

Henco substituting u and v into that equation and putting the factors 

of 1/ and ^ 0(iual to zero we obtain : 

b bi _ «X . ^. 

^ + - = + — (10), 

?(?->V?--?)-» ""■ 

The first condition defines the direction in which the difiracted 
inmge lies, for if <^ and 6 are the angles which AO and BO make 
n^Hpei^tivoly with the normal, rsiu* = ft, and rsind = 6„ and (10) is 
thoreforo identical with ' 

e (sin $ + sin ^) = ± wA. 
This iM|uation is therefore common to the curved and plane grating. 
The seoouil condition now gives the distance of the diffracted image, 
fur as roiv* </»-(!, rcustf = (i,, (11) is identical with 



and 



oi>s« </» cos* d 1 

+ =^ (cos ^ + cos ^) - . 
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If $ and ^ be equal and small, this is the well-known relatioD 
Ktween object aud iuiage of a concave mirror. 

We must now try lo see to what onier of magnitude we can get rid 
f aberrations. Leaving out terms of the fourth order equation (9) 
lay be written 

„..(,._^)\(«-i)„,, 

lod )>euce 

u = {r~ '^) + i -^^-jp / + terms of higlier orders. 



The term containing y disappears if 



I and a^ ( 1 1 ) must )>e sati^hed, this involves also 



The first equation plai'es the source of liglit on a circle of radius 8^ 

with its centre in the line OC, and the second equation shows tliat 

_the fiame circle contains the image B. 

Limiting ourselves to this circle for the position of the source, (9) 

-('-?)"K-?)". 

md tu quantities of the fourth order, 

rith (G) shows that the terms of the fourth order 



ind on the factor 



K'-f)%('-r) <->• 



In the position in wtiich Rowland's gratings are generally used 
= p = r, and a =pcoB'i^ = rcos^. Hence (12) reduces to 

(l + coB«)(sec«-/3)/p (IS). 

The tfmia of the fourth order cannot be got rid of therefore except 

I Cdt a particular value of ^. For spherical gratings j3 = 1 and the second 

I &ctor of (la) is small for small values of *, so that the aberration is 

t importaut for the spectra of lower orders. It could be correc 

mtirely for a particular value of * by making /3 - sec <^, hut this wmld 

I hiTolve departure from a spherical surface. 
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The outstanding error of optical leugtli for splierical gratiugi 

is obtained by restoring iu (12) the dropiwd fatter j^i'2 or y'lBp". 

The error then reduces with ^ = 1 to 

j^ . v' . 

— sin d> tan i or ^ sm * tan *. 

•2p Up* 

Tlie niaximiim error of optical length may be as much as a quarter 

of a wave-length without seriously damaging the definition. Hence if 

tf is half the width of the spectrum, we have for tlie conditiou of still 

perfect detinition, 

^. ain d tan * < A, 
ip 

and if sill 6 = and sin ^ ^ — , the greatest value of y wliitb i;* tialf 
the width of the grating should not exceed 
/'2p'e cot *\' 






The dispersion (Art. 61) of the grating is n/ecflsfl, and fur 9 = 1) 
is iheretbre independent of the wave-length. ^The grating iwed in 
such a way that tlie spectrum appears on ita axis forms, therefore, & 
normal spectrum. 

Rowland's method of mounting the grating, which combines tlie 
advantages of maximum definition and the formation of a normal 
spectrum, is shown diagrammatically in Fig. 87. G is the grating 
and is held by a rigid beam GC of length ©noal 
to the radius of curvature of the grating, which 
carries at its other end the photographie camera 
/IK. AS and BS are two strong beara.s placed 
at right angles to eai'h other and currying rails 
whicli support two carriages which can roll 
along the beams and support in their turn 
the beam OC which is pifoted on them. The 
slit is placed at S. As G, 8, C Ue.on a circle of 
diameter p, a luminous source at S will always 
have its image at C, when the proper position of 
the beam GC has been found. As the l>eani is rolled along the roiU, 
successive wave-lengths and successive spectra make their ajtpearance 
in proper focus at C. For a given position of the beam, the focus 
for the different wave-lengths lies on a circle of diameter p, and the 
photographic plate IIK must therefore be bent to a curvature e<iual to 
twice that of the grating. The angle CGS is the angle called above, 
and as C = (I, « sin * = nk, 

and as SC^pa\n<l>. 

it follows that SC= . 
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The beam Sfl may tlierefore be divideil into a scale of wave-lengths by 
8iiual divisions, and the wave-length which occupies the centre of the 
fielil at C may be reaii oft' directly on that scale. 

A complete discussion of the theory of the concave grating which 
we have in great part followed here, has been given by Runge, and 
published by Kayser (Spectrosaipie, Vol. I. p. 4(10). The same volume 
contflins valuable information on the methods of adjustment and on 
the literature of the subject It should however be mentioned tliat 
though later investigations have simplihed the analyiiis, the essential 
points of the theory are all contained in Howland'a* original papers. 

67. Measurement of wave-length. Plane gratings allow us to 
mejisure verj' accurnttily the lotigtii of u wave of light (X). In Fig. 93 
C re])resents a collimator which admita the light through a narrow slit. 

DTLe source must be owe sending out nearly homogeneous 
radiations, such as a tube tilled with a vapour under reduced 
^ pressure rendered incandescent by the electric discharge, 

'riie light is allowed to fall on a grating at G {Fig. 88) and 
m^e is obser>'ed by means of a telescope T. If the axis of the 
telescope coincides with the direction of a maximum of light 
in the ditfracted beam, we have the relation 

f (sin^-t-sin S) - wX, 
where the letters liave the same meaning as in Art. .'ift. 
If the incident wave-front coincides with the plane of the 
grating, <fr = and 6 becomes the deviation. If the grating is used in 
minimum deviation (Art 59) ip^O and the deviation is '26. The 
deviation being capable of very accurate determination, the wave-length 
is found directly, when the di8tau(^e between the lines of the grating 
is kuown. The measurement of that distance, which is easy enough so 
far as tlie standards of length in common iise may be trusted, becomes 
very difficult where higli accuracy is retjuired. The limit of accuracy 
is reached when the small variations of n which always exist in difterent 
parts of the grating become appreciable, because the above equation 
docs not hold when we substitute for e its average value and for 6 the 
deviation of the brightest portion of the diO'racted image formed by a 
grating in which e is not the same tliroughout Tlie careful measure- 
inente of wave-lengths by Angstrom were sufficient until the increased 
resolving powers of modem gratings came to be used. Rowland, feeling 
the necessity of mure accurate determination to express his own results, 
initiated a series of measurements by Dr Bellt, and finally combining 
* the beat results fixed on \ = 5896156 

• '■On Concave OmtlnHB tor Opticitl PurpoBeB"; Phil. May. xvi. p. 197 (IfWa). 
Sec ■!«) J. 8- Ame«' "The Concnve Grming in Tbeorj and Praulice"; l-hil. Mag. 
iim. p. 8(i9(1881»). 

t Vkil. Wujj. Vol. iiv. (1B88). 
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aa the niae of the wave-length of the least refrangible yellow sodium 
line in air at 30' C. and 760 mm. pressure. The unit here is the A'th 
metre »r one metre divided by 10", This unit has beeu found very 
oonvenient in spectroscopic work and is sometimes called the Angstriim 
unit (A. U.). 

Concave gratiugs are not suitable for direct measurements of 
wave-lengths, but once a gtandard value has been obtained for oue 
wave-length, they are useftd in fixing the value of others in relation 
U> Ihjit .<^tandard. They perform this portion of the work better than 
plane ^mtingK because their images need no focussing by lenses, which 
always show a certain amount of cliromatic aberration. Ilie spectra of 
different orders have L-oiocident foci. In observing the solar spectrum, 
if oue Fraunliofer line in the second order spectrum is foiuid to overlap 
exactly another line in the third order, the mtio of wave-lengtlis of 
these two lines must be as 2 i 3. Rowland* has made free use of such 
coincidence to determine the standards of wave-lengths in different 
part« of the spectrum. 

We give some of tbe-se standards arranged according to the nature 
of the source. 



Table VI. 



6438-6iS0< 10"' cms. 
5086 '(K)l 
4800097 
4678-339 



Hydrogijr 



6563054 Jt 

4861-496 

6708-070 

6103 812 

4810-72O 

4722-339 

4680-319 



M^neeium 5711*374 
5538-672 
5183-791 
5172-866 
5167-488 
4703-249 
457r2»l 



The wave-lengths are measured in air at the same temperatur* 
and pressure as that of the Sodium standard. The wave-lengths of 
Hydrogen are those observed in the solar spectrum. In the other 
cases, the wave-lengths are those obtained in the arc, which do 
not always coincide in the third or even second decimal place with 
those observed in the sun, partly because the wave-length of light 
emitted by an incandescent vapour varies slightly with its pressure 



• Journal of Ailninnnty nnd AilTOphyii 
p. 47',) il«BH). 



i. 321, Phil, Mag. xxvn. 
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and partly because few lines are srifficiently s)iarp at atmosiilieric 
presBure to allow the tliird place of decimals to be accurately mcacured. 
MicheJson was able, witii the help of hia interference method, to 
ciinipare directly the wave-lengths of the Cadmium lines with the 
French standard of length- The Cadmium lines were chosen because 
they were found to be very hnmogeueous when the metal was volatilized 
ill vacuo. It is imiwssible to give here a detuiled acconnt of the 
method used by Michelson, and a rou»;h description possesses only 
little value. The original papers should be consulted by anyone 
interested in this very beautifully devised and executed piece of work*. 
The results for the Cadmium lines are for a temperature of Ifl° (.'. and 
a pressure of 760 mm. 

Cadmium (Michelson). 

EX-6438-4722 « IQ-'cms. 
5085-824(1 
479a'9l07 „ 

These results are less by about -19 units than those of Rowland 
cli are based oo Dr Bell's measurements. The discrepancy has not 
been cleared up and can only to a small extent be explained by a 
difference in pressure. Taking Miclielson's red Mercury line as 
standard, Messrs Fabry and Perot have determined the lines of some 
other metals in vacuo. Owing to the facility with which a Mercury 
arc in vacuo may be used to give homogeneous light, the wave-lengths 
of the principal lines of Mercury as given by these authors may be 
i|,u<jt«d. 

R Mercury (Fabry and Perot). 

I A.= 5790-6503 

I 5769-5984 

5460-7424 
4358-343 
These being based on MichelsoTi's standard are liable to the above 
tematic differences from Rowland's scale. 

If the wave-lengths in vacuo are re<|uired, all the above numbers 
must be divided by the refractive index of air, which is about r00028 
in the visible part of the spectrum. The residting corrections amount 
lo I'itOx 10* for a wave-length 7 x 10"', 137 for A = 5 x 10 -''and '85 
for X = 3 X 10-*. 

Biatorical, .Joseph Frauiiliofer (bom March 6, 1787, died 

fbne 7, 1826) was engaged from an early age in a gloss manufacturing 

i, and became specially interested in the construction of telescope 

Details are given in the .llfm. dn Bureuii iitlrmulioiial ik paiJi ft meturei, 
■|lb9S), C. R. civi. p. 79U (1B04|. 
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kiHes. He recognized the fact that dieir iiuproveiuent, especially as 
regards achrumatism, depended od an exact determination of refraclire 
indices, and that the i^hief difficulty iu that detenu i nation lay in the 
difliciilty of obtaining homogeneous radiations which could serve as 
standards. The sodium flame was made to serve as one kind of 
radiation, and in using sunlight be discovered tliat nature had placed 
Btaixlard radiations at his disposal. The spectrum of the snii was seen 
to bt traversed by dark lines— now called Fraunliofer lines — which 
marked the position of liomogeneous radiations by a deficiency id 
radiance jnst as well as could have been done by an increase in JL To 
the earlier observation by Wollaston, not much importance had been 
attached, because it had not then been recognized that their position 
was invariable and independent of the mode of observation. A few 
years before hJH early death, Fraunhofer was led to the study of 
diffraction effects an*! constructed the first gratings, by stretching 
fine wires between two screws having narrow threads, and also by 
ruling lines with a diamond point on a glass snrface. He naed theso 
gratings for the determination of the wave-length of the principal 
Fraunhofer hnes. 

Table VII. gives in A. I', of 10"" cms. the wave-lengths as obtained 
by Fraunhofer and subseijuent observers. 

Table VII. 



SoUr 


Fmnnhofar 




Bowlruid 




laaa 


1668 


1887 


C 


6581 


6562 


6563 


D 


5890 


58B2 


M63 


E 


&S6H 


r.269 


ft270 


F 


4859 


4661 


4861 


G 


4302 


4307 


4308 


H 


3963 


3988 


3969 



Not much progress could be made in improving the accuracy of 
wave-length determination until the manufacture of gratings was 
improved. Those made by Nobert towards the middle of last century 
obtained considerable reputation, and Angstrom (bom Aug. !3, 1814, 
died June 21, 1874, in Upsala) constructed an Atlas of the Solar 
Spectrum with one of Nobert's gratings, which for a considerable time 
remained the standard to which all wave-lengths were referred. 

i Morris Rutherford, an amateur astronomer, and lawyer by 
0, ruled gratings, by means of an automatically acting 
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iividiiig engine, which were couaiderably better than any previous 
ODes, He was the first to rule gratings on metal, which being softer 
than glaHS did not destroy the ruling edge of the diamond to the same 
extent. Most of his gratings were made about the year ISISO. 

Rowhind (bom 1848, died April IG, 1901) effected still greater 
iprovements. An ettsential portion of a machine intended to rule 

.tings is the screw, which should be aa free from errors aw possible. 
Slight ac<ridental displacements of the lines, so long aa they are not 
systematic, and especially not recurring periodically, are not of serious 
itnjrartance. Rowland's first achievement consisted in the making of a 
screw more perfect than any made before. The following passage 
taken from his article on "Screw" in the Encyclopaedia Britanniat 
gives an idea of the method he adopted: 

To produce s screw of a foot or even a yard long with errors not 
ing rffffo^'i of *n u"''' 's i*ot difficult, Prof. Wm. A. Rogers, of 

■vard Observatory, has invented a process in which the tool of the 
Isthe while cutting the screw Is moved so as to counteract the erroiB 
of the lathe screw. The screw is then partly ground to get rid of local 
errors. But, where the highest accuracy is needed, we must resort in 
the case of screws, as in all other cases, to grinding. A long solid nut, 
tightly fitting the screw in one position, cannot be moved freely to 
another position unless the screw is very accurate. If grinding material 
is applied and the nut is constantly tightened, it will grind out all 
errors of run, drunkenness, crookedness, and irregularity of size. The 
condition is that the nut must be long, rigid and capable of being 
tiglitened as the grinding proceeds ; also the screw must be ground 
longer than it will finally be needed so that the imperfect ends may be 
removed." 

Rowland's discovery of coucave gratings, their perfection, and some 
of the work accomplished by them, have already been described. His 
measurements and maps now form tlie standard to which all wave-lengths 
are referrecL 
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CHAPTER VII. 

THK THEORY OF OPTICAL INSTRUMENTS. 

69. Preliminary discussion. There is a limit to tbe power 
of every inatruiueut, due to the finite size of the wave-length of light. 
Aworfliiig to the kws of genmetrical optics, the image of a star 
formed in a parabolii' mirror should be a mathematical point, and 
if this were the case tlie sole consideration to he attended to in tlie 
construction of optical instniments would be the avoidance of 
aberrations. According to the wave theory of ligbt. however, the 
image of a point source is never a point, however perfect the 
instrument may be in other respects, and the longer the wave-length 
the more does the light spread out sideways from the geometrical 
image. It is therefore useless to try to avoid aberrations l)eyond a 
certain point, and it becomes a matter of primary importance to 
define the natural limit of the p(^)wer of an instrument, so a.'^ to be 
able to form a clear idea as to how far the optician may usefully 
Bpend labour in the refinement of his surfaces. 

Let a wave divergent from a point source ^1 (I-'ig. 89) be limited by 
an aperture KS' in a screen, 
and let the light transmitted 
through tluB aperture be no 
further obstructed in its 
]>assage by any perforated 
screens, but pass entirely 
through lenses, or be re- 
Fig, fto. fleeted or refiracted in any 
manner until ultimat«ly tho 
wave surfaces become jwrtioiis of spheres concave towards a point P. 
It will be necessary to calculate the amplitude in the light in tlie 
neighbourhood of P, and a preliminary proposition will help to simplify 
the problem. Trace the rays AS, AS', limiting tbe beam, according 
to the laws of geometrical opticB, and let TU, T'U' be portions of 
these rays. Place a screen at KK' with an aperture just suffiMent 
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to enclose these raya all round, or in other words, let the edge of 
the aperture KK' coincide with the geometrical shadow of tlie opaque 
portions of the screen SS'. The proposition to be proved is, that the 
introduction of this screen does not alter the distribution of light 
in the neighbourhood of P, and that the screen SS' may now be 
removed, leaving all the amplitudes near P as they were. The truth 
of the proposition depends on the fact that all portions of the wave 
surfai:e i>assing thmugh KK' contribut* equally to the amplitude of 
P, tm P being a poiat of convergence of the rays, its optical distance 
to any point of KK' is the same. The screen KK' obliterates only 
the waves which liave spread out laterally before they have reached the 
plane of the screen. The jwrtions so obliterated form a very small 
fraction of the light forming the image at P which is due to the com- 
bined action of the complete wave. The same is true for the resultant 
amplitude at Q so long as the aperture KK' only cootains a small 
number of Fresnel zones drawn from Qas centre, 
■ In order that students should not be misled to apply this proposi- 

^Blion erroneously, we may take an example where it does not bold. 
^B a, SS, (Fig. 90) is a screen limiting a parallel 

^H I beam of hght, BS being the edge of the 

^^^1t_ ^j ^, . A — geometrical shadow. SS, cannot in this 

^V" j \ ! case be replaced by a screen TT, placed so 

^ j! \ : as to tonch the same limiting rays, because 

^^F I \ *.; tracing Fresnel zones from Q backwards, the 

^H I \|: locus of the division between two zones 

^r . '_ * is a parabola (Art 51). Such a parabola 

QS will trace the limiting zooe for the screen 

SSi, while if this were replaced by TT, the 

limiting curve would be a diflerent parabola QT. If the angular space 

lYQS includes an odd number of zones, the change of position of the 

peen from SS, to TT, would cause a difference in amplitude equal 

that of a complete zone, so that a maximum of light might be 

1 into a miuinium or vice versa. 

70. Image formed by a, Lens. It is convenient to imagiue the 
beam to be now hmited by a diaphragm just inside 
the leDS which concentrates the hght at /'. The 
wave-fronts are then cireles with i^'as centre. If 
7> = 2^ is the diameter of the lens, p the distance 
of any point P from F, and/- OF, 
AP'=/'+{R + p)', 

:. AP'-BP'^iltp. 



Fig. 90. 





Fig. fll. 



THE THEOBT OF OPTICS 



[chap, vn 



■(D- 



and p being very flniall compared n-itb/, 

AP-BP='^^^ 

If we were ouly to consider rays in the plauo of the paper, then 
light at P would be destroyed by interference if 

^^"^-^ (2), 



/ 



= nA . 



2Jip 



and bands of nuudmum brightness would appear where j.- = (n ■♦■ J )^ 
and if we imagine the figure to revolve round the axis OF of the 
lens, the luminous appearance in the plane through F, at right angled 
to the axis, would be a luminoua diac fading outwards until the in- 
tensity becomes zero when p =fkjD. This disc would be surrounded 
by dark and bright rings, the brightest parts of the rings corresponding 
to the distance p-{ti + ^)/KID. 

Owing to the rays which do not He in the plane of the paper the 
destruction of light takes place at a distance somewhat greater from F 
than tliat given by the above approximate calculation. 

Sir George Airy* was the tirst to solve the problem of the 
distribution of light in the diflraction image of a point source. Hia 
solution depends on the summation of a series. Lommel gave the 
solution in terms of Bessel functions. The main effect is obtained 
more simply by the above elementary considerations. 'ITie diDraction 
image is a disc surrounded by bright rings, which are separated by 
circles at which the intensity vanishes. 

If we write p-m ^ (3), 

the values of m for the circles of zero intensity are given in th« 
following Table. Tliey differ very nearly by one unit, but instead of 
being integers, as the approximate theory would indicate, approach a 
number which exceeds the nearest integer by about one quarter. 

Table VIII. Dark rings. 



Order ot 

ring 


Total lislit 
m onlBide dark 
circle 


1 
8 
3 
4 
5 
6 


iiiiii 



• Tmiu. Camb. Phil. Soc., v. p. 883 (18M). 
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The third column in the above table gives the ajnount of light 
l>-ing outside each riug. The first number '161 indicates that '839 of 
the intal light goes to form the central disc while the difference between 
the first and second number gives the fraction of the total light which 
fbrm^ the first ring. These differences are put down in Table IX. 
which is mainly intended to give the values of m for the circles of 
maximum illumination and the corresponding intensities. The third 
column contains the intensity at the maximum in terms of the central 
intensity, while the fourth column gives the fraction of the total light 
which goes to form the central image aud each successive ring. 





Table 


IX. Br/fjil Bingg. 


Older 

of disc 


. 


Maiimnm mten- 
wniml in tea sit J 


Froetioa of total 
light in disc 

or ring 


1 





1 


■839 




1'638 


■01745 


■071 




2-692 


1 -00415 


-028 




3-716 


' -00165 


-015 




4 724 


-00078 


-009 




6-724 


■00043 


-006 






Fig. 92 gives in diagrammatic 
form the relative sizes of the cen- 
'^^^C^X /Jfi9SAk\ ^'^' '''^ ^^^ ^^^ ^^^ three rings. 
I^^jII linBHnil ^>K' 93 shows the images of two 
O^^^!/ vOBSiy/ sources of light placed at such a 
distance apart that the centre of 
the bright disc of one falls on the 
first dark ring of the other, 
71. Beeolving Power of TelescopsB. It has long been 
lown to all astronomera working srith Kigh powers, that the image 
of a star in a telescope has the appearance roughly represented in 
Fig- 92. and it is a matter of experience that a close double star 
be recognized as such when the relative position of the stars is 
not closer than tliat represented by Fig. 93, This allows us to calculate 
angular distance betiveen the closest double star which the telescope 
recognize aa such. 

The radius of the first dark ring being p and the focal length of 
ihe telescope being/ the angle subtended at the centre of the object 

^— 1. 
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f^Mm hy two Man -mhatk oaeapf sacb a pontkn t^ tlie eeatre of ths 
diSnetioB imge </ one bOs «■ tl« int dsifc ring at the other is p^, 
wfaieb bf (3) ghw 

*=I-MV^ (4). 

lUs is equal to the ■ng.^ltr ***■**■"* be » i €m the stais when they are 
OH tte fHiBt of tesoiattoa. No sahnqnent nfncboo of light tfarongh 
IcMcn caa tacreaM tins aa^ TW ini^es maj be barged bat the 
lia^ and dise» an atwi^ enlarged in the saiae ratio. This is an 
important &c4 vhidi aiay be Bore femalljr proved in this way : If 
the rays otHang at aay point at 
the di&actiati image Q (Fig. 94} 
are brgo^U bgr a lens or qrstem of 
^, ^1, iaiaes to ctims again at a point Q*, 

the (^>tica] distance from Qto ^ 
•long aD patha maM be the same, and hence the letaidation of phase 
fc et wem any two laya at ^ is aocoratc^ reprodaced again at Q". If 
tinre is aeatiafiBtiao at Q, thae most also be nentralization at Q'. 
As Q* is the geoaietneal im^ of 9, the di&action pattern in the 
plane of ^ most be the geometiioa] image of the di&action pattern in 
the plane of Q. Our reealt may thescfive be ^f^ed to eye observa- 
tions throagfa a teleeocfw, the plaoe of t/ repreaeutiBg the plane of 
the retina. 

It appears from the above that the power of a telescope to reeolra 
dooUe stars is proportioiial to the dianteter cf the lens. Tbis is a lesnH 
ti Uie vave-thecoy of light, for if the imy^ were pnpagat«d by the laws 
(rf geometrical optics, the ^ise of the object ^ass would not enter iuto 
the qnestion, while the au^lar separation dse to greater focal length 
eoold be increased at will by a^og a magui^iiQ arran^inent. We 
also see that the smaller the wave-length, the mora nearly are the laws 
of geometrical optics correct. 

To resolve !tar» at an angular distance of I second of ara 
(4'84- 10~* in angular measore), we shoald for A = 5 x lo~* requiis 
of 



4-84 « 10-* 
Hence the angular distance 9 in seconds of arc, which an object 
glaaa of diameter D can resolve, is 

. = !». 

The Terkes teleecope with an aperture of 100 cms. should be able 
therefore to resolve two stars at a distance of oue-dghth of a second of 
aic This cakulation is ba^ ou the supposition that the whole of the 
li^ idnch passes thnmgh the telescope enters the eye. By a well- 
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known law which will be proved iu Art, 75, the magnilying power 
of a telescope is ei^ual to the ratio of the widths of the incident and 
eme^iit beams. If the width of the emergent beam is greater than 
the greatest width p which is capable of entering the pupil of the eye. 
the fill! aperture is not made use of. Hence to obtain full resolving 
power the magnifj'ing power of a telescope shorild be not less than Djp. 
If it is less, the rays eut«ring the outer portion of the telescope lens 
do not enter the eye at all and may as well be blocked out altogether, 
thus reducing the aperture to its useful portion. 

72. Besolving Power of the Eye. We may apply equation 

(4) to the case of two stars or other point sources being looked 
at directly by the eye. An a]>parent complication arises owing to 
the fact that the wave-length of light in the vitreous humoor, which 
in the last medium through which it passes, is not the same as the 
wave-length in air, but this makes no difference provided that we take 
for p the width of the beam as above defined. Let Fig. S5 represent 
_ diagram matically a beam of light entering 

I / / , the media of the eye. If a plane wave-front 

** % " I n 1 passes through an aperture AB of such size 

^1 \' I '''*'' ^^^ beam passing through it may just 

Yin. 95. ent«r the pupil of the eye, the first dark 

ring of the diffraction images passas through 
Q when the difference in optical lengths from ji to Q exceeds by V2'2k 
that from ti to Q. Also a wave-front parallel to W'F" lias the 
centre of its diffraction image at Q when tlie optical distance from all 
points of its plane to Q is the same, hence j| 7" must be equal to r22\ 
and the angle between AB and W'F" is measured by ATjAB or 

1-22^. 
P 
Here k is the wave-length mea,sure<l in air. 

The width of pupil is variable, but with light of medium intensity 
such that p is about 3 mm. (the actual opening of the pupil will be 
less, owing to the convergence proiluced by the cornea), two small 
point sources of light should be resolvable by the eye when at an 
angular distance of 42". Helmholtz gives for the experimental value 
of the smallest angular distance perceptible by the eye the range 
between 1' and 2', which would show that with full aperture of the 
pupil, our sense of vision is limited rather by the optical defects of 
the eye and physiological causes than by diffraction efl'ects. 

73. Rectangolar Apertures. If the surface of the telescope is 
covered by a diaphragm linving a rectangular aperture, the distribution 
of light is more easily calculated, and may be expressed accurately in a 
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simple form. Take the axis of x and y in the focal plane of tlie lena 
and parallel to the sides of the aperture and let the length and width 
of the ajwrture in the direction of x and y be « and h respectively. 

When b is large we obtain the case investigated in Art. 33. where 
the int«Q£ity was found to be proportional to (sin' u)/a° where a-iraxlf>^ 
If a is large, the expression must be proportional to (sin'^)/^ where 
jS = TtbiflfK We can satistj' both conditions if in the general case we 
take the intensity to be proportional to sin' a sin' (9/a'^. The constant 
to be applied may be found by considering that if a and b are very 
small, the amplitude must by Art. 46 be equal to abj/k if the 
incident beam has unit intensity. Hence for the complete expression 
we obtain 

, a'fc'sin^o sin*^ 



/s- 



.(5). 



The most important case we shall have to consider is that where 
the source is a luminous line parallel to the direction of y. A point of 
the luminous lino at a distance y' from its central point causes an 
intensity at the central point of the image which may be obtained from 
(5) by making the value of y contained in equal to t/'eje where 2«' is 
the length of the source and 2e that of its image. Hence the total 
intensity at the point y = is proportional to 

If e is large, we may substitute infinity for the limits, and as 

it follows that the intensity in the image is proportional to 

-where a has the same value as before. It follows that the total amount 
of energy which is transmitted in unit time through a small surface a 
of the image is ksI', where « is a constant which may be determined oa 
follows. If a ribbon of unit width be cut out transversely to the image, 
the total amount of energy transmitted through the ribbon is 

1 1 I'dx - Kab. 

If E denote the amount of light from unit length of tlie source trans- 
mitted tlirough unit surfiice of the first lens, and m the magnifying 
power, the t«tal amonnt of light per unit length of the image is mEab. 
Hence K=mE. 




74. LaminoiiB Surfaces. The image of a surface bounded by 
a straight edge may be calculated from the above. Dividing the 
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snr&ce iDto iiairuw strips parallel to one of the edges, each atrip will 
have a tUffTactiori image according to Yig. 70, and at each point of the 




kwe should have to add up the effect due to each strip. It is 
see tliat at the geometrical image of the edge, the intensity is 
lat observed at some distance inside the edge, where the illumi- 
natioii is uniform, for when two similar surfaces are placed against 
each other with their edges AB m contact, a uniformly illuminated 
sheet is obtained, and each half must contribute eciually to the illumi- 
nation at the dividing line. The intensity at other points can only he 
expressed in the form of definite integrals or calculated by means of a 
series. The intensities are plotted in Fig. 9G. The dotted line AB 
marks the edge of the geometrical image of the surface. The in- 
tensity at that point is "5, and falls off rapidly towards the outside of 
the image. 

When a telescope is used to examine such a surface as the moon, it is 
■Kit a question of separating two luminous points or sharply defined sur- 
faces, but rather of interpreting changes of luminosity in a continuously 
varying snrface. Details which are as near together as two stars when 
at the pomt of optical separation may be indistinguishable on an illu- 
miuated surface. If we double tliat distance the central diffraction 
bands stand altogether clear of each other, and hence the angular 
diatouce between two points should be equal to 2'iiK/D, if there is 
to be no overlapping at alL The edge of the image of a luminous 
surface is not bounded by alternately bright and dark fringes, and there 
"b no definite boundary at which the image of the surface can be said 
[to end. 

For a given distance from the geometrical edge the intensity is less 

I tban at the same distance from the image of a narrow aperture. Hence, 

I has been pointed out by Wadsworth, the images of two surfaces 
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may be put closer together than the images of the sUt without their 
images becomiiig confused. 

The poiuts marked ir and 2ir on the horizontal line of Pig. 96 
represent the places where the first two miiiiina of light nonld occur in 



the image of a u 
75. lUiL 



'^= 



iv slit coincident with AB. 

dnation of the image of a Iiunmous sorfaoe. The 
resultant energy which leaves a luminous sur&ce is 
the same in all directions for equal cross-sectaona of 
the beam. As with a given small surfece 8 Ftg. 97 
the cross-section of the beam vanes as the cosine of 

iigle, 6 the intensity of radiation sent out by a surface <$ 



Fig. 97. 
the directiou 

is proportional to cos B, but for small incliuations to the normal, we 
may take tlte radiation to be independent of the direction. If an 
image of a surface •S' is to be formed, the illumination of the image 
must be proportional to the amount of light which the lumiuous 
surface sends through the optical system. If all the light which 
passes tliruugh the first lens passes also through the other lenses, 
this is proportional to the surface S, and to the solid angle ■>> subtended 
by the lens at a point of S. We may therefore write for the light 
passing through the optical system IS<a, where / solely depends on the 
luminosity of the surface. If s is the size of the image of S, and if 
the image is such that the illumination is uniform, the brightness of 
the image is e<[ual to ISiojs. 

We shall tirst consider the case that the linear dimensions of s are 
such that the diameter of the diffraction disc may be neglected ia 
comparison with it, so that we may find the relation between &' and t 
by the laws of geometrical optics. 

Let LL' and MM' he the wave-fronta diverging from P and 
converging to the image Q re- 
spectively, and imagine a second 
wave-front JtR slightly inclined 
to the lirst, to diverge from P". 
If PO^PO, the second wave-front 
^" '**" may be obtained by turning LU 

about tliTDUgh a small angle 9, The oprical length from P to L has 
been increased by the change, by the quantity RL, and the optical 
length from P to L' lias diminished by the same amount. The 
opHcal lengths from L to M and L'M' have not been altered (Art 33). 
Henre if </ is the image of P the optical leugtli M'^ must differ from 
i[(/ by 2ltt, the totxd length from P to </ being the same whether 
measured by way of LM or by way of L'M'. It follows that to obtain 
Q we most turn round the wa\-e-fit>nt M'M through such ao angle 
dtat HM= '2BL. If /> is the width of the beam at LL' and rf the 
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width at mm; the angles POP and QOq are 2ftZ,/Z> aod MHjd 
respectively, and are tlierefore iu the inverse ratio of D : d. It 
follows that 

PP dyPO 



QQ' 



-(G). 



If a square of surface S and sides P, F is formed in a plane 
at right angles to 00', its image .V will be a square with Q, Q" as 
sides, hence 

N'_rf^ PO" 

K ipoie' 

The solid angle («; of the beam entering the first lens is iriy'liPO', 
and the solid angle (m') of the beam converging to Q is vd'liffQ'. 
Hence the illnniination per unit surface of s is 

IL ^ / ^ r™" Z^ 

prbic 
J 
eont 



ia(/ 



■■(7). 



Before discussing the la^t equation, we note two interesting results 
rhich have incidentally been obtained in the inTestigatiou. 

Q<f m inverted as compared with PP and this must always be the 
according to the construction when the limiting ray MQ is the 
'eontinuatinn of the ray PL on the same side of the axis, but if 
the ra>-s have crossed once or an odd number of times between and 
ff, so that tlie ray PL becomes the ray M'Q, we should have to turn 
niuud the ultimate wave-front MM' in the oppo^tite direction in order 
lo equalize the optic lengths of the extreme rays, aud the image would 
then be erect. 

The ratio of the angles QCff/ and POP becom&'s the magnifying 
(m) of the arrangement, when, as in a telescopic system, the 
ident and emergent beams are both parallel, hence 
QQ PP 

'^~qo- f'O 



i by (6), 



D 



I proves the propoiiitiou which has already been made use of 

I Art 71. 

The theorem, defined by equation (T), that the brightness of a 

luminous surface is detennined by the solid angle of the converging 

pencil which forma the image, is of fundamental importance. We may 

derive three separate conclusions from it, (1 ) The apparent brightness 

1 of a luminous surface looked at with the naked eye is independent of 

B distance from the observer. (2) No optical device can increase the 
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apparent brightness of n luminouB surface above what it is whea tli8 
surface is looked nt with tiie naked eye. (3) When looked at through 
a telescope the brightness of a surface is independent of magnifying 
power up to a certain limit, and above that limit, the brightness vanes 
inversely as the square of the magnifying power. 

The tirBt of these propositions dei>ende on the fact that when looked 
at with the naked eye, the solid angle on which the brightness depends, 
is determined solely by the width of the pupil, and the dimensions of 
the eye; and, independently of casual change* of the pupil, is constant. 
Hence the brightnesa of the solar disc is the same when looked at 
&om the furthest or from the nearest planet. The total amount of 
luminous radiation no doubt diminishes as the distance increases, but 
the apparent size of the disc dinoiniahes in the same ratio, and hence 
follows the equality of the amount of light per unit gar/ace of the 
image on the retina. Elementary considerations are sufGcient to show 
that the apparent size of the image of a surface varies inversely as the 
square of the distance and that illumination is therefore constant, but 
the sectind and third of the above propositions are not quite so obvious. 
Imagine a surface, e.g. the moon, looked at through a telescope having 
an aperture of diameter D. So long as the magnifying power is less 
tlian Dip, where p is the diameter of the pupil, the width of the beam 
entering the eye is p, and the solid angle w' is the same as if the moon 
were looked at with tlie naked eye. The moon would tlierefore appear 
to be of exactly the same brightness in the two cases, if there were no 
loss of light by reflexion and absorption in the optical media of the 
telescope, but in no ease can the moon appear brighter through the 
instrument When the magnifying power (m) is greater than m = D;p, 
tlie width of the emergent pencil is d = Djm and the sohd angle ui' is 
reduced in the ratio d'/p' or LPIp'm^. Hence for magnifying powera 
greater than m, the brightness is reduced into the ratio in'lm\ io 
observing luminous surfaces, therefore, through a telescope, we may 
apply magnifying powers up to Dip without loss of brightness through 
magnifjing power, but we do not make use of tlie full aperture in that 
case at alt, so that to obtain the fall resolving power and full illumi- 
nation, the magnifying power should be Djp. Taking the aperture 
of the pupil to be 3 ram. this would give a magnifying power of 
SJ for each centimetre or about nine per inch of aperture. Tliere ie, 
however, an advantage in using somewhat higher magnifying powers, u 
the outer portions of the crystalhne lens do not assist the detinitiou on 
account of aberratiou. Most eyes see objects therefore more dis- 
tinctly when the size of the pupil is reduced to about 2'5 mm. which 
would give a magnifyTug power of 4 for each cm. of apertur& With 
greater magnifying powers, there is no gain in definition and there is 
loss in brightness. It should be noted that in all cawe so far 
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considered, the brightneas of the image does not in any way depend on 
the focal length of the lens. It is otherwise when telescopes are used 
for photographic purposes. The solid aogle «' on which the brightness 
depends, varies in this case with (Dl/)', D being the diameter and 
/ the focal length. A short focus lens of large diameter is therefore 
of con.'iiderable advantage in these cases. 

76, Brightnesa of Stars. The above results apply only so long 
ae tlie size of the image of a surface is large compared with the sire of the 
difiraction image. Other considerations regulate the brightness of the 
image of a star. The diameter of the ditfraction image of a sttlr has 
been shovn to be inversely proportional to the aperture. When 
looked at with the naked eye, or tlirough a telescope of low mag- 
nilying powere, the (liameter of the disc is determined by the width 
of the pupil, and the brightness varies in that case as the amount 
of light which enters the eye. If the mognifj-ing power is Djp, the 
amount of light collected by the lens is LPjp' times that collected by 
the nnaided eye. Hence the illumination of the image of a star varies 

the square of the effective ai>erture of the leu.=i, so long as the 
Fying power is adjusted so as to be eijual to Dip. If less than 
Uiat, we must imagine the unused portions of the lens to be covered 
and the aperture reduced to its " effective " portion. When the mag- 
nifjing i)ower is Did, d being smaller tlian p, the linear size of the 
difiractiou image is increased iu the ratio pid, so that the brightnesa 
now will vary as D'd'lp*. For star images as well as for finite surfaces 
there is therefore loss of light without gain in definition, when the 
magnifying power is increased above a certain value. Astronomers 
frequently, however, use a higher power than that which according to 
the above should give the best results. The reason is physiological- 
Increased size of the dift'raclion images, even though without increase 
of optical definition , and accompanied by loss of light, assists facility of 
observation, and increases therefore what may be called ph^i>iolo'jkai 
definition. 

The increase in the number of stars visible through telescopes is 
easily accounted for. While the general brightnesa of the sky remains 
the same, or taking account of loss of tight by reflexion and absorptioii 
{c diminished, when an instrument is used, the brightness of a star ia 
led fifty times by the use of an opera-glass having an aperture 

not i|uite an inch, and the largest telescopes allow the light which 
itere the eye from each star to be increased 100,000 times. It is not 

irising then that the number of stars which become visible in 
considerably increased. 

The planets occupy an intermediate position between the moon and 
the fixed stars. When looked at with the naked eye, the diameter of 
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the image on the retina is less than that of the diSraction disc, but 
with VenuB, Jupiter and Saturn it ia ouly a few times smaller. The 
use of a telescope having an aperture up to ten times the diameter of 
the pupil would when applied to planets be accompanied by an increaae 
of brightness, but after that point is reached, the larger plauetri named 
would behave like bodies of finite surface. An increased aperture would 
ouly act by allowing higher magnifying powers to l>e used. 

77. Powers of Spectroscopes. A spectroscope may be used 
for two different purposes. In the majority of caaes, it serves to 
examine the radiations of a luminous source, by separating the radia- 
tions if homogeneous, or giving us the distribution of intensity, if 
non-homogeneous. But another not less important function of the 
spectroscope is to produce homogeneous light By allowing the spectrum 
formed by a source of white light to fall on a screen with a narrow slit 
placed so that only rays very near those of a certain wave-length pass 
through the alit, we obtain a source of nearly homogeneous radia- 
tions. The power of a spectroscope may, irrespective of the source of 
light used in conjunction with it, be defined as its power to produce 
homogeneous light. Its power to separate two homogeneous radiations 
of nearly the same wave-length, which may be called its resolving 
power, is found to depend on exactly the same conditions as its power 
tfl produce homogeneous radiations. The problem as regards gratings 
has abeady been to some extent dealt with in Art. 62. The radiations 
sent out by luminous vapours are often very complicated and sometimes 
consist of one or more nearly homogeneous radiations lying close 




together. Consider a source of light sending out waves, the lengths ' 
of which, ^1 and Xg, differ but little from each other. If the light, aJter 
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passing through a slit, rendered parallel by a "collimator," falls on 
a grating, and is then collected by a lens, two iiuages will be formed 
at the focQS. The difTrsctiou image of each is uf the same kiud as 
that of a laminous line in a telescope, the object glass of which has 
been covered by a screen with a rectangular aperture, because the grating 
iteelf causes the cross section of the effective beam to be rectangular. 
If the difference between X, and A, is very small, there is a. considerable 
overlapping, and what the eye perceiveti is the sum of the iatensities 
at each plane of the two images. In Fig. 99 the curves A and B 
show the dii^tribution of intfinsity of the two separate slit images, 
while C gives the sum of the intensities. The combined curve is so 
nearly equal to the curve of the image of a single slit that the eye 
could not realize that the light is ma^le up of two different wave- 
lengths. The two lines are not in that cose "resolved." Fig. 100 
gives the combined intensities of the same two lines, when placed 
three times as far apart, and at such a distance that the maximum 
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Fig. liM). 
intensity of one image falls on the first minimum of the other. The 
cun'e shows in this case a decided dip in the middle between two 
maxima. The intensity at the lowest point is very nearly '8 of the 
intensity at the maximum, and the eye clearly jierceives that it ia 
not dealing with a homogeneous radiation. The natural interpreta- 
tion of a distribution of intensity such as that indicated in Pig, 100 ia 
that the radiation consists of two homogeneous radiations having wave- 
lengths corresponding to tlie positions of the maxima. The two lines 
are then said to be " resolved," but it is of course possible, and frequently 
the case, that the radiation is of a more complicated charai.'ter. Not 
until the distance between the two lines is about double that indi- 
cated in the figure, do they stand altogether clear of each other. 
According to Art. 59, two wave-lengths X and A.' have the relative 
position indicated by Fig. 10<>, if 
,rA'-X 
nN—r-=±l. 
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N being the number of lines on the grating and n the order of the 
spectrum. In order just to resolve this difference in wave-lengtb 
8X must be such that 

8X_ JL 

The smaller 3X the more powerful is the instrument for the purpose 
of separating double lines, and we call as already pointed out Nn the 
" resolving power " of the spectroscope. There is something arbitraiy in 
this definition, as the dip in intensity necessary to indicate resolution is 
a physiological phenomenon, and there are other forms of spectroscopic 
investigation besides that of eye observation. In a photograph or a 
bolometer, the test of resolution is different. It would therefore hate 
been better not to have called a double line *' resolved " until the two 
images stand so far apart, that no portion of the central band of one 
overlaps the central band of the other, as this is a condition which 
applies equally to all methods of observation. This would diminish to 
one half the at present recognized definition of resolving power. Con- 
fusion would result from a change in a universally accepted definition, 
but it should be understood that if i? is the resolving power, a grating 
spectroscope will completely separate two wave-lengths differing by 8X 

only when 

SX_2 

78. Resolving Power of Prisms. It has been proved in 
Art. 24 that if in a parallel beam of light, two sets of waves are 

originally superposed, the angle between 
the two beams after passing through a 
prism is 

. . .VT~RS 




a 

where fi^ and fx^ are the two refiractive 

indices, and a the width of the beam 

after emergence. The difference FT'- ^iS^, 

Fig. 101. for which we write t, is the difference 

between the paths inside the prism of 

the extreme rays of the beam. If the prism is placed so that one of 

the extreme rays just passes by the edge, RS = and t will measure 

the greatest thickness of the dispersive material through which the ray 

has passed. It is easy to extend the investigation so as to include 

any number of prisms. If T=^t measures the difference in aggregate 

thickness of the material through which the extreme rays have 

passed, 

^ = (M.-Mi)77a (8), 

the material here being considered the same for all prisms. 
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This expression leads at once to the resolving pover of prism 
spectroscopes. The beam passing throngfa the prisms having ^ rect- 
angular cross-section, the ancle subtended at the centre of the 
focastiing lens by the half width of the central diffraction band is 
X/a (Art. o'i), hence with the definition of resolution of the last article, 
we have for the two wave-lengths at tJie point of separation, 6 = X/m or 

A ' r 
The ratio (>«,-ft)/(A,-X,) is the rate of increase of refractive 
index per rate of increase of wave-length, and may for small 
differences of wave-length be written rf/j/rfX, Hence for the resolving 
power 

necessary, as £ is essentially positive and dfi/dX 



and 



The minus sign 
n^ative. 

This fundamental relation, due to Rayleigh, shows that the re- 
solving power of prism spectroscopes is proportional to the greatest 
thickness of the dispersive material traversed by the rays (the edges 
of the prisms being arranged along the path of one of the extreme rays 
of the beam). 

The distinction between the dispersion and the resolving power is 
a very important one. Confining ourselves to one prism, the dis- 
persion 6j(ji, — II,) is obtained from (8) and 
varies inversely with the cross-section of the 
bemii. If a prism be placed in one of the two 

^— f^j~x \ positions A and B (Fig. 102), the position A 

^L \^ gives a greater dispersion than B, in the ratio 

^H \^ of tja, : tjla,, but the resolving powers only 

^H TTs. ^*^ ''' *^^ '^*''' '' ' '»■ "^^ grciiter dis- 

^^B j^A >^ persiou is therefore not accompanied by a corre- 

^^m s^^\>w epondingly greater resolving power, the reason 

^H >^ being that the narrow beam of J, though giving 

^^B Fig. 102. greater dispersion, gives also a broader diffraction 

^^R image. The increased dispersion means therefore 

H^^efly increased magnification without increased definition. With 

CTdinary flint glass dnJdX is about lOOO in the neighbourhood of the 

Bodium line, so that one centimetre of glass is sufficient to separate 

the two sodium lines, the difference between their wave-lengths being 

i thousandth part of the wave-length of one of 

is in the position of miuimum deviation, the 
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length ( is eijuttl to the thickness of the base of the prism. The 
superiority of gratings over prisma as regards resolving power is shown 
by the fact that the gratings in common use have about 5600 Unes W 
the centimetre, and if ruled over a distance of 5 cms. the total number 
of lines would be 28,000. To produc-e with prisms a spectroscope of 
resolving power eqnal to that of the first order spectruin of the grating, 
would require a thickness of 28 cms. of glass, or say 7 prisms, having 
a base of 4 cms. each. 

It will be noted that the resolving power of prisma depends on the 
total thickness of glass, and not on the number of 
prisms, one large prism being as good as several 
small ones. Thus all the prisms drawn in Fig. 103 
would liave the same resolving power, though they 
would show very considerable difTerencea in dis- 
persion. 

79. Resolving Power of Compound Prisms. 
The only kind of compound prism we need consider 
here, is the one giving direct vision. Two prisms of 
crown glass A, A' (Fig, 104), may be cemented to a prism B of flint 
adjusted so that a ray of definite wave- 
length falling on the comiwund prism 
in the direction of ita axis, passes out 
in the same direction. It follows by 
'^' ■ symmetry that in the centre prism B, 

the direction of the ray must then also be along the axis. The extreme 
thicknesses travelled through by the rays are, on one side a thickness f 
in flint, and on the other side, a tliickness 2t in crown. The resolving 
power of such a prism is 




Fig. lOS. 
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where 



refers to flint and 



The dispersion of the 



L 



crown glass is here opjosed to that of the flint and the resolving 
powers of such compouiid prisms are small. 

80. Greatest admisBible width of source. In considering 
the effects of interference and diff'raction, we had considered the source 
of light to be either a point or a line, but in the actual experiment, 
every source has finite dimensions, and as in general it is important 
to secure as much illumination as possible, these dimensions are in- 
creased as much as is consistent with good definition. The limit 
to which we can increase the dimensions of the source depends to 
Borae extent on the object we have in view. When, e.g., we wish to 
measure accurately a spectroscopic line known to be single, we may 
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use a much wider &lit thim if we wish to see whether a line is single 
I or doable. Bat even iu the last case, there la a limit below which 
I ver>- little is gained by narrowiDg the source. To detemiine this limit, 
1 «e consider the difiracHon pattern of the image of a slit. Widening 
% g. B the slit alters the law according to which the 

-- .-^ /f^. intensity of light b distribnted in the diffraction 

intage, and it may be seen from an inspection of 
Fig. 70 that increased width of slit means an 
Fig. 105. increase iu intensity which is greater for the 

weaker portions near the minimum than for tlie central portion at the 
nuuimum. Computation shows however that until the geometrical 
■mage of the »lit exceeds the eighth part of the width of the central 
diffraction band, the alteration in the diBtribution of light is insignifi- 
cant, m that there is not much advantage in narrowing the slit beyond 
this limit. Let light paiising through the slit at O (Fig. lOo) and the 
foliiinating lens A'lf ultimately be fucuttsed by the lens AB. The 
Kutre of the image beuig at the principal focus, the geometrical image 
"f the slit has a width eijual to the eighth part of the diffraction band 
"riwii BO ~ A0= X/8, being the image of one of the edges of the 
)lit. Fermat'a principle at once leads to the conclusion tliat if ff is 
the edge of tlie slit which ha» its image at 0. AG - SO = X/8. The 
width of the slit is then found by geometrical considerations to be 
I A/4i>, where 7> is the aperture and y the focal length of the collimator 
lens. Writing ^ for the angle subtended by the collimator at tlie slit, 
the greatest admissible width {d') of slit, for full definition, becomes 



I 



4* 

^ is generally abont l/ll), so that the width of the slit should not 
be more than four wave-lengths. When extreme definition is not 
required, we may, without seriously interfering with tlie accuracy of 
the observations, allow a difference in phase of a ({uarter of a wave- 
length between the extreme rays. This would double the admissible 
width of slit Two spectrum lines placed in the position of Fig. 100 
wonid show with this width of slit a diminutiou iu intensity amounting 
to 10% at the lowest point of the intensity curve, instead of 20°/, 
which they give with an indefinitely narrow slit. The resolution would 
l>e more difficnlt, but under favourable circumstances not impossible, 
as to some e.itent, the smaller variation in intensity is counterbalanced 
by increase in brightness. The above condition A'O - BO — X/8 may 
cenveniently be expressed in a different form. Let 0" be the other 
edge of the slit, thou by symmetry A'O = BO" and hence 

B0"'BO = >^/8. 
^e nay say therefore that for perfect definition the admissible width 



J 



146 



THE THEORY OF OPTICS 



[chap. VII 

is determined by the condition that the distances from different pointa 
of the source and any one point of the edge limiting the beam, shall 
not ex<«ed one eighth part of the wave-length. In many cases this 
difference may be increased to one quarter of a wave-length. When put 
in this fonn the proposition is of great practical utility. Thus if tha 
bright spot at the centre of the shadow of the circular disc of diameter 
(^ is to be observed and / be the distance from the disc of a small 
opeuin);, through which the light enters, we may take the lineu 
dimensions of the opening to be fXt^D. 

Bl. Brightness of image in the spectroscope. When vre 
are dealing with homogeneous light, the investigation of Art. 75 shows 
that we always get the maximum illumination when the pupil is filled 
with light. This determines the magniiyiug power of the telescope, 
at which there is both full resolving power and full illumination. The 
former is lost by diminishing, while illumination is lost by increasing 
tbe magniiying power. Errors are frequently committed, owing to the 
belief that illumination depends on the ratio of tlie aperture to the 
focal length either in the collimator or the telescope of the spectroscope. 
This is not correct. It is important, however, to consider both the 
height and the width of the beam as it leaves the grating or prism. 
The prism narrows or widenft the beam, unless it is in a position of 
minimum deviation, and with a grating the width depends on ths' 
angle at which the spectra are observed. When it is important to 
magnify, even at the risk of losing light, the spectroscopes have aa 
advantage over telescopes, as by placing the prism out of mininiuni 
deviation, in such a way that the beam is narrowed, we enlarge the 
image in one dimension only, and it is just that lateral magnificatioa 
which ia required. Hence the corresponding loss of light is less than 
it would be if the enlargement were done by a higher power eye-piece. 
The so-called half-prisms act in this way. spectroscopes being con- 
structed of considerable magnifying power but comparatively small 
resolving power by cutting the direct vision compound prisms (Art. 79) 
into two equal halves at right angles to the axis and using one of tha 
halves only. Light falling on the face which stands perpendicular ta 
the axis, entere the prism with a width BC (Fig, 104) and leaves it 
with a reduced width HK. 

Spectroscopic investigation has often to be applied to sources rf 
light which are ao weak tJiat the width of the slit must be increased 
beyond the limits compatible with complete resolving power. To form 
an idea of the diminution in optical efficiency, let d be the width of 
the slit and ^ the angle subtended by the coUimating lens at the slit. 
Than the difference in optical length between A'Q and B'0\ Fig. 10ft 
(O* being one of tbe edges of the slit), is ^i% and this is also tM 



differenc* BO- AO where is the image of the edge of the slit. The 
centre of the diffractioL band of tlie image of the edge of the slit 
being at 0, the firgt band will extend to a. point T such tliat 
BT-AT-k-^il>dj2. The ratio of tliia number to X, pves the ratio 
of the total width of the band to that which it would have with an 
indelinltdy narrow slit. (All light except that in the central image is 
here neglected.) Id order that two lines should stand absolutely clear 
of each other with a narrow slit, it has heen found that 
8A._ 2 

x~/r 

fwd hence with a slit of width d, this ratio becomes 

■ ?^^ « 

■■ ''Rie light at the centre of the diSraction image increases for narrow 
slits with the width of the slit, but after a certain limit is reached, 
farther widening does not cause further appreciable increase in illumi- 
nation. This may be seen with reference to Fig. 79. The Ught passing 
through a narrow opening OK is still increased by a diffraction image 
in a position such as that of the curve marked A^, but neglecting all 
ii|{ht beyond the first minimum the limit is reached when the fii^t two 
minima of the Ught coming from the edges of the slit coincide. This 
leads to the coudttion A'G - SO' = K For the width of the slit we 
then have -^ = 2A. and hence from (9) 

80 that the optical power is reduced to one half. If we take the 
narrower test of resolution, for which 
Sk_ I 
K~ Ji' 
the reduction in optical power is even greater. 

Full resolving power is only obtained if the collimator lens is 
completely filled witli light. Hence when the slit S is wide, and 
the source of liglit (Z) is luirrow, it is necessary to interpose a lens 
(A) as shown in Fig. lOfi ; the angular 
aperture of the lens A as seen from the slit 
need not, in this case, be loi^r than the 
p. j^ angular aperture of the collimator lens. If 

the diameter of the lens A is increased without 
change of focal length, the image of L on the silt plate becomes 
brighter, but the increase in light is caused by rays which do not 
patM through the collimator lens at all, and are therefore useless. When 
the slit is made so narrow that full or nearly full resolving power 
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^^r '~ '.'.■. inside the coUimator to 

^H .mi in the fignrc & good 

^B - lite diameter of J should 

^" He iBCTtajcj. ■lieu t"_iiit •.■! Hit' ujinl niueb »ith & wide filit fidls on 

the aides of the eoUbnXdr tob^ will be diTert«d so as to pass throagli 
tbe oolfimftbv. In the olieemtiMi of atsr q^eetia, the telescope lens 
perfoms tbe fanctioa of the cq»deMiig lens J. and ttc< aperture being 
iixed, there is iiiiimiinj a not iocoonderable loss of light due 
difiracticoi, when fall rasohring power is obtained. Diminishing the 
ibcal length of the collimator does not help here, becanse this would 
imiJf a narrowing of the slit and further spreading out, if the resolving 
poirer is to be muniuned. Light being of importance when star 
spectra are observed, it becomes uecessaij to build the fipectroscopea 
so as to have a resolving power three or four times greater than that 
reiinired, and to open the ^it to a width of not less than 2V^ tind not 
greater than 4K'^. 

tit should be noted that if a star image were perfectly steady and 
undisturbed by irregular atmospheric refraction, a star spectroscope 
should give full resolving power without any sUt at all. Indeed in 
this case, the slit could only deteriorate, but never improve the 
definition. The tremor* of the star images, due to atmospheric fluc- 
tuatious, are however sufficiently serious to render a sHt desirable^ 

I when high resolving powers are re>iuired. 
The above treatment of the subject is based on the consideration of 
spectra of bright lines, and cannot without modification be applied to 
the absorption phenomena exhibited in the spectra of sun and stare. It 
would lead too &r to enter into this part of the subject here, but one 
example of the difference presented by emission and absorption spectra, 
may be pointed out. A perfectly homogeneous radiation could never 
appear as a dark line in an absorption spectrum, for the reason that 
an indefinitely narrow gap between two bright surfaces could not be 
detected by any instrument of finite resolving power. 

When photographic impressions of spectra are required, the angular 
aperture of the lens forming an image determines the brightness of the 
image at the focus, and the considerations of Art. 75 may be applied. 

82. Aberrations. If a wave-front approaching a point is truly 
spherical in shape, the amplitude at the point is as great as it can 
possibly be, but owing to defects in the working of the siirfiu-es, 
insufficient homogeneity of the material, perfection is never attained. 
Prom the point of view of the wave-theory- of light, the so-called optical 
"aberrations" are dependent on the deviation.^ of the wave-fronts from 
the ideal spherical shape. The amount of deviation compatible witb 
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sensibly perfect defisitioii has been discussed by Lord Rayleigh*, who 
tinds that if the discrepancy in phase at the focus between the extreme 
and central rays of the wave-front does not exceed a ijuarter of a wave- 
length, the image does not suffer appreciably. Beyond that limit, there 
is a rapid deterioration of definition. Lord Rayleigh also gives the 
following important applications of this result If in a telescope 
supposed to be horizontal, there is a difference in temperature between 
the stratum of air along the tflp and that of the rest of the tube, the 
wave-fronts are distorted along the top of the tube. The final error 
of uptic&l length of the extreme rays ia /Sfi, where / is the length of the 
tube and 8/i the alteration in refractive index. At ordinary tempera- 
tures S/i is connected with Bt the change in temperature, by the 
approximate relation 

»8f* = -ll&xlO-'. 
If the error in optical length ia a quarter of a wave-ieiigth, 
}X = 11/&»10 ", 
.■. /& = 12 if A = o3>i 10~*. 
Thus a change of temperature of 1° becomes appreciable when the 
length through which the temperature difference extends is 12 centi- 
metres. In a telescope tube 1*2 metres long, the average temperature 
iif tlie air through which the different rays pass should not differ by 
more than 001. 

,\s a second example, also given by Lord Rayleigh, we may take 
the accuracy which is required in the working 
^_ I ^ of optical surfaces. If ^IC is the optical surface 

^L ^'^^i^^^y^^'^ *"*^ '' through imperfections in the working any 
B»* TP '.i^ ■." portion of it is raise<l so as to occupy the 
■ position DF, the error in optical length is 

Fig. 107. (Fig. 107) 

where ^ is the angle of incidence and S the foot of the perpend iciilar 
from q to the ray reflected from Q. Hence the deviation BD from 
the plane AC should not, over any considerable portion of the 
surfiice, exceed ^X sec 4, or for normal incidence, one-eighth of 
the wave-length. 

Our result applies to the case where no change of focus is allowed 
in the observing telescope, but aberrations, in the sense here intro- 
duced, may often be corrected for by such change of focus as c.y. when 
a surface intended to he plane is slightly concave or convex. 

Students may, as an example, work out the greatest admissible 

• CoOtrUd Warkt, Vol. 1. p. 128. 
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width compatible with perfect definition of a spherical mirror, when 
rays parallel to the axis fall on it. 

83. The formation of images withont reflexion and re- 
Arection. Pln-Hole Photography. Au elementary experimeut in 
Optics consists in showing the rectilinear propagation of light by 
projecting an image on a screen, the image beiog formed by raya which 
have passed through a narrow aperture. Lord Rayleigh baa shown 
that for Bmall apertures, such an opening acts as well as a lens, and the 
diBCUHsion of the matter is here given in his own words : — 

"The function of a lens in forming an image is to compensate 
by its variable thickness the differences in phase which woiJd 
otherwise exist between secondaiy waves arriving at the focal point 
from various part? of tlie aperture. If we suppose the diameter of the 
lens (2r) t« be given, and its focal length /gradually to increase, these 
differences of phase at the image of an infinitely distant luminous 
point diminish without limit. When/attains a certain value, say/i, 
the extreme error of phase to be compensated falls to JA. Now, as 
I have shewn on a previous occasion*, an extreme error of phase 
amounting to \K, or less, produces no appreciable deterioration in the 
definition ; so that from this point onwards the lens is useless, as only 
improving an image already sensibly as perfect as the aperture admits 
of. Throughout the operation of increasing the focal length, the 
resolving-power of the instrument, which depends only upon the 
aperture, remains unchanged ; and we thus arrive at the rather 
startling conclusion that a telescope of any degree of resolving-power 
might be constnicted without an object-glass, if only there were 
no limit to the admissible focal length. This kst proviso, however, 
as we shall see, takes away almost all practical importance from the 
proposition. 

" To get au idea of the magnitudes of the quantities involved, let as 
take the caae of an aperture of J inch (inch = 2"34 cms.), about that of 
the pupil of the eye. The distance /i, which the actual focal length 
must exceed, is given by 

BO that /, = ^r'lK. 

Thu8,if\ = rn.lnnj. r = ^,/, = sm. 

" The image of the siiu thrown on a screen at a distance exceediug^ 
66 feet, through a hole { inch in diameter, ia therefore at least as well 
defined as that seen direct. In practice it would be better defined, aa 
tlie direct image is far from perfect. If the image on the screen ba 
regarded from a distance /,, it will appear of its natural .ingular 
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iim^itude. Seeu from a distance le^H than /, it will appear magnitied. 
Inasmuch as the arraDgement affords a view of the sun with full 
definition and with an increased apimrent magnitude, the name of a 
telescope can hardly be denied to it. 

"As the minimum focal length increases with the square of the 
aperture, a quite impracticahle distance would be required to rival the 
resolving-power of a modem telescope. Even for an aperture of four 
inches/ would be five miles." 

Returning to the subject in a later paper, Lord Kayleigh discusses 
its application to the so-called pin-hole photography, in which the lens 
of a camera is simply replaced by a narrow aperture. If this aperture 
is too small, the image loses in detinitinn owing to the spreading out of 
the waves, and on the other hand it is clear that no image can be 
formed, when the aperture is large. There must therefore he one 
porticular size of the opening which gives the best result. The original 
paper* should be consulted, in which the question is treated both 
theoretically and experimentally. The best result in general is found, 
when the aperture as seen fi-om the image includes about nine-tenths 
of the first Kresnel zone, bo that if a is the distance of the object, 
ft tii&t of the image from the screen and r the raiiius of the opening, 

ab 

• CollKUd WoTkt, Vol. «i. p. 429. 
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CHAPTEK VIII. 

T!IE PROPAGATION OF LIOHT IN CRYSTALLIXE MEDIA- 

84. The Ellipsoid of Plane Wave Propagation. Ellipsoid 
of Elasticity. It hiw been shown in Cliapter ii., Art. 12, that the 

veliicity of ])ropagaf,ion nf a distortional wave iu an isotropic medium is 



/\ 



where n is the resiHttuice to distortioD. If the medium is not 

Uotrupic, the coefficient n may depend on the direction of the 
diBplacemeut. In that cAse, a plane wave may be propagated with 
different velocities according to the direction of the vibration. Fixing 
our mind on a wave-frnnt parallel to a given plane, there must always 
be one direction for which m ha» a maximum value n, , and one for 
which it has a minimum value »,. There is therefore a maximum and 



minimum velocity of propagation sj — and »/ — respectively for 

every plane, and two directions of vibration corresponding to these 
two velocities. If the displacement is neither in one nor the other 
of these two directions, it might be possible to Imo^ne that the vave 
would be propagated with some intermediate velocity. This is not, 
however, found to be the case, but the wave splits into two wave-frouta 
proceeding with the velocities -Jn^lp and n/hj/p, and these are the only 

I velocities possible for a wave-front wliich is parallel to a given plane. 

I If we change the direction of the plane, the velocities in general 
change also. It may be proved tliat the two directions of displacement 
corresponding to the minimum and maximum coefficient of distortion, 
are always at right angles to each other. If the direction of dis- 
placement be confined to one or other of these two directions, a plane 
wave may be propagated as a single plane wave. But in the general 
case, the displacement must be decomposed into its components in the 
two directions for which a single plane wave propagation is possible. 
The following construction connecting the velocities of the plane wave 

I propagation in different directions, though originally suggested by 
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theoretical considerations, should at the present stage be considered 
sinijily as a representation of experimental facta. 

Take some fixed point (Pig. 108) in tlie crystalline medium and 
ima^ne planes drawn through the point. In each plane take two 
lines OPi and OQi which coincide with the two possible directions of 
vibration. If d, be the velocity of the plane wave for a direction of 
vibration OP^ and Vj for a direction OQ,, take the 
points P„ P„ Q„ Q., 80 that OP, = 0P,= F/t>, ; 
OQ, = OQ, - Vjr,, V being the velocity of the wave 
propagation in vacuo*. If the pLine through be 
altered in direction and the points P and Q marked 
off for each, it is found that these points lie on an 
ellipsoid, which may be called the ellipsoid of plane 
n. It is also found that the points P and Q lie at the 
ends of the semiaxes of the central sections of this ellipiioid. If the 
ellipsoid is given, we may therefore find tlie direction of vibration and 
the corresponding velocities of waves parallel to any given plane, by 
drawing the central section which is parallel to that plane. The semi- 
axes of the ellipse in which the section cuts the ellipsoid give the 
directions of vibration, and the velocities are inversely proportional to 
aemiaxee. 
Let the equation of the ellipsoid be 

(I V + (.y + r"!" = V^ (1), 

the quantities a, b, c, being in descending order. To simplify the 
equation, take the unit of time to he the time which a wave in vacuo 
tftkes to traverse unit distance, so that we may write F= 1. Forj- = 0, 
we obtain the intersection of the ellipsoid with 
the plane of yz, which is an ellipse having 1/6 
and I/c as semiaxes. Heuce a wave-front 
may be propagated in the du'ectiou of the 
axis of J- either with a velocity b or with a 
velocity c, the direction of vibration in the 
former case being the axis of y, and in the 
latter the axis of z. Similarly a and c are 
velocities of propagation for a wave-frout parallel to the plane xz, 
a, b the velocities for a plane parallel to xy. Fig. 109 illustrates 
how a plane wave separates into two, the directions of vibration in the 
two being at right angles to each other. 

The problem of finding the velocities with wliich an inclined 
■front may be propagated, is one of geometry and may be solved 



aire 

r 




1^. 



We might olsu take 0Pi=l7t>jand 01^1 = K/r, and fit the observed phen 
m^ui\} well, but it ia coaveoieat to make oiic ohoioe at onoe bo as to fit in with the 
thkt the direction at vibration is at right angles to the plane of polBrization. 
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length I is equal to the thickuess of the base of the prism. The 
superiority of gratings over prisms as regards resolving power is sbown 
by the fact that the gratings in conmion use have ahont 56<>0 lines to 
the centimetre, and if ruled over a distance of 5 cms. the total number 
of lines would be 28,000. To produce with prisma a spectroscope of 
resolving power equal to that of the first order spectrum of the grating 
would require a thickness of 28 cms. of glass, or say 7 prisms, havii^ 
a base of 4 cms. earh. 

It will be noted that the resolving power of prisms depends on th« 
total thickness of glass, and not on tlie number of 
prisms, one large prism being as good as several 
small ones. Thus all the prisms drawn in Fig. 103' 
would have the same resolving power, though they 
would show very considerable differences in dis- 
persion. 

79. Resolving Power of Compound Prisms. 
Tlie only kind of compound prism we need consider. 
here, is the one giving direct vision. Two prisms of 
crown glass A, A' (Fig. 104), may be cemented to a prism B of flint 
adjusted so that a ray of definite wave- 
length falling on the compound prism 
in the direction of its axis, passes out 
" in the same direction. It follows by 

'^' ■ symmetry that in the centre prism S, 

the direction of the ray must then also be along the axis. The extreme 
thicknesses travelled through by the rays are, on one side a thickness <* 
in flint, and on the other side, a thickness 2i in crown. The resolving 
power of such a prism is 




Fig. 103. 






d\' 



refers to flint and -jr to crown. Tlie dispersion of the 



where 

crown glass is here opjosed to that of the flint and the resolving 
powers of such compound prisms are small. 

60. Oreateat admissible width of source. In considering 

the effects of interference and diffraction, we had considered the source 
of light to be either a point or a line, but in the actual experiment, 
every source has finite dimensions, and as in general it is important, 
to secure as much illumination as possible, these dimensions are in- 
creased as much as is consistent n-ith good definition. The limit 
to which we can increase the dimensions of the source depends to 
some extent on the object we Iiave in view. When, e.g., we wish to 
measure accurat«ly a spectroscopic line known to be single, we rasy 
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nse a miicK wider slit than if we wish to see whether a line is single 
or double. But even in the last case, there is a limit below which 
very little is gained by narrowing the source. To determine this limit, 
we cousider the diffraction pattern of the image of a slit. Widening 
„, B the slit alters the law according to which the 

^.^^^ /|\.. intensity of light is distributed in the diffraction 
o^--,ll Y,,,-----^'' image, and it may be seen from an inspection of 
A' ^ Fig. 70 that increased width of slit means an 

Fig. 106. increase in intensity which is greater for tlie 

weaker portions near the rainimum than for the central portion at the 
maximum. Computation shows however that until the geometrical 
image of the slit exceeds the eighth part of the width of the central 
diffraction band, the alteration iu tho distribution of light is inaigniti- 
cant, go that there is not much advantage in narrowing the slit beyond 
this limit. T^et ligltt ])asHing tlu-oiigh the slit at O (Fig. 105) and the 
eollintatiug lens A'S ultimately be focussed by the lens AB, The 
centre uf the image being at the principal focus, the geometrical image 
of the slit lias a width equal to the eighth part of the diffraction band 
when BO-AO-XlB, being the image of one of the edges of the 
slit. Fermat's principle at once leads to the conclusion that if 0' is 
the edge of the slit which has its image at 0. A'Of - BO = A/8. The 
width of the slit is then found by geometrical considerations to be 
/\I\D, where D is the aperture and /the focal length of tlie collimator 
lens. Writing <^ for the angle subtended by the collimator at the slit, 
the greatest admissible width {d) of slit, for full definition, becomes 

^ is generally abont 1/16, so that the width of the slit should not 
be more than four wave-lengths. When extreme definition is not 
required, we may, without seriously interfering with the accuracy of 
tlie observations, allow a difference in phase of a quarter of a wave- 
length betweco the extreme rays. This wonld double the adraisaible 
width of elit. Two spectrum lines placed in the position of Fig. 100 
would show with this width of slit a diminution in intensity amounting 
lo loVu at the lowest point of the intensity curve, instead of aO'/o 
which they give with an indefinitely narrow ^it. The resolution would 
be more difficult, but under favourable circumstances not impossible, 
as to some eitent, the smaller variation in intensity is counterbalanced 
I by increase in brightness. Tlie above condition A'O' - BO - X/8 may 
I conveniently be expressed in a different form. Let 0" be the other 
I edge of the alit, then by symmetry A'O ~ BO' and hence 
^^ BO' - BO = V8. 

^^Hb may say therefore that for perfect definition the admissible width 
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length t ie equal to the thickuess of the base of the prism. Tlie 
superiority of gratings over prisms as regards reaolving power is shown 
by the fact that the gratings in common use have about 56<X) lines to 
the centimetre, and if ruled over a distance of 5 cms. the total number 
of lines would be 28,000. To produce with prisms a spectroscope of 
resolving power equal to that of the first order spectrum of the grating, 
would require a thickness of 28 cms, of glass, or say 7 prisms, hmt% 
a base of 4 cms. each. 

It will be noted that the resolving power of prisms depends on die 
total thickness of ghiss, and not on the number of 
prisms, one large prism being as good as several 
small ones. Thus all the prisms drawn in Fig. 103 
would have the same resolving power, though tliey 
would show very considerable differences tu dis- 
persion. 

79. Resolving Power of Compoand Prisms. 
Tlie only kind of compound prism we need consider 
here, is the one giving direct vision. Two prisms of 
I' {Fig. 104), may he cemented to a prism B of flint 
adjusted so that a ray of definite wave- 
length iklling on the compound prism 




v^-:^v 



~S ill the direction of its axis, passes out 
in the same direction. It follows by 
'^' symmetry that in the centre prism B, 

the direction of the ray must then also bo along the axis. The extreme 
thicknesses travelled trough by the rays are, on one side a thickness f 
in flint, and on the other side, a thickness 2( in crown. The resolving 
power of such a prism is 



where -^r refers to flint i 



- dk 



The dispersion of the 

crown glass is here opj osed to that of the flint and tlie resolving. 
powers of snch compound prism,? are small. 

80. Greatest admisBible width of source. In considering 
the effects of interference and difiraction, we had considered the source' 
of light to be either a point or a line, hut in the actual experiment, 
every source has finite dimensions, and as in general it is importani 
to secure as much illumination as possible, these dimensions are in- 
creased as much as is consistent with good definition. The limi^ 
to which we can increase the dimensions of the source depends tO' 
some extent on the object we have in view. When, e.g., we wish to 
measure accurately a spectroscopic line known to be single, we mayi 
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pointe of coDtAct Ifi, If,, -ffj, ete. of the wave-surfaces and wave-frout, 
are the lines of shortest optical diatanee between WF and WF'. 
These lines we have called the " rays." If the wave-aurfaceB are not 
spheres, the rays are not in general at, right angles to the wave-fronts, 
and this is an important distinction between crystalline and iiwtropic 
media. 

If through any point P (Fig. 112), we draw a numher of plane 
wave-fronts, we may, from the results of the last article, construct the 
positions W,F„ W.,F.,, W,F„ eto. of 
these wave-frouts after unit time. Each 
wave-front must be a tangent plane to the 
wave-surface drawn with P as centre. 
Hence the wave-surface is the envelope of 
all the plane wave-front*. Its «iuation 
may thus he obtained by a purely mathe- 
matical process. 
^'8- 112. The equation to the wave-front is 

(x + my-t-»z = v (6), 

where v is the distance travelled in unit time, which itself is a function 
of I, m, n. Any point (^ of the wave-surface is a point of intersection 
of planes, differing from each other in direction by infinitely small 
(luantities. Hence a point x, y, z of the wave-Biirface must satisfy 
(6) and also the equation obtained by giving to /, m, b, « small 
iiiurements di, dm, dn, dv. Subtracting one of these equations from 
the other it follows that 

xdl + T/dm + zdn =dv (7). 

There are certaiu conditions to which the variations of the quantities 
/, »), », V, are subject. Thus 

from which we derive 

Idl + mdm * 7tdn ^ (8), 

and also as equation (4) continues to hold, 

Idl mdm ndn ,. , ,„, 

J — .* t ,(+ J .^fCvdv (9), 

^^" As there are only two independent parameters of the plane, i.e. 
I and m, it must be possible to espress dn and dv in terms of dl and 
dm. Two equations are sufficient for this purpose, and of the three 
equations (7), (8), (9) only two can be independent. To express the 
condition that one of these equations may be obtained as a consequence 
of the two others, we multiply (8) by A and (9J by fi, and add. 
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Equalizing the factors of dl, dm. dn, and dv, m this combined eqiiatitjn, 
■with the corresponding factors in (7), we find 



BKv=]. (11). 

Multiplying (10) by /, m, n, respectively, and adding, we obtain, with 
the help of (6) and (4), 

^^ = A (12). 

Siiiiaring and adding the equation (10), and writing j-" for jH+y + **, the 
term containing the product AB disappears in consequence of (4) and 
we obtain: 

With the help of(ll) and (12) this gives 5: 

B^v(r'-v') (13). 

The first of aiuations (10) may now be written 

__B^A(v'~a^) 



HooM 

Similarly 






(i*r^ 



Multiplying these eqnations by x, y, z, respectively and adding, the 
t[uantities /, m, n disappear owing to the relation (6) and we obtain 






= 1 



..(15). 



This is one form of the equation of the wave-surface. Another form is 
obtained by multiplying both aides of (15) by i", and then subtracting 
a^ + y' + d' from the left-hand side, and r* from the right-hand side. 
This leaves 

aV Sy c-j" _ 

prr^. + ^-j.+7ir?-<i ('«. 

a form which is usually more convenient than the former. We may 
also get rid of the denominators and write 
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Multiplying out aud dividing by the common factor r" we find 

-o*(re'+i»)s» + a'6V-0 (17). 

Tliis is au equation of the fourth degree. 

88. Ray Velocity. 'Hie radius vector of the wave-surface, being 
the distance through which a disturbance may be considered to have 
travelled in unit time, measures the velocity along the ray. Calling 
g the ray velocity, while v ia the velocity of plane wave projiagation, 
Fig. 110 shows that if £ be the inclination of the ray to the wave 
normal, iJ=ircos£, or if \, ^ v be the direction cosinea of the ray, 

v = s{l\ + m^->-m) (18). 

Equation (16) may serve to connect the direction K t^ " with the 
velocity s, by writing s for r and using j- : j/ ; a = X ; ^ ; v, 
g'X' fiy cV 
.■f'-a''^ s'-b'^ s'-(f~ 



} 



3-0 (19). 



I 



-j + f, + -„ = 1. 



Comparing this equation with (4) it is seen that one may be derived 
tnm the other by writing 1/a for v, and l/«, 1/?', 1/c, for o, b, c re- 
spectively. This suggests the following construction for obtaining ray 
velocities similar to that which holds for the wave velocities. Take 
the ellipsoid 

I. 
h' 

'9%e lengths of the semiaxes of a plane central section of this ellipsoid 
then measure the two possible velocities of rays which are at right 
Bogles to the section. The proof of this proposition follows from the 
fact that we may obtain equation (19) to detennine the lengths of the 
semiaxes by a reasoning identical with that by means of which (4) has 
been obtained in Art. 84. The eUipsoid has been called the reciprocal 
ellipsoid. Its semiaxes are equal to the principal velocities. 

89. Relations between rays and wave normals. The projec- 
cious of the ray on the three coordinate axes are »k, xft, .w, and we may 
substitute these values for x, y, z, in equations (14). We then obtain 



..(20). 
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iquoring and adding, we £nd : 

/[-*—+ '■ * '' 1 

-•'[o.'W-^-T^Wv'W] ™- 

We may also by a simple transformation of (20) obtain th« 
equations 







^-f 




^^H 




ill Sf 


■"?^' 




^^H 


and by squaring and 


adding, find 






^^-c■?]■ 


T^ + ^-2vs(lk*-mii 


f«v) = s'(t^- 


^iw^ 




Introducing (18) this 


oquation reduces to 






1 


-[(.--.). 




(i'-C)'J 


(22). 


and hence from (21) 










1 


''lirf-af 


*(.,'-/,•)■* 


(,--.»)•] 


(23). 


Equation (23) may be used to 


calculate the ray velocity from the 



velocity of tbe corresponding plane wave, while (22) is used when 
the ray velocity is given and tlie wave velocity is required. 

To determine the angle C included between « and v, we may use either 



The former gives, i 
propagation, 

cof £ 



terms of the quantities defining tbe plane wai-e 



and the latter in terms of the quantities defining the ray propagation 

The plane containing the direction of vibration OP, Fig. 118, and 
the wave normal OA' contains other vectors which are related to the 
wave propagation. To express analytically the condition that three 
vectors should he in the same plane, we maks 
of the well-known relation between ths 
direction cosines /, m, v, and $, rj, £, of two 
lines wliich are at right angles to each othw. 
This condition is 



'V^ 



If '. If, I. is also at right a 
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a to the vector A, ;t, v, 

Solving these equations, we find 

ij-n\ — lv, 

f=//i — mA. 

A tJiird vector a, P,y will be iu the same plane with /, m, n and X, /i, r, 
if il^ is at riglit angles to i, rj, f. Heuce 

a (mv - n/i) + ^ {«X -/>■) + y {l^l. -m\) = 
is -fclie required condition. If there la a linear relation between the 
three vectors, suuh tliat 

o=CA + i^; p=Cy. + Fm\ y^Cv^FSl, 
the condition is obviously satisfied. Giving to the direction cosines 
theii previous meaning, we have according to (3) 

i)™.(.--»')P[ (24), 

whew; D according to (23) is equal to t' •Je' - 1^. 
-f^lao with the help of (20) and (24) 
£*,(^ -»•)«] 



..(25), 



/j>.(.^-f)/J[ 

where K in written for Dsjv, which is equal to s •Js'-t^. 

Ojiubining (24) and (25) we obtain the following hnear relations : 

Ev-Dn = {s'-,'^)y, 
which proves that the three vectors are coplanar. The " ray " therefore 
* in the plane which containa the wave normal and the displacement. 
In Rg. 1 1 3 the wave normal and ray are indicated by the direction of 
the lines ON and OS. We may now prove that the normal PT to the 
wpwid of elasticity at the point at which the direction of tlie 
' cement intersects it, lies in the same plane. At the end of the 
■s vector OP draw the tangent PK to the ellipse of intersection. 
"JfO/'is a semiftxis, PKhs at right angles to OP. and also to PT, the 
uomal to the ellipsoid. Hence iTand PO are in a plane which is at 
right angles to PK, and hence also at right angles to OP", the second 
nui&iis of the elhpse, OP' being the normal to the plane containing 
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PT and PO, every line at right angles to OP' must lie in the Bane 
plane. The normal to the section I» such a line, hence PO, PT and 
OX are in the i^ttme plane. 

Tlie direction cosiues of the normal PT are proportional to ii% 
ffy, ifz, if X, y, z are the coordinates of P, and hence also proportional 
to a'a, A'yS, (Py. 

The ray OS ir at right angles t^ that plane section of the recipm^sl 
ellipsoid which has the ray velocity s as one of its semiaxes. If ve 
proceed exactly as in Art. S4 to find the direction cosines of the t«i) 
semiaxed of the ellipse which ib at right angles to A, /i, v, we fiud by 
equations analogous Xa (3) that they are proportional to 

a»A/(s»-a'), b^^l(a'-b% c'yj(^-c'), 
and therefore by comparison with (20) proportional to a-a, i'ft c'y. 

This proves that the semiaxis in iittesttun is parallel to PT. Let 
OQ (Fig. 113) be that semiaxis. The nonnal to its tangent plane IwS' 

directioncosinesproportionalto-,, p . j. if "'. ff. y fix the direction at: 
OQ. Prom the ratio a : ji \ y which has just heeii found, it follows at. 
once that OP is the normal t-o the tangent plane at Q. 

The second semiaxis of the section of the ellipsoid of elasticity 
passing through OP is coincident in (lirection with the second semiaxis- 
of the section of the reciprocal ellipsoid, which irnsses through 0^, 
because in both cases the semiaxis must be at right angles to the plane 
of the figure. 

90. The direction of displacement. It has been proved that 
the vectors OP, OS, aud OX (Fig. 113) are in flie same plane, 
OP indicating the direction of the displacement. As, XS is in tba 
wave-front, the vibration takes place in the direction XS, which is tJw 
projection of the ray on the wave-front. The direction of vihratioa 
cannot be observed, and the above statement involves therefore somA- 
thing that is theoretical and based on a particular assumption U 
to the nature of light. Tliat assumption has been introduced by ths- 
manner in which the construction of Art. 84 lia.s been carried out, U^ 
already explained in the footnote to that article. If we wish to confine 
our statements to facts capable of exiwrimental verification, we ought 
to say that the plane of polarization is at rigbt angles to the projection' 
of the ray on the wave-front. The two ways of expressing the fact«i 
are identical, if the direction of vihmttou is at right angles to the plana 
of iJolariBation. 

Tbe planes of polariuitiou may be obtained in a simple mannef. 
triira the direction of the optic axes. Tlie axes of an ellipse 
the bisectors of the angles formed by any two equal diameters. 
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the planes which are noruial to the optic axes intersect the ellipsoid of 
elasticity in a circle of radius 1/6. Hence if ON (Fig. 114) represents 
n the normal U> the wave-front, aiAPP'QQ the ellipti- 

cal intersection of the wave-front and the ellipsoid, 
two lines OP, OP which are at right angles to the 
optic axes OH and OH' are of ecjual length Ijb. 
A plane tlirougli ON and OH intersects the. ellipse 
in a line OQ at right angles to OP, and a 
plane throngh the uomial and second optic aids 
Fig. lu. intersects the ellipse along OQ' at right angles to 

OP. Hence OQ and OQ' are equal radii of the ellipse. It follows 
that the planes of poJarizatiun are the two bisectors of the planes 
which pass through the normal and two optic a.\es respectively. 

The two plane waves propngated in tlie same direction have their 
planes of polarisation at right angles to each other, but the two planes 
of polarization belonging to a given rai/ are not at right angles to each 
other unless the ray coincides with the wave norma!. To prove this, 
we take two directions of vibration a, ^, y. and u,, ^,, y-^, which 
correspond to the same value of A, n, v, the ray velocities being 
s and «, , and the corresponding wave velocities v and «i. According 
to (25) we have 

A'A = (s" - u') « ; Ei^ = i/-b'')^; AV = (jr* - c") y, 

where E=s-Jx'~i^ and A', = s, s/c," - »','■ 

The cosine of the angle u between the directions of vibration is* 
cos lu = au, + /3^, + yy„ 
and after substitution, the right-hand side is found to be equal to 
EE, r/ V j^ y' \ 
V-i^LV-a' s'-t' s"-W 
With the help of (19) this becomes 

EE^ V(/-VK^^E<) 

Hence if * and <^, are the angles included between the common direction 
of the ray aud the two wave normals. 

cos 01 - sin <^ sin ^ (26). 

In onler tliat the two directions of vibration sliould be at right angles 
t(i each other, it is therefore neces^sary that the ray should coincide with 
one of the wave normiils. 

91. Shape of the wave-surftice. We may now form an idea 
of the general shape of the wave-surface. If in (17) we put successively 
r = 0, y^^O, j==0, we obtain the intersections of the wave-surface with 
the coordinate planes. 



.-.)]■ 
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(^ ■>■ y') («V + by) - a' {V + c") ^ - b' (c- + o') / + «'tV - 0, 
or (x- + y' - c') (oV + i'y' - a'6') = 0. 

Tliia i« separately eatislied by 

y + y"-c* = 0, 
and by n*x' + b'y* - it'b' - 0. 

The curve of intersection breaks up therefore into a circle of 
radius r and ellipses of semiaxes a and b. The circle lies inside ttie 
ellipse and does not intersect it, because we have assumed i* to be 
Bmaller than both a and b. 

The intersection with the plane of yz is similarly found to be ft 
circle of radius « and an ellipse of semiaxes b and c. Here the cirrle 
lies completely outside the ellipse. 

The intersection of the wave-surface with the plane xz splits up 
iuto a circle 

x' + z'^b\ 
and an ellipse c V + a'j-' - (tV = 0. 

The circle and ellipse iu this plaue intersect (Fig. 115), the four 
points of intersection being given by 







F.S. 11-5. 



Fig. 1 1 6 represents in perspective the 
intersections of the wave -surface with the 
three coordinate planes, one quadrant only 
being drawn, 'llie letters Attached to the 
curves of intersection represent the leny:tlis of the semiaxes, thase,^ 
means a circle of radius r. The com- 
plete wave -surface cwnsista i.f 
sheets ; an inner sheet, and an OUl 
sheet which meets the inner sheet ia] 
four points, one lying in tach of tl 
four quadrants of the plane jtz. ~ 
cnoniinates of these four points 
those given above (27). 

The directions of vibration 
ii>i. indicated in the figure by am 

Each ray which lies in a princi] 
. with the normal to the wave-surface at one of 
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points of intetsectiou with it. It therefore coincides with one of the 
nonuals of the wave-fmnta which may beloug to it. Hence according 
to (26) a ray which lies in one of the priociial planes, has its two 
directions of vibration at right angles to each other. Uii the elliptical 
intersections of the wave-front and the principal planus, the direction 
of vibration, being as proved above the projection of the ray ou the 
tangent plane, must He in the principal plane. It follows that in the 
circular interaections of the wave-surface and the principal planes, the 
direction of ^nbration is at ri(,'ht angles to the plane. 

92. The axes of single ray velocity and of single wave 
velocity. In general, any straight line drawn in one direction from 
the origin, iutereects the wave-surfece in two points, one on each of 
the two sheets The intercepts between the origin and the points of 
intersection measure the optical lengths. There are therefore in each 
direction in general, two ditferent optical lengths according to the 
direction of vibration. But the four directions OR (Fig, 115) form an 
exception, for there is only one point of intersection for each of them, 
and therefore only one optical length. If a wave is propagated through 
the crj'stal, anil the ray happens to lie along the direction Oli, the 
difference in optical length between two poiutH along ihe ray is 
independent of the direction of the displacements. Adopting the 
definition of "ray velocity" given in Art. 88 we may call these 
directions the axes of " single ray velocity." They are not coincident 
with the optic axes. The latter indicate the direction of single wave 
velocity, tlie wave being considered to be plane, and normal to one of 
tlte optic axes. Remembering that we may obtain the position of a 
plane wave-fnmt fVF, Fig. Uo, after unit time, if we construct the 
wave-surface and draw the tangent planes to that surface parallel to 
WF, we see from the figure that in general (as we know already), 
there are two tangent planes W, F„ and H'',Fg, which are parallel to 
each other, and to WF. The lengUis of the perpendiculars from on 
titese planes, measure the wave velocities. If there is a direction 
in which there is only one wave velocity, the two tangent planes 
aonnal to that direction must coincide. There is indeed one tangent 
plane MF (Fig. llti) in each quadrant, which touches both sheets of 
the wave-surface sininltaneously. Symmetry shows that these tangent 
planes are parallel to Y, and as they must touch the circle of radius b 
in t.he plane of the figure at a point M, OM must be the direction 
of one of the optic axes. Corabiiiing (27) and (5) we find for the 
cosine of the angle between the optic axes and the axes of single ray 
velocities, 

/*' + (« 

i J 
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If b is et|iial to either a or r, or if a ami c differ but little froa 
each other, the angle ie small, and may yometimcs be neglected. Ti 
foHD au idea of the error committed in this way, writ* c — b{l~i 
aud u - 6 (1 -t- (), wliere S and < are smalL We obtain for tlie cosiot 
of the angle included between the two sets of axes to the second 
approximation 

1 -AS. (28). 

For mica the angle ia about 40'. Even in tlie case of asj»aragin. 
a crystal iu which the optic axes are nearly 9U° aimrt, the 
between the optic axis and the axis of single ray velocity is leas 
than 2'. 

93. Peculiarity of single wave propagation. In genemt, 
one ray belongs to each plane wave which is propa^ted through k 
cryatalliiie medium, and the radii drawn from (Fig. 113) to the 
points of contact of the parallel planes IViF, and W^F, with the 
wave-surface are the rays belonging to the two waves propagat«d 
parallel .to IVF. When the wave normal eomcidea with the optie 
axis, there is only one velocity aa we liave seen, and inspection of 
Figure 116 shows tliat the two rays OM and OK belong to thit 
same wave. But the wave-front WF toucheg the wave-surface not 
only at the two iroints M and K, but along the complete 
ferencB of a circle drawn with AfK as diameter. To prove this, we 
must turn back to equations (14) which detfirmine the points id. 
contact a-, y. i, of a plane de6ned by the direction cosines of itB 
normal (/, m, n) and the wave-surface. To suit our present problem, 
we must put m = 0, v = b. The second equation becomes indeter- 
minate and may be satisfied for any value of y, by a proper choice 
of the two indefinitely small quantities m and r~b. The firrt 
and third equations are therefore the only ones we need consider. 
Multiplying the first by I, aud the tliird by «, we obtain 
_xl^ ___ _ 



='(^.^ 

-a-^- 



The laat step follows on substituting for /, n the direction cosines 
of the optic axis. Hence 

/j^(»^-O + «5(r'~a') = (29). 

Also xl + zn^b (30), 

which may be similarly obtained from (14). The equations (29) u 
(3U) combined give 

6(.j^ + / + ;') = /c'.j; + wo's (31), 
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wlraicb is the eqiiatiou of a sphere passing tbrough the nrigiu of 
cooniiiiates, Ei)aatiou (30) represents the tangent pknc to the wave- 
«tx K-faie at the point M. 

'ITie point of ctiDtact of tlie tangent plane and the wave-surface 
is therefore the Aame as the intereection of the tangent plane and 
tt*-^ sphere (31). It follows that the line of rantact is a circle. The 
n».j^-a wliich join O to a point on tlie circle form a cone, the equation to 
vla.ich niav l>e obtained by multiplying (30) and (31) together I.e. 
(.' (j- + .»■*.-■) = (/c-^ * TO'i) (ir + «=). 
It is a remarkable fact that we may have a plnne wave propagation, 
8ca«^h that the condition of minimum optical length from a point F is 
s£k-fcisfied not only for one direction, but for an indefinite number of 
di»-wtions lying on a cone, CC (Fig. 117). For any point 7" which 
lies either inside or outside the circle 
forming the base of the cone, the optical 
length is greater- It should, however, be 
noticed that if the wave is plane polarized, 
there is only one ray. The distinction 
fig, 117. between this case and the general one is 

therefore that while in general the vibra- 
tion of an unpolarized wave-front may he decomposed into two, for 
eitlier of which there is a definite wave velocity and a corresponding 
ra.y, the vibrations do not in this special ca.se divide themselves into 
t«?«3 ciimponents, but to each direction of \'ibration belongs a different 
ra-y , all these rays lying on a cone of the second degree. 

94. Peculiarity of a single ray propagation. We may 
obtain results analogous to the preceding ones, if we try to find 
tHe directions of the normals to the tangent planes at the conical 
point where the direction of single ray velocity cuts the wave-surfiice. 
We make use for this purpose of equations (20). With the same 
uoiatimi as before r^vl, s = fw, are the coordinates of the foot of 
t^'e [wrpendicular from the origin to any one of the tangent planes. 
I The ray velocity being constant and e<]ual to h while /< = 0, the second 
I 0'lQstion is indeterminate and the first atid third become 

Jv^ _= 

With the help of (27) considering that ir and y in that equation are 
pro|H)rtionivl t^ A, ^, 
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The first equation, with the help of the second, becomes 

r* = fc {\x + vz). 

Hence the locus of the foot of the perpendicular from O to the tangent 
planes at B is the circle formed by the intersection of a sphere with a 
plane. The equation of the plane shows that it is parallel to OY and 
touches at R the ellipse ARC, Fig. 115. 

95. Wave-surface in nniaxal crsrstals. The wave-surface in 
uniaxal crystals takes the shape already indicated by Huygens. If 
b-c equation (17) reduces to 

(r* - c')(a''x' + r*/ + c»c^ - aV) = 0. 

The surfeu^e splits up therefore into the sphere of radius c and the 
spheroid 

Similarly, if a -^ fc, the equation of the wave- 
surface splits up into a sphere of radius a and 
^ into the ellipsoid 

Fig, X18. Figs- 11^ *o^ 11^ represent the two 

cases, the optic axes being in the first case 
the axis of A' and in the second case the axis of Z. The positions of 
^ the axes are determined if we take a, 6, c to be 

always in descending order, but if we drop that 
supposition, we may take the optic axis of 
uniaxal crystals to be at our choice either in 
the direction of JT or in the direction of Z. 
The spheroid is formed by the revolution of the 
ellipse and circle round the optic axis. The 
two types of wave surfaces, one having an 
oblate and the other a prolate spheroid, 
according as the generating ellipse is made 
to rotate about its shorter or longer diameter, are illustrated by the 
case of Iceland Spar and Quartz. The term positive and negative 
crystals, as applied to crystals similar to Quartz and Iceland apar 
respectively, is confusing and should be avoided. We may speak 
instead of crystals which are optically prolate, or optically oblate, and 
in a discussion relating to optical properties only, where no confusion 
is possible, we may call them shortly prolate and oblate crystals. 

96. Refraction at the Surface of Uniaxal Crsrstals. The 
refracted waves may, in crystalline media, be constructed exactly as in 
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isotropic bodies, but as the wave-surface consists of two sheets, there 
are in general two refracted rayn. In iniiaxal crystak, one sheet of the 
wave-surface ia always a, sphere, and hence one of the rays follows the 
ordinary laws of refraction. This ray is called the ordinary ray, and 
the ratio of the siuea of the two angles of direction is called the 
ordinary refractive index. 

As regards the second ray, it will not in general follow any simple 
law, and may or may not lie in the plane 
of incidence, if the optic axis is inclined 
to the plane of incidence, the jmint of 
contact of the spheroid with the sphere 
does not lie in tliat plane, Fig. 120, and if 
the plane BTis drawn in the usual way at 
right angles to the plane of incidence, to 
touch the spheroidal sheet of the wave- 
*'^' ■'""■ surface, the ray being the line joining to 

the point of contact does not lie in that plane. The ordinary ray 0£^ 
is found in the usual way and always remains in the plane of iuctdence. 
In Fig. 120 BB is drawn jiarallel to the incident ray and at such a 
distance from it that BB in unit length. Tlie scale of the wave-aurface 
is such that it represents the locus of the disturbance spread out from 
O in unit time, which for the present purpose has been chosen to be 
such that the velocity of light in vacuo is unity. 57" represents the 
trace of the refracted wave which touches the ellipsoid at a point 
outside the plane of incidence. The refracted ray does not in this 
case lie in that plane. 

It is not ne<.^essary to obtain the general ecjuation, giving thci 
direction of the refracted ray, and we may treat a few special cases 
separately. 

(«) TAe optic axi« (if the crystal at rigfu angles to the plane of 
Incidtmce. The trace of the wave-sur- 
face on the plane of incidence is in this 
ease a circle, and the refracted ray may 
by symmetry be seen to he in the plane 
of incidence. Hence the rays follow 

^Pi^. 121 the ordinary law of refraction. In ob- 

late crystals the outer circle of radius a 
longs to the extraordinary ray, and its angle of refraction is greater. 
The reverse holds for prolate crystals. For oblate crystals, the ratio 
of the sines for the extraordinary ray is with the unit time chosen 1/a. 
Calling this ft, we may write for the equation to the wave-surface 

ft.'z^ + M-'C/ +=') = !, 
wluM ft is the refractive index of the ordiuftty ray. Tha «xti:aotd\Das^ 




Fig. 122. 



refractive iudex ft, has obtAiiietl its name and significance from the 
Optic behaviour of the extraonlinary ray in the f^ueml case we are 
now considering. In thu case of prolate crystal.s, the eiiuatioti of tiie 
wave-Hiirfiwe in t«rnifl of the principal refractive indices becxjmes 

the axis of z being now the optic axis. 

(h) TAe iiptic arisi in in th« SHi'/ace and plane 0/ inridenr^. Tbe re 
fracted rays are hoth in the plane of ineiilenfe. 
From the projei'tive properties of the eliipne. 
L.M c 
LM, a' 
and if the aagles of refraction of the icat>^ 
,1 normals) are <i> and *,,- 
tan * tan OBM ^ LM ^ 
tajT^ ~ tan OfiJ/, ' LM, ~ f^ ' 
an equation which holds for both prolate and oblate crystals. 

If the angles of the refraction of the rays, OML and OM,L, t:»" 
denoted by r and c,, we obtain similarly 

tan r ^ /i„ I 

tan r, 11, ' 
(c) The optic a^in Is pvrptiidicular tu the refnicting sttr/act. -Mt] 
PiA(f, be the trace of the ellipsoE J 
on thrt plane of incidence, and if ^ 
construct a circle with /*,Q, = 2rt « 
diameter, we Iiave, writing ^, for ttafl 
angle LBM. which is the angle <^ 
refraction of tlie extraordinary wave, 
tan "^i _ LM _ c 
tan ifiJ/, " LM, ~ a ' 

' But smLBM, = ^^', 

and if, for OM,, we may pnt its value a, and for OB, 1/sint, 

c sin I 
tan ^1 - ^/|-j^ ■ 

or introducing fiT,= l/e; fi,= l/a, 

And Biniilarly if r, is the angle of refraction of the extraordinary ra:3 
tan r, = - — y 
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{ti) The nKident wwve-froiit is parallel to the sur/uee. Let the plane 

of the paper (Pig. 124) contain the optic axis. 
The refracted extraordinary ray lies along OM, 
where M is the point of contact of the spheroidal 
portion of the wave-surface with a plane drawn 
parallel to the surface. Tlie ordinary ray 
coincides, of course, with the normal OX. To 
detennine the angle between the two rays, whitrh 
is aW the au^le of refraction of the extraordinary ray, we must obtain 
an expression for the angle between tlie radius vector OM of an ellipse, 
and the normal to its tangent at M. If S be the angle between the 
optic axis and the surface which is eifual to the angle between ON 
and OH, the major axis of the elli|)ae, and y He the angle between 
OM and OH, we liave for the properties of the ellipse, 

tan fl ^ — tan y. 

Hence if r is the angle of refraction of the extraordinary ray, 
tan a - tan y 
\ + tan tf tony t 



u 



tan r = tan (6 -y) = 



d' + c* tan' C 



ft,' cot fl + /!,* tan & ' 



Direction of vibration in uniaxal crystals. The rule 
that the direction nf vibration is in the direction of the projection of 
the ray on the wave-front shows at once that on the spheroidal portion 
of the wave-froiir,, the direction of vibration must be in a plane 
couiaining the optic axis. As the condition (Art. HO) under which the 
two vibrations along the same ray are at right angles to eai^h other, 
always holds in uniaxal crystals, we may say that the ordinary ray ia 
always polarized in a principal plane, and the extraordinary ray at 
right angles to that plane. 

98. RefVoction throng a crystal of Iceland Spar. A 

crystal of Iceland SjMir is a rhomb (Fig. I'i5). The parallelograms 

B forming ita six faces have sides winch include 

^ ; — j^ angles of 102° and 18" respectively. The faces 

I .-' -"^^ «re inclined to each other at angles of 103° and 

^ 75'. There are two opposite corners A and B at 

P'S- 13&- ,^i,i^.i, jijg jji^gg g,jggg ^u fy^ obtuse angles of HIS" 

with each other. Tlie optic axis is parallel to the line drawn through 

oue of these cornera A, and equally inclined ta the thi^ Wa%. 
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Double refrac-tioii may easily be exhibited by placing such a rhomb dd 
a white sheet of paper on which & 
shaqi mark is drawn. \Mjen this 
mark is looked at from above 
through the crystal, it appears 
double, and if the crystal be 
turned round, one image seems 
to revolve round the other. Let 
0, Fig. 12(i, be the mark, tlie 
To trace the image formed by tbe 




Fig. 1311. 



images of which are observed, 

extraordinary ray, construct a wave-surface to such a scale that tiie 
apheroid touches the face DC. If T is the point of contact, & ray OT 
ia refracted outwards along the nonnaJ TM. because at T the tan- 
gent plane to the wave-surface and the surface are coincident. The 
refraction is therefore the same at that point as for a wave incident 
normally. 

A ray OS parallel to the optic axis intersects the face at a point E, 
aud is refracted alont; some direction EK. Diniregarding aberrations, 
the intersection Q of KE and TM gives the extraordinary image. 
As there can be no distinction between an ordinary and an extra- 
ordinary ray along the optic axis, the ordinary image P is obtiuned bjr 
the intersection of the same line EK with tbe normal OA^, on which 
the ordinary image must lie. The figure shows that this ordinary 
image lies nearer to the surface than the extraordinary one, and if tha 
crystal be turned round the point 0, the image Q travels in a circlft 
round P. Tlie vertical plane containing P and (^ contains also the 
optic axis, and the ordinary image is therefore polarized in the plane 
which passes through the two images, the estraordinary image beiug. 
polarized at right angles to it. 

99. Nicol'a Priam. A Nicol's prism, or, as it ought to be mors 
appropriately called, a Nicol's rhomb, is one of the most useful 
have for tbe study of polarization. Let Fig. Ii7 
represeut the section of a long rhomb of Iceland Spar,. 
passing through the optic axis, and LL' an oblic^oe 
section throngh it. If the rhomb be cut along this 
section and tlien recenieuted together by means of a 
tliiu layer of Canada balsam, only rays polarised at' 
right angles to the principal plane are transmitted 
through it, if the inclination of the section LL' has 
been properly chosen. An uupolarized ray is refracted 
at the surface, and separated into two, the extraordi- 
nary ray being bent leas away fnim the original direction. 
The ordiuKcy ray falls therefore more obliquely on the surface t 
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sei>aratiiin LL'. The velocity of light in Canada balsam beiug iiiter- 
nietliitte between that of tlie two sets of waves in Iceland Spftr, the 
iDi^liiiattoii of LL may be adjusted an that the ordinary ray is totally 
reflei'ted, while the extraordinary ray passes through the combination. 
, 124 shows in perspective how the plane of divisiou is cut through 
the rhumb. When the end face AJiCD of the rhomb 
is a {Mralleiogram and parallel to one of the cleavage 
planes, the inclination of the section must be such that 
the side BB' of the rhomb is about .H7 times &» long 
as one of the sides of the end faces. It is ditHcult to 
secure crystals of Iceland Spar which are sufficiently long 
to give, under these conditions, a beam of such cross 
section as is generally required in optical work. The 
Fig. 128. angular space through which the Nicol prism is effective 
iu polarizing light is determined by the fact that if the 
incidence on the face LL' is too oblique, the extraordinary ray is 
totally reflected as well as the ordinary ray, and if not oblique 
enimgh, the ordinary ray can pass through. The field of view cou- 
tainiug the angular apace thus limited when the prism is cut according 
to the above directions, is about 30*. If it is not necessary to have 
so wide a field of view, shorter lengths of crystals can be used by 
cutting the end face A BCD, so as to be more nearly perpendicular 
to the length. Sometimes that face is even inclined the other way, 
A field of view of 25' may thus be secured with a ratio of length 
to breadth of 2 to 5. Artificial faces at the end have, however, the 
disadvantage of deteriorating more quickly than cleavage plane.s. 

Foucault constructed a rhomb in which a small thickness of air is 
introduced in place of the Cati^da balsam. The piiwm need then 
be barely longer than br.iad, but' the field of view is reduced to 7°. 

100. Double Image PriBmi|. It is sometimes convenient to 
have two images of a soiiri'i." near together, achromatic as far as possible, 
and jwlarized peqieudicularjy to each other. An ordinary prism made 
of Iceland spar or quartu cannot be used on account of the colour 
_, ^ dispersion, but if a prism of quartz be achro- 

uiatised by meaiis of a prism of another material, 
the desired result may )>e obtained. If glass is 
chosen for the material of the second prism, the 
achromatism ts only complete for one of the 
images, but for many purposes it is sufficiently 
perfect for the second image also. The purpose 
Fii-. I2i). is better obtained by prisms, like that of Rociion, 

iu which the same material is used for both prisms, 
but turned differently with respect to the optic axis, In Bochon's 
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Wntngement the optic axis of the tiret prisui ABC (Fig. 129) i* 
pftmllel to the normal BC, this being iudicated in the figure by 
the direction of the shadiDj;. A ray Li* iucideiit norinally is pif 
psgated witliout cltauge nf direction. The axis of the sec«n<l 
prism ACD is at right angles to the plane of tlie figure, ut^ 
, double refraction takes place at A', one ray bein^ 

])ropHgated in tlie nonnal liirectiou aa befure, hii*' 
the extraordinary ray being refracted along A'^S 
and, on pas»:iD|; out of tlie prism, along QM. Th.^ 
ftcbromatism is complete for the image foniie«l 
hy the ordinary ray, and nearly c()mplel« for tk^ 
other, ill the priain of Wollaslon (I-'ig. 130). tb^ 
'"' axis of the tirst prism is parallel to AB and tliat <►» 

the second at rifflit angles to the plane of the figure : the path of th£* 
reys is indieut-ed in the figure. 

101. Principal BefVEu:ti7e Indicea in biaxal ciystals. l^" 
refraction takes place at the surface of a biaxal crj'stal, and the plan^ 
of incidence is one of the principal planes {n.g. the plane of y'Z), botli- 
rays lie in the plane of incidence. A plane wave-front incident at (^ 

must, after refraction, touch a circle of 
radius a, and an ellipse of scmiaxes f> and 
c which form the intersection of the wave- 
surface with the plane of VZ. One of 
the rays follows the ordinary law of 
refraction, wliile the angle of refraction 
of the other ray may be obtMined as in 
case (c). Art, 96. The refractive index of 
the rays belonging to the circular se<.-tion is l/n : similarly for planee 
of incidence coincident with the planes of XZ and of i'Z, we should 
have always one ray following the ordinary law, the corresponding 
refractive indices being l/b and \fc. These three quantities ate 
therefore called the principal refractive indices. Denoting these by 
f'l, /^. /*!> ne may express all quantities relating to the wave-surface 
in terms of them. Thus for the direction cosines of the optic axee, 
we may put, using (5), 

and for tlie direction cosines of the rays of single ray velocity, using (27), 

^_ /^; /^; 

102. Conical Refraction. Two cases of refraction in biaxal 
cr)-stals have a special interest. If a wave-front Wf is incident on 




Fig- IBI. 



» jilat* cut out of the crjstal iit iiu angle such tliut the refracted 
w«iA'e-froiit HKLM la normal to aii optic axis, the ray PD may, 
acoitnliiig to the dirt'ctiojj of vibrutinn, be refracted along any direction 
lyicj^ nit tbe surface of the cone investigated in .\rt. 93, the cone 
iatereectitig the wave-front inside the crystal iu a circle (Fig. 132). 




" t^iie wave-front WF contains a niiiuber of coiucidtait rays, having 
"■^ii planer of pnlariEatioii syninietrically distributed in all directions, 
•'»<i refracted rays form the surface of a cone of the second degree 
*l»ii:li becomes a cjlinder on emergence at the upper surface. Tliis 
lafceresting result was first deduced theoretically by Sir Wni Hamilton, 
"■^^m tlie shape of the wave-surface, and waa afterwards experiinontally 
^®*^ed h>' Lloyd. To illustrate it ejcperiinentally, we may take a plate 
('^ie. 133), cut so that its face is equally inclined to both axes. An 
"F*:*.*)!^ plate PQ, with a small aperture 0, covers the side on which 
"•^ light is incident. A second plate P'^ transmits light through 
' Small hole at ()\ which, if properly illuminated, may be considered 
to act as a source of light. If now i'Q 
be moved along tbe face of the crystal, 
a direction 00 may be found such that 
if tbe original light is unpolarized, tlie 
ray O'O splits into a conical pencil, which 
may be observed after emergence aX AB. 
This phenomenon is called " internal 
conical refraction" to distinguish it from 
I ray travels along an 



zf- 



FiK. 133. 
"■^'^tlier similar effect which takea place when u 
**>s of single ray velocities. 



K 



We may always follow tbe refraction of a ray belonging to 
certain wave-aurfoce and incident internally on the fiit^e of a crystal 
^y considering it to be part of a i»arallel beam. The wave-front 
belonging to this parallel Iwam would be the plane which touches 
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tlie nicident wave-Burface at the point of ineideiire. If now u ray 
HH (Fig. 134) travels inside a ciystal along lie 
asiB of single ray velocity, there is an infinite 
number of tangent planes t« the wave-eurfa*:'; at 
the point H, the normala of the tangent planes 
forming a cone HKL with a circular section at 
right angles to f/Ii. 

To each of these normals corresponds a sepa- 
rate ray on emei^ence and each ray has its own 
" plane of polarization. The complete cone can 

only be obtained on emergence if all directions of 
vibration are represented in the incident ray. 

Fig. 135 show-s how the phenomenon of external conical refraction 
may be illustrated exijeriinentally. A plate of arragonite has its 
surfaces covered by opax^ue plates, each having an aperture. If one 
of these plates be fixed and the other is movable, a position may be 
found of the apertures and O" such that only such light can traverBe 
the plate as passes along the axis of single ray 
velocity. The rays on emergence are foimd to be 
spread r)nt and to form the generating lines of 
a cone. But as any ray after passing through 
a plate must necessarily be parallel to its original 
direction, it follows that to obtain the emergent 
cone, the incident beam must also be conical. 
This may be secured by means of a lens LL' 
arranged as in the figure. Those iiarta of the 
incident beam forming a solid cone which are 
not r«]uired, do not travel inside the crystal along OC and hence are 
cut off by the plate covering the upper surface. 

103. FreBnel's investigation of double refraction. Fresael's 

method of treating double refraction which led liini to the discovery 
of the laws of wave propagation in crystalline media, though not free 
from objection, is very instructive, and deserves consideration a» pre- 
senting in a simple manner some of the essential features of a more 
implete investigation. 
Consider a particle P attracted to a centre with a force a'jr when 
the imrticle lies along OX, and a force A^ when it 
lies along OY. The time of oscillation, if tJie 
particle baB unit mass, is, by Art. li, 'Iv/a or 27r/A 
according as the oscillation takes place along the 
axis of X or along the axis of Y. When the dis- 
placement has componenta both along OX and along 
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Fig. 136. 
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O Y. ihe components of the force are I'-c and b'y, and the resultant 
force is R^ -Ja*!^ Tb'f. 

Tiie cosines of the angles which the resultant makea with the co- 
ordinate axes are aV/fl and b^yjR. The direction of the resultant 
force 19 not the same as that of the displacement, the direction cosines 
of which area-/r and y/r. The cosine of the angle included between 
the radius vector and the force is found in the usual way to be 
ftV + ft'- 'i/' 
Ri^'~ ' 
and the component of llie force along the radius vector is 
(aV + ft'yj/r. 
If we draw an ellipse aV + ty = Ic', where i is a constant having 
the dimeusiouii of a velocity, the nonnal to this ellipse at a point 
P, having coordinates t and y, forms angles with the axes, the codines 
of which are in tlie ratio aV to fi'y, hence the 
force in the above problem acts in the direction 
ON of the line drawn from at right angles 
to the tangent at P. The component of the 
force along the radius vector is jf/r, and the 
force per unit distance is k'jj', so that if the 
particle were constrained to move on the radiuB 
vector OP, its period would be '2-Tr/lc. The 
ratio r/t depending only on the direction of OP our result ia indepen- 
dent of the particular value we attach to k. 

If we extend the investigation to throe dimensions, the component 
of attraction along OZ being c'z, we obtain the same result, and the 
component of force acting along any radius vector OP per unit 
length is *'/r*, where r is the rwlina drawn in the direction of OP to 




the ellipsoid 



a'3f-t-by + >^^^f. 



If the displacement is in any diametral jilane Hl'K of this eIli]>t!oid 

(Fig. 143), the nonnal PNAaza not in general lie in this plane, and tlie 

projection of PN on the plane does not pass 

through 0, unless OP is a aemiaxis of the 

ellipse HPK. In the latter case, PL the 

tangent to the elli|ise in the diametral jilane, 

is at right angles to PO and to PX, and hence 

the plane containing PO and PN is normal to 

the plane of the section, 

Fresnel considers the condition under which a plane wave 

propagation is possible in a crystalline medium. The investigation 

in Art. 1 1 has shown that the accelerations of any point in a plane 

8. \=i. 




Fig. 138. 
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distortional wave of homogeDeoue type, are tlie ti&ma n& tLone duf to 
central attmctiug fon:es. It is also clear that a plane polarized vnte 
cannot be transmitted as a single ware nnless the fiirce of restitutiun 
is in the direction of the displacement. If ne disregard luugitudinil 
waves as having no reference to the phenomena of light, we need only 
consider that component of the force which acts in the plane of the 
wave. This consideration leads to Freanel's construction. For if we 
take the ellipsoid I 

o'^-iy + e»--" = l, I 

which, as we now see, is quite appropriately called the ellipsoid of 
elasticity, a central section parallel to the wave-front gives on eUipsa 
which, by its principal axes, indicates the two directions of displacement 
which are compatiUe with u trail sniissinn of a single plane wave. Tba 
periods of oscillation are proportional to the axes of this section, wA 
as for a given wave-length the periods of oscillation are inverself 
proportional to the velocity of transmission, it follows that ttM 
vetrx-ities of the plane waves parallel to the section are invcrself^ 
proportional to the axes of the ellipse of intersectiou. We have tUm 
arrived at the construction which has formed the starting point of ou 
discussion of the phenomena of double refraction (.\rt. 81). 

The direction of the elastic force for any dii^placenient being 
parallel to the iionaal to the ellipsoid of elasticity, drawn at tJie point 
at which the direction of tlie displacement intersects the ellipsoid, th> 
proposition proved in Art. 86 shows that the four vectors representing 
the direction of vibration, the elastic force, the ray and the wavs- 
normal are coplauar. 




INTERFERENCE OF POLARIZED LIGHT, 

II 104. PreliminEiry Discussion. If a, plaue un)H)larii!ed wave 

retfiH a plate of a dotihly refracting substance, the two waves inside 
^ crystal travel with different velucities nnd in sligJitly different 
oirectiiins, but on emergence both waves are refracted so as again to 
becume parallel to tlieir original directiona. If tlie wave was originally 
pJariied in one of two definite directions, it is observed that there is 
only one refracted wave. The two planes of polarization tor which 
tnis is the ease, are observed to be at right angles to each other. 
luBide tlie crystal the two waves are polarized in directions nearly 
thwigh not (|iiite at r^ht angles to each other. After emergence the 
fanes of polarization are at right angles to each other, not only 
approjtimately, but strictly. Thin follows from the principle of 
E '^Version, assuming the above-mentioned result of observation. 

In general, a wave of polarized light incident on a doubly refracting 

P^te becomes polarized elliptically. Tlie axes of the elli|)ses vary 

*lth the wave-length and the thicknesM of materia! travelled through, 

('*oce also with the direction of the incident light, and the ellipse may, 

?> particular cases, become a straight line or a circle. If the emergent 

I *^t is examined through a Nicol prism or any arrangement which 

''snanita oscillations in one direction only, colour effects are olwerved 

which we shall have to explain in greater detail. 

It is clear, however, that any interference effect 

must depend on, the difference of phaae in the 

two overlapping emergent waves. Let LO (Fig. 

139) lie an incident ray, forming part of a parallel 

beam, OA and OB the refracted waw lua-mtils, 

« - / -'^^ iind BT the emergent wave normals. Draw 

i Fin. I3'j. ^'^' '^^ "K^t angles to BT and BH at right 

I angles to OA. Imagine a second incident ray. 

I I*rn|lel \„ the first, and at such a distance that the wave normal which 
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, is parallel to OA paasea through B, and is refracted outwards along 
BT; then from the principle of wave transiuissiou it follows that the 
optical length of BIC h ttie same as that of AH. In the emergent 

wave-front, tlie difference iu optical lengtii is therefore 1 

where r, and v-, are tlie velocities of the waves along OB and OB 
respectively. (The unit time is still taken to be wuch that the velocity 
of lig'ht in vacuo ia one.) The augle between OB and OA is amall, 
and if we neglect its »|iiare, we may write OB = Off. The difference in 

optical length is therefore p f ^J, where p is the length of that 

wave normal inside the plate, which lies nearest to the plate norDuJ. 
Unless the incidence is very oblique, it niake^ no difference, to the 
degree of approximation aimed at, along which wave normal p h 
measured, but for the sake of definiteness, we adhere to the specified 
meaning of p. If OB and OA represent the refracted rays, we argue 
similarly tliat by Fermat's principle, optical lengths may be measured 
along a path near the real one, committing only an error of the second 
order. The o|itictvl length for the ray of velocity s^ might therefore 
be measured either along it« real path OA or along its neighbour 
0B+ BK, ending, of course, in the same wave-front. We may there- 
fore also express the difference in optical length as t( I, where t 

is the length of ray inside the crystal and «j, Sa, are the ray velocitie*- 
We may, according to convenience, use either one or the other two 
forms, which are both approximate only. Which of these is the moro 
accurate in a particular case depends on the question as to whether 
the angle between the two ray velocities or between the two w»v8 
normals is the smaller. In the neighbourhood of the optic axes, it *; 
preferable to refer the relative retardation Ui the wave normals. 11 

105. Intensity of Illumination in transmitted light. Co^' 

sider ]>olarized light with its direction of vibration along OP (Fig. 14**« 
falling normally on the surface of a crystal which divides the wave ii**^ 
two [wrtions, one vibrating along OX and one al(»<*l 
Y. After traversing the thickness of the plate, tl** 
two waves emerge normally with a difference of pli»* 
5 depending on llie difference in optical lengtii of tl* 
two wave normals inside Ihe crystal. If thi* aioplitu** 
of the incident light is one, the emergent waves h*"^ 
amplitudes cos a, sinu. if q is the angle between O* 
and OX, there being a difference in phaue S between them. If nt*^ 
the emergent beam be exainineti through a Nicol prism called tiv* 
"analyser," transmitting light only winch vibrates along OA, tW 
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com pone Dt I', of the transmitted light due to that portion wliidi in 
the criistal hail OX for ils direction of vibnitiou. is Xr, = coa ^ i^ck^ a ; 
similarly 4', = sin /3 gin a is tliat component of the light which, having 
O y for the direction of vibration inside tlie crystal, is capable of 
tmvensing the analyser. 

Two rays of amplitude k, and k, and phase difference &, polarized 
in the same direction, have a resultant, the intensity of which is 

for which we may write 



Sobstitutinj; the values of i| and k\ the intensity of the emergent 
WiD becomes 



/ = cos* lfi~a)- sin 2u sin 2^ sin' - 



-(I). 



All colour or interference effects shown by crystalline plates wlien 
examined by polarized light, depend on the application of this formula, 
8o long as there is only one parallel beam, the j>Iate having the same 
ihickness everywhere, all tlie quantities are constant, and the plate 
ippiiars uniformly illuminated. Important particular cases are those 
in which the Nicola are either parallel (a - fi), or crossed at right angles 



h tlie first c 






^.(,-.i„....i„.«), 



*"!] in the second /, = sin' 2tt sin' - , 

^ich shows that /, + /,= !. 

This relation is a particular case of the general law that if for 
Sny value of n and ^, 1= fj,, and if / becomes In on turniug either the 
■wlyser or polarizer tlirough a right angle, then I^-* Ib- ^■ 

ffe may convince ourselves that this is true without having 
^Orse to the e<iuations. The light falling on the analysing Niool 
^ iwtly transmitted and partly deviated to one side, the two portions 
""kiiig up together the incident light which is supposed to be white. 
On rotating the Nicol through a right angle the transmitted and 
wHited portions are interchanged so that the complementary effect 
must be observed. 



IS2 THE THEORY OF OPTICS [CHAP. U 

fflien whii€ light pas!«es through the pUlft the relative proportion 
of different colours is not in general preserved because 8 depends on 
the wave-length. If a is the amplitude of light of a particuUr wave- 
length, so that whit* light may be represented by 2a', the light trans- 
mitted through the gystem is 

eoa* (« - « 2«' - sin 2a sin ■>» S («^ sin' |) . 

The first term represents vhite light of intensity propnrlioiiiJ 
to nw* (o - P\ and the second term represents coloured light. The 
relative jiroportion of the different wave-lengths is not affected by 
a change in a or A but the total colour effect may change because 
the iiroduct sin 2a sin 2y8 may be either positive or negative. In 
the first case, we get a cert&in colour, in the second, white light 
minus that colour, t.!-. the compleineotaiy colour. We distinguish 
two special cases. 

Com 1. The Nicols are crossed so that o-^= Here we 

hBTB 

The colours are most saturated in this cade, because there is uo 
admixture of white light. As the axes of r and y are tixed in the 
crystal, we may var)' o without change of a - by turning the crystal- 
line plate in its own plane. There will then be four places of maximuin 
intensity at which a~Ah° or an o.ld multiple thereof, and four places 
of zero intensity at which a is a multiple of 90'. 

Citur 2. The Nicols are parallel so tliat n = ^. Here we have 



/= S«' — sin'SaSfd'sin'^^j . 



The colour here is always complementary to that in the previous 
case for the same value of a, the light being white when a is a multiple 
of a right angle, and most saturated when a, is an odd multiple 
of 45°. 

If for any value of a and $, the crystal is turued in its own plane, 
there are eight positions at which sin 2a sin 2^ vanishes ; these occur 
whenever one of the axes OX and OY coincides with the prii)ci)>al 
planes of either the poiariiiug or analysing Nicol. In these positions 
of the crystal, the light is white, and on passing through these positions, 
the colour changes intii ils complementary. 

106. Observations of colour effects with parallel light. 
The general experimental arrangement by niciins of which the colour 
effecta of polarized parallel light may be sliown, is sketched dia- 
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imatically in Fig. 141. MM' is a mirror reflecting the light 

from the sky, Nt and A", the polariziug and analysing 

Nicols, CC is the crj-stalliiif plate. 

-^ Tlie field of view of a Nicol prism is much restricteil 

|\ "« by the increased distance of the eye from the polarizer N^ . 
I ^^ Hence when light froiu a diMtant source, such as the 

sky, passes tliroiigh both NicoU, only such waves reach 
^^^° the eye as suht«uil a small angle. The eye at E, focusaed 
^^-^ for infinity, receives light therefore which has passed 

rS. I'"*' through the crystal nearly in the normal direction, and 
1^ the crystal appears coloured with a uniform tint. If the 

eye i« focnssed on the crystal, the colours «re not so 

/iw pure because the different rays leaving the same point 
i>f t-he crystal tiave traversed it at different inclinations, 
but when the crystal is thin, sn that the relative retarda- 
1 tion is only a few wave-lengths, a small variation in 

Fij,-, 111. direction does not produce much eft'ect on the colour, 
and therefore the colours are seen with the eye focussed 
I the plate, nearly as well as with the eye adjusted for parallel light. 
An interesting variation of the experiment may 
be made if the analysing Nicol is replaced by a 
double image prism ; two partially overiappiug 
images of the plate are then seen. The images 
are coloured where they are separate, but white 
where they overlap, showing that the colours are 
complemethtary. 

107. Observations with light incident 
at different angles. If the field of view is en- 
larged BL> a.'' t<> inrlude niys ^vhich have traversed 
the crystal at setiaibly differi-ut angles, the effects 
lire more complicated because they depend on the 
jwrt of the crystal looked at, so that the plate 
appears to be covered with a pattern of coloured 
I^nds. To realize experimentally the necessary 
increase of the field iif view, we may look at the 
crystal plal* through an inverted telescopic system 
I'onsisting of two leuses X, and /.„ placed so as 
to diminish angular distances. The different parallel 
pencils which have passed through the crystal, pass 
out of this system with their axes more nearly 
imrallel, so that they may now he sent through a 
Nicol. A similar telescopic system iTiA' serves 
FiR. 1*2. to increase the angular deviation of the rays which 
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liave passed tlirough the poluriziiig ^'icol. T}iti lliiukuess of tlie pUte 
used ought now to be rather larger because it is desired to bring out 
the differences which are due to variations of lengtli of i>aths and 
inclination. Wben crystals are examined in thiu fashion, it is generally 
said that convergent or divergent light is used, but it must be clearljr 
understood that the rays of light which are brought together on the 
retina traversed the crystal as a parallel pencil. So long as the eye ia 
focussed for infinity, the sole distinction between this case aiid the 
previous une, lies in the increase of the field of view. 

108. Uniaxal Plate cut perpendicularly to the axis. In 
order to show liow tlie equation {1} is to be applieii to the ejcplanatioo 
of the interference pattern under the experitneiital conditions of tho 
last article, we may treat first the simple case of a plate cut normally 
to the axis of a nniaxal crystal. An eye E looking 
in an oblique direction through such a plat« (Fig. 143) 
receives rays wliich have pa^ed tlu-ough lengths of 
path in the crystal, which only depend on the angle 
between the line of vision and the normal to the 
plate. Hence the retarilatitm S is the same along > 
circle drawn on the surface of the crystal, having ita 
centre coincident with the foot of the perpendicular 
from the eye to the plate. Aa the colour effects 
depend on 8, the field of view is traversed by coloured circular ring& 
A line along which S is constant is called an isocbromatic line, 
but the term kochrowutk here includes the complementary colour. 
The illumination is not ctmstant along an isochromatic line on account 
of the variations of a and p. In Fig. 144 ABCD 
represents the plate, jV the foot of tlie perpendicular' 
from the eye to the plate. If the line of vision pasaeA 
through the point 0, NO is the trace of the plane w 
incidence, and this plane also contains the optic axi» 
The two directions of vibration of the ray inside th"- 
crystal are therefore NO and the line at right angles W^ 
it, and to make efiuation (1) apply, we must put the axes of jl'and r 
along those directions. 'Ilie circle drawn through vrith N as eentr^ 
is an isochromatic line. The polarizing and analysing direction*^ 
remain fixed in space, while the coordinate axes revolve with the jmih* 
round N. Whenever either sin aa = or sin "2^ - 0, the colour t«rw^ 
disappears and we obtain iherefore in general foijr diameters ali 
which there is no coloration. The lines drawn along these directioi 
are called achromatic lines. 
We consider tlu^e cases. 



KiK- 143, 



Fiu. 141. 



? 1. The NicoLs a 



Bsed. ( 
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The intensity as before is giveu by 

There are two liuea at riglit angles to each other, along which the 
iateruity is zero, these lines coinciding with the directiona of the 
planes of polarization of the analysing and itolarizing Nicola. The 
intensity is greatest at an angle of 43° from these lines. Tlie field is 
traversed by rings of varying colours, or in the case of homogeneous 
liyht, by coloured rings of varjing intensity, the dark rings correspond- 
iDf U) the positions at which the phase retardation S is a multiple of 
lour riglit angles. The whole appearance con.«ists therefore of a 
number of ooucentric rings with n dark cross, as shown in the photo- 
grapli reproduced in Plate II., Fig, 1. The cross widens out away from 
tlie ceutre and each of its branches is sometimes referred to as a 
"bnuh." 

Ciur 2. The Nicola are parallel, (.<!'. a = /3. 

The intensity is 



hvialL' 



*uJ the whole effect is complementary to that observed in the first case. 
Tlie riugs are now crossed by bright brushes. Plate II., Fig. 2 shows 
uie appearance. 

Caw 3. This includes all positions of the analyser and polarizer 
^ which these are neither parallel nor crossed. There are four 
Mbronmtic lines corresponding to a = and " = ^ ; = and = - . 

■\long an isochromatic circle, the colour changes into its comple- 
"leiiury (or for homogeneous light, a minimum of light changes into 
*niMimum) on crossing one of the achromatic lines. This is shown 
'" Plate II., Fig. 3 which is also a reproduction of a photograph, 
"lien either the axis of j: or the axis of if falls within the acute angle 
formed by the directions of the analyser and polarizer, the product 
*in 2a sin 2^ is negative so that the maxima of light are brighter and 
'w ininiuiA less dark. The field is therefore separated into segments 
^ ununual illumiuatioQ and may at lirst sight give the fictitious 
'Ppesrance of a ilark cross. The eight achromatic brushes in this case 
''ponite tlie bright and dark segments, aiul are not very conspicuous. 

109. Relation between wave velocitiea. In order to discuss 

"'efomi of the achnimatiu luni isochrnmatic lines in more complicated 
''"ws. it is necessary to calculate the pha'^e difference 5. The first step 
'Consists in finding an expression for , the difference between the 
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■ J), 



sin'*=«>«'- 



|<l+e«i-l). 



Anollier reIati(Hi betveen the rave velocities b obtained by makii^i 
use of the feet that in any ellipsoid the SMm of the reciprocals of t-l*^ 
nqnares of any three diameters at right angles to each other, is conata>*^ 
TTie Kection we are considering has Ifi and I'p, for semi&xcs, it**2 
/, m, n for the direction oisines of its normal. Henc« /*«' + mV)* + w^*^ 
is the reciprocal of the square of the radtns vet^tor, which is uonual **?j 
the wectioii, and J 

r,' + r,' + Pa' + jnV + «V = rt' + A' + C* (2), ] 

or by tnaking use of T + m' + w' = I , 

( V * r.*) = (a* + c*) + i" (/.' - rt') + «' (ft* - C) ; 
-■. (j),*-ti,')co8j=(^(* + c*-2i^) + /*(ft'-rt')*n*(A*-c*) 

= («'- i") (m* + ..') + (r* - b') (P + m*) (3). 

The expresaions are flimpHfied still further if, instead of J, 1 
introduce the angles 0, and fc between ON and OH, OH' respectivel^» 
And the nnulo cr inchided between tiie two optic axes. 
The spliericul triangle formed by OH, OH', OA" gives 

» cr- cose, cos flj 

sill f>, sin fl, 
Thii I'plii- iixi'M lii' in the plane J-: and if their ]>psitive directions a» 



fOd A = 
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chnsen so that the axis of A' bisect* the angle lucliided between them, 
we find, wTin'iig /,, «, ; /,. «» for their direction coaiDes : 
ciisff, -ll^ + nv,, 
COS fi, = //,-««,, 
cos*,cose, = /'f,'-H"n,'. 
For the angle ir between the optic axes we have 

H .-. Hin B, sin 6, cos ^ = cos o- - cos 6, cos 6, 

P =/,'(™^ + »')-«.' (/" + «'), 

And introducing the values of I, aud n, , Art. 85 ; 

_ («'-y)(w'-f»' ) -Ci"^ e') iP^m') 

Comparing this with (3), we finally obtain the simple eiiuation 

Vi'-Vi=(a''-c')sm6,sin6, (4). 

We may also triinafonn 



cosfi,cosfl,= ^V-H'H," - 



f(a'-<.')-» '('''-'^) 



..(5). 



-■- V* + r,' = («' + r) - {«' - (■') cos 6, cos (*, 
Coibbining (4) and (5) we may express separately 

2vi' = (a' + c") - (a" - c") cos («*, + fl,) 

atb' = («' + (■')- («' - (!=) cos (fl, - 8,). 

If the difference between « and c is so small tliat its square may be 
■neglected, we may writ« 

1 _ L = " i-*^ ^ V-'-i' 

*nere r stands for the velocity to which both c, and *, approach when 
" ~e vanishes. For v we may therefore write either •Jac or j (a + c), 



an 


for 2r* we may write ac (a + 


). 












Iiitrnducing the values of i.'i'- 


f," 


from 


(4) 


we 


obtain 




p, V, {a+c)uc 


sin^ 


si. 


fl. 
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i^> wi_ 


i^ 


sin «, 


sii 


fl, 
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110. Relation between ray velocities. The proposition 
^Dtairied in the last article represents a theorem which may be 
*Pplied to any ellipsoid of semiaxes !/«, l///, Mr; if v,, Vj are the 
fwiprocals of the principal axes of a section which forms angles 
" snd fl, with the circular sections. We may therefore write down at 
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oni-e the corresponding equatiuns for the reciprocal ellipsoid, 8ul»tint> 
ing the ray velocities «i and ^ for 1/v, and l/e^ We nbtun in tfaii 
way 

•j^r* =("" + o -(«-'-'•■') C06 (7, + 7.), 

I 2s,"' = (o'' + c-')-(o-»-e-')cos(>j,-ih), 

I »,'' + «,"' = («"' + «;"')-(«"*-<!■') cos >), C08<h. 

' »,"' - V' = («*' - '^"') sin V> sin Vv 

where jji and ij, are the angles formed between the nonoal to the 
section and the axes of single ray velix'ities. 

111. The surface of equal pbaae difference, or Zsochromatic 
Surface. If we imagine a number of plane waves crossing at a point 
0(Fig. 145) in a crystalline niedinm, there being two wave 
each direction, we may construct a surface such that at any point P. 
belonging to the surface, the phase difference & between the two wave- 
fronts which have OP for wave nonnak is the same. If p be any 
radius vector OP, v, and »■, the wave velocities, the two optical Uis- 
taDces from to /* are iiiei and p/i\, hence the required siirface hw 
for equation : 



<-iy 



^' It will be i^uflicient to confine the discnssion 

-^; to the case of a small <iifference between the 

\ two wave velocities. We shall consider therfr- 

* fore a-c and a fortiori « - ft to be so smaJl that 

their squares may be neglected. We way then 

apply equation (G) and by iutroiiueiug the principal indices of 

refraction ft,- - , f, = - , the equation to the surface of equal phaj* 
difference is obtained in the form 

p{lH-H-i)'»ti9,nm6:,^S (7). 

Unless highly homogeneous light is used, S must not esceed a small 
multiple of a wave-length, if interference effects are to be observed. 
It follows that unless the observations are carried out close to one of 
the optic axes, in which case either siu 0i or sin 0, is small, m — Mi must 
be small. This juatities the simplilication we have iutroduced in 
treating a-c as a small quantity. 

In uuiaxal crystals, there is otJy one axis, so tliat putting 
$i==6, = 6, the polar equation to the surface of et^ual phase difference 
or " isochromatic " surface then becomes 

p(,x.-/i„)sin'# = S (8). 

This surface is fonned by the revolution about the optic axis of 
a family of curves for which the ]K)lar e<iuation is represented by 
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(8) and which is drawn to st-ale in Fig, 146. Only half of the curves 
is shown, there being Byrametrical halves below the line P(l. The 
Kale is such that if the substance is Iceland Spar, and tlie length 





Fig. UO. 



■"Mlted A B represents one millimetre, the inner curve is the isochro- 
■"stie surface of phase difterence equal to 100 wave-lengths, the 
"STe-lengtb being that of sodium light ; the phase difference belonging 
"' tlie outer curve is five times aa great. OC is the optic axis. The 
"pper portions of the curves are sensibly parabolic, because when 6 is 
stnall, the radius vector p is nearly equal to its projection x on the 
optic axis, so that the equation to the curve becomes 
^jx - constant. 
In biaxal crystals the isochromatic surface has four sheets surround- 
ing the optic axes. Their intersection with the plane containing these 
«es is represented in Fig. 147 for the case where the angle between the 
optic ases is 60'. When p is infinitely large, it follows from (7) that 
ritlier fli or 6^ is zero. If d- vanishes, &■, must be equal to a, the angle 
included between the optic axes. For large values of p we may still 
take approximately 9, = a- and the e<iuatiot> to the isochromatic surface 
approaches therefore a surface the equation to which is by (7) 

P sin fij = 8 cosec al{_p, - p,). 
This is the equation to a circular cylinder, having one of the optic axes 
as axis. The intersection of this cylinder with the plane of the paper 
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gives two atmigtit parallel lines, which are the asj'aiptotes to the cktv* 
which forma the intersectiou of the isochromatic surface with the pl&ne 
coiitaiuing the optic axes. If p' be the distance of tlie asymptote* 
from the origin 

p'-8co8eco/0i,-/t,). 

there are two similar asyuiptotes parallel to the sei'oud optic axis. 
These asymptotes are shown by dotted liuea in the figure, and it mtt 
be noticed that each of them intersects one branch of the curve ta 
which it is a tangent at infinity. 

The two distances j>u «-^^ Pi of the vertices of the surface mayba' 



I 



I 



found by substituting 6 
We then find 



= e,= iiTaiidfli^ 



, ^j = — T- resi)ec lively. 



>o = Scosec°iir/(^-^,). 



112. Application of the Isochromatic Surface to the Btudy 
of polarization. Let a doubly refracting plate, Fig. 148, receive light 
at different inch nations. An eye placed at B 
and looking towards a point S on the plata 
observes certain interference effects. 'l"nM;ing 
the disturbance backwards from E, tliere will 
be two wave iionnals within the plate corre- 
sponding to .SK Let OS = p be that wavB 
nonual which forms the smaller angle witlit 
OM the normal to the plate. According tO' 
^^^ l"-* '■'i^ difference in path at .S, and there-, 
fore at E, of the two waves which have traversed' jl 

the crystal is p f- - ■;■ ) ■ -^ aimilar reasoning applies to the inter- 
ference observed in the direction ET, 0, T being the direction of tl» 
wave normal inside the crystal. Draw O.S', parallel to 0,T a.\\A A'A'rt 
right angles to the pkte. The mterference seen at T is the same u 
that due to the phase difference at *', for waves propagated through 0- 
If 1 be the inclination of the line of sight 
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Pur small vdiira of / the ratio tan I'/tan r is nearly constant even 
in the case of donbly refracting crystals (for which siu lain r is not, 
strictly ^peakiug. conatanti. Representing this ratio by p.: 
NH NE 
MS'^ MO' 

«d«nnUrly MS^'^Mb- 

If an isochromatic surface be constructed with ae centre, it 
follows that its intersection with the upper surface of the plate enlarged 
iu tlie ratio liSEjMO gives the interference pattern as it is seen pro- 
jetled 01) the plate. When tan //taa r is not cunHtant, there is a certain 
islortion due to the friability of that fector. 

As an exuDiple we may use Fig. Hti to construct the isochromatic 
liuej for a plate of Iceland sjiar. Place the plate with its normal in the 
plane of the paper, it* lower surface ]>assing through with OC along 
lie optic axis. The upper surface will intersect the plane of the paper 
in a line which is at a distance from O eiual to the thickness of the 
[Jaie. the length of AB representing one millimetre. The intersection 
"f lie isochromatic surfaces which are formed by the revolution of the 
<;iir«e» drawn in the figure about OC and the upper surface of the plate, 
"ill sliow the isochruiuaiic lines for a phase difference of HHJ and 500 
■sve-lengths. As all isoclironiatic surfaces may be obtained from one 
by increasing the length of the radius vector in a given proportion, 
*e may obtnin all isochromatic carves from the same surface by 
'■liangiiiii the scale. Tlius to obtain the curve for which the retardation 
'* ten wave-lengths, iu the above example, we must, taking the inner 
curve, ftlt«r the scale, so that AB represents "1 mm. In simple cases, 
Hlis method of forming a rapid idea of the shape of the interference 
''"Tves is very serviceable, the difterent I'urves being obtained by 
'iTHBiiig the upper .surface of the plate at difl'ereut distances from the 
"ri«in. 

Isochromatic carves in uniaxal crystals. Tu study the 

intersection of the isochromatic surface by a plane drawn 
in any direction, construct a spherical triangle SNO 
(Fig. 149), such that if C be the centre of the sphere, CN 
is parallel to the normal of the plate, CO parallel to the 
optic axis, and CS parallel to any wave normal inside 
^ig. 149. the plate. Also let 

$ = angle between CS and CO, 

*= ,. „ CA'and CS, 

<!'= „ „ CX and CO, 

A^ „ ,. planes CA'.^and CA"0. 
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lu the spherical triangle NOS 

t'os B^coaiji C08 ^ + sin ^ sin ijfr cos J ; 
.■. ain" 6 = biu' i^ + ain' ^ (cos' i^ - sin' ^ cos' A ) 

- sin 2i^ sin ^ cos <^ cow ^ . 
To obtmn the iaocliromatic curves we must take the intersection 
between the suriaces given by (8); 

p Biii^ 9 - coustant 
and the plane at whicli p cos ^ = e, 

where e is the tbickuesB of the plate. 

Eliminating p we obtain an equation for the curves in the form 

-constant ....(9). 

cos<t> 

We shall consider the augle of internal incidence to be so amall 

that we may n-rite sensibly j, ~ ^ * i ^^^' '^- ^""^ rejecting all tenns 

r power of * than tlie second : 



Jcos'^-8in'^(.'os'-4)-8in2i^sin^cosJ. 



involving a highi 

sin'fl , , , - . , ,1 

— -- - sin yp + ain" ip (A 
cos^ 

An important special case occurs when the plate is cut parallel W 

the axis. In that case sin </■ - 1 and sin 2^-0 so that the conditioD 

for equality of phase difference at the upper surface becomes 

siu'0(i + Jcos'i/'-sin'f co8'j4)=c«nBtant, 

or introducing the value of ij/ 

sin'i^ (sin' j1 - cos' j4) = constants 

If we introduce rectangular coordinates with the pole of theplit* 

normal jV as centre, so that 

J-esini^sin^ 

y=«8iQ^coB^, 

the equation to isochromatic curves reduces to 

if*— y = constant. 

These curves are therefore rectangular hyperbolas, one of the ues 

being parallel to the direction of the optic axis and the other at nght 

angles to it. If sin '2^ does not vanish, then for small values of ^ th* 

term involving the first power of rft is the important one. Close to tl» 

normal therefore in a plate cut obliquely to the 

lines are given by 

siii^cos^ ^constant, 

which represeuts straight lines at riglit angles to the plane centaining, 

the optic axis and normal. When ^ becomes' sufficiently large for tii 
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113-113] INTEBFERKNCK OF POLARIZED LIGHT 193 

second order terma to become appreciable, these lines become carved, 
but both tenns togetlier still represent conic sections. 

I'lilei^s the nonnal to the plate is uearly coincident with the optic 
axis, there are no achromatic lines, as the axes of x and y remain 
sensibly partillel throughout the field. 

114. laochromatic Corves in Biaxal Crystals. We shall 
not follow out in detail the calculation in this case, but only indicate 
the method which may conveniently be adopted. Construct the spheri- 
cal triangle NSOu NSO,, Fig. 150, corresponding 
to IfSO, Fig. US, only with the difference 
that we have now two optic axes CO, and CO,. 
Let A represent the angle between the sides 
NS and XG, where NG is a large circle bisecting 
the angle between A'O, and NO,. If <a he half the 
angle between the aides A'Og and A'^Oi, we have 

Fig. 1.50. in the triangle JVO,S 

cos Sa - COS i^s cos <i> + sin i{i, sin i^ cos (A — <»), 
and similarly io the triangle NO,S 

cos 6, = cos ^, cos <^ + sin ifr, sin ^ cos (4 + oi). 
Tlie angle 2w may he obtained from iji,, ip,, and 0,0i, tlie angle 
between the optic axes. 

Prom the above two equations we may obtain 
sin' 6, sin' Sj/cos' *, 
expressed in a series proceeding by ascending powers of sin 0. 

It is found that when tlie nonnal of the plate coincides with one 
of tiie axes of elasticity, the factor of the first power of sin ^ is zero, 
Wd in that case, neglecting sin' <^, the condition for the isochromatic 
hiies is obtained by putting the factor of sin'(() equal to zero. We 
*hus obtain, as in the last article, the eijuation of rectangular hyper- 
l«la«. When tJie plate is cut ohhquely the factor of sin is the 
"Dportant one, and the curves close to the nonnal are straight lines, 
** »itli utiiaxal crj-atals". 

115. BiEixal Crystals cut at right angles to the bisector 
of the angle between the optic axes, This case has special 
"iterest, and may be treated in a very simple manner, if the angle 
'ttweeD the optic axes is small. Let OM,, OM, be the directions of 

* Por the deUils of working ont the genpral cv-af, see KirchhoO, ViirUiungin 
<^ TMthtmatiieht Optik, |>. 256. 
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Id the spherical triangle NOS 

COS - COS ^ COS </> -» sin ^ sin ^ co8 /I ; 

.'. sin" 6 = sin' it + sin' ^ (cos' i^ - sin' ip cos' J ) 

- ain 2<li sin i^ cos i^ cos j4 . 

To obtain the iaochromatic curves we must take the iiit«rsection 

between the surfaces given by (8): 

P sin' 6 = constant 

and the plane at which p cos ^ ^ «, 

where e is the thickness of the plate. 

Eliniinutiiig p we obtain an equation fi>r the curves in the form 

sin'* ^ ^ 

7 = constant 

0-08 

We shall consider the angle of internal incidence to be so am&ll 
that we may write sent<ibty = I +i8in'i^. and rejecting all tenna 

involving a higher power of ^ than the second : 



..(9)- 



COS0 



i' ^ + sin' (I + i cos' 1^ - sin' il/ cos' J ) - ain 2^ sin ^ cos il. 



An important special case occurs when the plate ia cat parallel to 
the axJK. In that case sin iji - 1 and sin 2\f'=0 m that the condition 
for eijuahty of phase difference at the upper surface becomes 

sin* 1^ (J + j cos' ^ - sin' ^ cos' ^) = constant, 
or introducing the value of i/" 

sin' ifi (sin' -4 - cos' A ) = constants 
If we introduce rectangular coordinates with the pole of the platd 
normal N as centre, so that 

.r-^Bin^sinyl 

y = esin0coB^, 

the equation to isocbromatic curves reduces to 

j^— y ^constant. 

These curves are therefore rectangular hyjierbolas, one of the axB 

being parallel to the direction of the optic ajiis and the other at ri^ 

angles to it. If ain 2^ does not vanish, then for small values of ^ the 

term involving the first power of i^ is the important one. Close to the 

Donnal therefore in a plate cut obliquely to the axis, the isochronistio 

lines are given by 

sin cos il = constant, 
which represents straight lines at right angles to the plane cantuiniug 
the optic axis and normal. When ^ becomes sufficiently large for the 
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eecoud order terms to become appreciable, tbese lines become curved, 
but both t«rmft together still repreaeDt conic sections. 

UnlesiB the uonnal to the plate is nearly coincident with the optic 
axis, there nre no achromatic lines, as the axes of x and y remain 
sensibly parulle! throiiylmul tlie field. 

114. Isoohroraatic Curves in Biaxal Cryatals. We shall 
not follow out in detail the calculation in this case, but only indicate 
the method which may conveniently be adopted. Construct the spheri- 
cal triangle NSO„ NSO-i, Fig. 150, corresponding 
to NSO, Fig. 149, only with the difference 
that we have now two optic axes CO, and (70,. 
Let A represent the angle between the sides 
NS and jVC, where NG is a large circle bisecting 
the angle between A'Oi and NO,. If (u be half the 
angle between the sides NO, and NO,, we have 

Fig. 150. in the triangle jVO,iS' 

cos tfj = cos ^, CM ^ + sin t^, sin * cos {A ~ -•), 
Md similarly in the triangle NOiS 

COH fi] = cos i/i, cos 4> + s'u ^1 ain ^ cos (4 + m). 
The angle 3ui may be obtained from ^,, >/',, and 0x0^, the angle 
wtween the optic axes. 

From the above two equations we may obtain 
sin' $1 sin' tf,/cos' ^, 
spreased in a series proceeding by ascending powers of sin <i>. 

It is found that when the normal of the plate coincides with one 
"f the axes of elasticity, the factor of the first power of ain <t> is zero, 
*nd in that case, neglecting sin' 0, the condition for the isochromatic 
liiiea is obtained by putting the factor of sin'0 eqnal to zero. We 
thus obtain, as in the last article, the e<|uation of rectangular hyper- 
w>1m. When tlie plate is cut obliquely the factor of sin <^ is the 
ituportont one, and the curves close to the normal are straight lines, 
**with unioxfll crj'stak", 

115. Blaxal Crystals cut at right angles to the bisector 
|rf the angle between the optic axes. This ca«e has special 
■"terest, and may be treated in a very simple manner, if the angle 
wtteen the optic axes is small. Let OJ/,, OJ/, be the directions of 



* For the detsilB of warking oat the general c 
a nathematiiehe Opiik. p. 256. 
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the o|)dc axee. Wheu these nearly coincide with the normal, the an^lw 
OMJ' aud OMjP are nearly right angles, so that approximately. 
. „ PM, . . PM^ 

Hence the ei| nation tu tlie isochromatic 

F.g. 161. PM, X PM^ 

OP 
If further, OP form a small angle with the normal, we may 
it to be constant and eignal to the thickness of the plate. "Pia 
isochromatic lines are in that case the lines on the surface of the platu 
which satisfy the equation 

r,ri = coatitaut, 
where t-i and r, are measured from the point" 3/, and 3/j on the 
crystal, such that plane waves traced back along the lines of vision 
A'JUi and EM, (Fig. 152) are reftacted with tbeir wave- 
nonuals parallel to the optic axes. The curves am 
BO-called lemuiscates. Fur small values of the constaotB 
they split up into separate curves, each suiroundiug oue 
of the points M, or M,. For large values of the coustant)) 
they are nearly circular, with the point halfway betwON 
3/, and M^aa centre. Figs. 4 and h, Plate II., shewt^, 
appearance. 

116. The Achromatic Lines in Biazal Crystals. To tncB 
the achromatic lines in a biasa! crystal cut so that the surface of the 
plate fonns equal angles with the optic axes, we must introduce Ha 
condition that sin 2a or sin 2^ is zero. The planes of ^lolariiation 
of the wave having OP (Fig. 151) for 
nonuiil bi.sect internally and exterusll)' 
the angles between the planes POM, am! 
POM, (Art. 90), and if 0M„ OV, ud 
OP are all at a small inclination to the 
normal of the plat«, the planes I'f 
polarization intersect the upper surfw-'S 
of the crystalline plate in lines wMi'li 
are very nearly the inU^rnal and v^- 
tenial bisectors of the angle between the lines /*.'/, and PMi- !*' 
the plane of the paper (Fig. 153) reiweseut the upper surface of th* 
crystal, A' being the foot of the perpendicular friim to that siirfw* 
Let also N¥ represent the priucii)at plane of the polarizer or of ''"' 
analyser. The condition for the at^hromatic line implies that the 
luector PT of M, PM, must be parallel m at right angles to the fii<^ 
direedon NY. Let the coordinates of P he x and ^ ; those of ^*' 



Fig. 162. 
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; aDd >j. those of M, , - i aud - >;. Draw M, H aiid J/, A' at right angles 
a the bisector PT. nieti 

ind tan KPM,^^^' 

kP 

rKP _ KM, 
HP HM^' 
y + 1? f + a- 

Hence the nchroinatic Hues are e<iuilatenil h}'perbolus passing 
tlirough the points iV, and jW",. Fig. 4, Plate II., shows these curves 
ill the form of dark hj-perbolic brushes. 

If { = ij, OY IB at ail angle of 45" to the line joining M^ and Jf,, 
Kill these two points are on the vertices of the curves. Tliis case is 
rejjresented in Plate II., Fig. 4. 

if either f = or 17 = 0, .rv = U, and the achromatic lines coincide 
*itli the axes of x and y. As iu tlie case of uuiaxal cry.stals, there 
ue two sets of achromatic lines, one belonging to the polarizer and 
oue to the analyser. Both have the same shape, and botli pass 
t^Tough the same points M, anrl J/,. If the observing Nicols are 
QiiBsed or parallel, the two sets of lines coincide ; in the fonuer case 
uie hyperbolic brushes «re dark, and iu the latter, bright. Plate II., 
''R. 5, gives a secund example of dark hyperbolic brushes. 

117. Measurement of angle between optic axes. 'I'he inter- 
'Mtioii of the iaoehromatic surface {Fig. 147) with planes drawn at 
"ifferent distances from 0, shows that for small differences of path 
we iiiterference rings surround the optic axes iu closed curves. This 
^l^urds a means of determining the angle between the optic axes. 
ff » plate of a crystal cut symmetrically to the axes, as assumed 
'1 the lust two articles, be mounted .so that it can be rotated about 
■n (uis at riglit angles to the axes through an angle which can be 
iieiisiired, we may bring first one centre of the ring system belonging 
W one optic axis against a (Lxed mark in the observing telescope, and 
tlien the centre of the system belonging to the other axis. The angle 
wf rotation is the so-called " apparent angle " between the optic axes, 
lor it is clear that wliat is measured is the angle between the lines 
of vision M^E and jl/,Ar' (Fig. 152). This angle is to be corrected for 
refraction to get the angles fonned between LJ^^ and LtM^ 
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118. Dispersion of Optic Axes. We have treated the proUemi 
of double refraction as if the position of the optic axes were indqieo- 
dent of the wave-length. Though the position of the principal axes 
does not in most cases depend on the wave-length, the principil 
velocities are different for the different colours. Now r,, r,, f,, 
being the principal velocities for one wave-length, and r,', r^, r,', 
for another, the latter quantities are not in general proportioDal to 
the fonner, hence the positions of the optic axes change with the 
colour of the light. In some cr3'stal8 the difference is very con- 
siderable. 

119. Two plates of a nniaxal crystal crossed. A great 
variety of effects may be produced by allowing light to traverse 
several plates in succession. We shall only consider one case, which 
is of some importance. 

Let a plate be cut obliquely to the axis of a uniaxal crystal, and 
then divided into two halves which are therefore necessarily of the 
same thickness. Superpose the two halves and turn one of them 
through a right angle. We shall determine the shape of the iso- 
chromatic lines in this case. 

The first plate produces a difference in optical length between two 
coincident wave normals, which as obtained from (9) is 

^ 4f sin' ^1 

the meaning of the letters being the same as that of Article (113). 
The second plate being turned through a right angle, the direction 
of vibration in the ordinary and extraordinary rays is interchanged, 
so that the phase difference in that plate is 

5 . v^sin'^. 

The values of cos <^ and cos ^' are nearly equal for the double 
reason that <^ is small, and that the difference between fi^ and fi« is 
small. Hence the total phase difference is proportional to 

sin'^ O2 - m^ ^1 = cos^ Oi — cos' 0^, 

According to Art. 1 1 3 

cos ^1 = cos ^cos\l/ + sin <^ sin iJ/cosA, 

To find the angle O2 which the optic axis makes with the plate 
normal in the upper plate, we have only to increase the angle A 
by a right angle, keeping all other quantities the same. Hence 

cos ^2 = cos ff> cos ij/ ~ sin <^ sin if/ sin A . 

Neglecting higher powers of sin <f> 

cos* ^1 - cos' ^, = sin <^ sin 2i|f (coa A 4 sin A ). 
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Introdutfiag rectunguUr coordinates, so that 

« sin cos J = ar, es'miftmaA =ff, 
the ft|iiBtion to the isochroiuatic line for which the trjtjil diBereuce in 
Dpticfil leugth 8, + 8, is e((ual tu »\, becomes 

(^-(^)sm2^i^.i/) = >,\ (10). 

This repreeents a series of parallel lines. The tield of view is 
tbetrfore crossed by e. series of bands, the central one not being 
coloured. The bands are the wider apart the smaller ij/, so that if 
tlw bands are to he broad, the plate should be cut nearly nonnally 
to the optic axis. It is found tJiat in this case, the departure from 
sti»ightnesa wliicb depends on terms inv()lv!ng sin' it is also small. 

Two plat«s combined together in the manner describeil, form the 
Ensontdal portiona of the "Savart" polariscope, which is the most 
ocUcate means we [)OHsess for detecting p<.ilar!zed light. Tlie double 
I^tfi is provided with au analyser, consisting of a Nicol prism or a 
Tourmaline plate. In both cases, thp plane of transmittance through 
the analyser should bisect the angle between the principal planes of 
te Savart plates in order to get the most sensitive conditions. If the 
itwiiiBiit light be polarized at riglit angles Ut the plane of transmittance. 
Hie eye sees a dark central band accompanied on both sides by 
ptndlel coloured fringes. If the incident light be polarized parallel to 
|h9 direction which can pass through the analyser, the central band 
w bright, and the whole effect is complementary to tliat observed in 
the previous case. By esamiuiug the light reflected from the sky or 
from almost any surface, the coloured fringes are noticed, and hy 
"totiug the whole apparatus we may find the direction in which the 
"iiges are moat brilliaikt and hence determine tlie plane of polarization 
(* the incident light. 

_ 120. The Half Wave-length Plate. If plane pulanKcd light 
lally on a plate of a crystal cut to such a thickness that 
the two waves are retarded relatively to each other by 
half a wave-length, or a multiple thereof, the transmitted 
beam is plane polarized. Let OA' and OV he the two 
principal directions of vibration in the crystal, and a the 
angle between OX and the direction of vibration of the 
incident beam. The displacements resolved along OJl 

•^. 1S4. and V may then be exjiresscd by 

V = a sill " cosi lit. 
Then if the thickness of the plate be such that its optical length 



M 



■i^i^miiiiii^^Mi 

^^1 for the vibratiou aloog OY is haif a wave-length ^eater, or half 

^^M vave-leagth less, than thai for the vibration along OX, the displac9- 

^^H mentfi at emerj^ouce will be 
^^H u It cos a cos vit, 

■ 

^^1 BO that there ia again plane polarization, but the angle of vibration 
^^P forms an angle - a with the axis of x. The same holds for » 
retardation equal to any odd multiple of two right angles. For even 
multiples, tlie plane is that of the original vibration. These plates, in 
whicli a relative retanlatioii of the two waves amounting to half & 
wave-length takes pla«e, are called "Half Wave-length Plates" and 
are used in some instruments in which it is desired to fix the plane of 
polarization accurately. The simple Nicol does not permit of very 
exact adjustment, for while it is moved about near the position i^ 
extinction, a broad dark patch is seen to travel across the Kcl<l, and it 
is difficult to tix the exact position in which the centre of that patch 
is in the centre of the field of view. In the in.>itniment in which & half- 
wave plate is used, that plate covers half the field of view. If O.Vand 
OM. Fig. 155, be the principal directions of the half-wave plate covering 
the left-hand portion of the field of view, and if the incident tight 
vibrates along O-Pj, the field of view will be divided by the plate 
into two portions, the directions of vibration at emergence being aJong: 
OP,, 0P„ e<iua]ly inclined to O.V. An eye examining 
the tield through an analysing Nicol will find the two 
halves unajually illuminated, except where its principal 
plane is coincident with ON or at right angles to it. In. 
the latter position, the luminosity of tlie field is emall- 
if a is small, and the eye is then very sensitive to small 
differences of illumination, so that the position of tha 
analysing Nicol may be fixed with great accuracy. A half nave-lengdt 
plate used in this fashion is the distinguishing feature of "Laurent's 
Polarimeter." The weak point of the arrangenieut lies in the effect ol 
refrangibility on the retardation, in consetiuence of which a ret 
ation of half a wave-lerigtii can only be obtained for a very limited 
part of the sjwctrum. Hetice homogeneous light must he used witii 
instruments which contain these jilates. 

121. The Quarter Wave Plate. Plates iu which the relative 
retnrdation of two waves is a quarter of a period, are called Quarter 
Wave Plates. They have llie pnjperty of converting plane polarised 
light vibrating in a suitable direction into circularly polarized light- 
Let OX and OY be the two directions of vibration in the cryataj, 
the vibration along OY being the one propagated most quickly. 
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Consider an incident plane polarized ray vibrating at an angle a to 
0^'. llie dispIacemeotA in the incident vibratioot) are 
11 = a COB a cos ml, 

At emergence the displacements may, by snilable adjustment uf the 
oripn of time, be esprewied as 



- a con a cos utt 
= asmacos{u>t- 



S)i 



.(ID. 



in general this represenW an elliptic vibratioD and we taay investi- 
gate whether a poiikt P moves clockwise or counter-clockwise through 
the ellipse. If a. is in the first quadrant, tlien for W =" ir/S, tlie ;r 
wmpoaeut of the displacement is zero, and the velocity in the Ji 
direction negative. Undor these conditions, the rotation is positive 
(anti- clock wise) or negative (clockwise) according as the y displacement 

■ Mpositive or negative. 

^HuQt nniler the above conditions at emergence for lot = w/2 

^^H v- — a sin a sin S. 

^^"The rotation is positive or negative, therefore, according as sin S is 
negative or positive, hence if the total retardation is less than half a 
*ave-!engtli, the rotation is negative or clockwise. We should have 
ROt tlie opposite result if we had taken o to be in the second quadrant. 
Ow conclnsiona raay be fonnnlat«d thiis : — 

If the retardation is less than half a wave-length, the rotation is 
from tlie direction Y, which belongs to the more quickly travelling 
wave, to the direction OP of the incident vibration, taking that 
Wieh of OP which forms an angle less than a right angle with 1'. 

If the retardation is between half a wave-length and a whole 
"^ve-length, the rotation is from the liireetinu OP to the direction 

or. 

The displacements indicated by ( 1 1 ) when resolved along OP and 
*t right angles to it, become 

«' = a [cos' a cos <"« + sin'aco8{ui/ + 8)], 






a cos (wt + S) - 



14 W], 



«' = Ja [cos (orf + 8) + cos (»it)] = a cos JB coa (<u( + JS), 



e' = Ja [cos (vt + &) — cos nf] ~ - 



DiB8in(w( + ^S), 
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I Hence th» ]iEirtic]e describes ni K^nerul An ellipse having OP u M I 

I oT its iiritii'ijial axes. Wlieii ^ - ^ tlie ellipse becomes a cinle. If I 

[therefore a plaue wave be propagated tlirougii a doubly refrutinf I 
r sutMtanue, and if the incideut Tiliration is ei^ually inclined to OX I 
I Mid OY, then atoug ilie iiormal tn tbe wave, tlie rays arc plane, I 
I Blliptically, or circularly |>olarized in regular siiccesainu. The out I 
' of vibration and the direction of rotation are indicated in Fig 156 I 

for e<(U&l distances {rnm each nther, each st«p in distance cone- 
' sponding to a retardation of 45', 

Fi0. ISC'. 

Thill plates of mica or gyjeum may he obtained of the right ' 
thickness to give circular jiolariKatiou. If the retardation is 3A/4 the 
effect is the same, but the rotation is left-haoded in the »anie poatioa 
relative to the crystal, where it was right-handed with a retardation 
of A/4, We may call the direction OA' the aj-is of the ixnarter plate, 
BO that the direction of rotation for retardation of less than half a 
«ave-len|{tli is from the direction of incident vibration to the direction 
of the a.\is, through the acute angle included between them. A 
retardation A/4 -t ii\ acts, so far as a particular wave-length is c«u- 
cerned. exactly like one of A/4, but the difference in the refractive 
index for different culrmrs ha,-* a more serious effect, the higher the 
value of n. 

122. Application of Quarter Wave Plate. Besides being 
able to give, at any rate for one wave-length, light which is circularly 
polarized and rotating either in one direction or in the other, a quarter 
wave plate is useful fur the inve^itigation of elliptically puhirized UghL 
Elliptic polarization may always be represented by the superjKtsidon of 
two plane vibrations taking place in the direction of the axes of the 
ellipse and having a relative retardalioti of 90". This phase difference 
is in one direction or another according as the elliptic path is right- 
handed or left-handed. A iiuarter wave plate with its axis parallel to 
one of the axes of the ellipse will increase or diminish tbe existing 
phase difference by another right angle, and the result is therefore 
plane polarization. If a and are the semiaxes of the original ellipse, 
the duvction of vibration after patting through the quarter wave plate 



will form an angle tan '(±-) "''th the direction along which a is I 
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iBiired, the ± sign beiug determitted by tlie questinu whether the 
ter plate increases or diminishes the original retardation. 

123. Babinet's Compensator. Thin is an arrangement which 
I been anccessfully nsed for the study of elliptic polarization. It 

rwnsists of two wedges of quartz, with tbeir axesi in the direction of the 

Ic shailicg of the two surfaces ia Figure 157. If a 

parallel beam of light traverses the system in the 

^^^I^^B direction LN, the my vibrating in the direction 

^H^^^^^^*P of tlie edge CD of the upper prism will pass 

p^""""^ throagh that upper prism more ([uickly, but through 

w the lower prism more slowly, than the vibration at 

Fiy. 1-57. right angles to it. The central ray passes tlirough 

eiiual thicknesses of both prisms. If plane polarized light which may 

be resolved parallel to AB and AC fall on the prism, the central ray 

will be plane polarised in the same direction as the incident light but 

on either side the rays will in general show elliptic polarization. At 

certain distances however the relative retardation of the two rays is 

two right angles and the transmitted ray will again be plane polarized. 

If the transmitted light be examined hy a Nicol, properly placed, 

the field of view is seen to be traversed by parallel bands. If now 

the original light is elliptically polarized, the whole system of bands 

is tlie same as before hut sliiFted sideways. In Babinet's Compensator, 

each of the wedges may be shifted parallel to itself, and iu this way 

the eentral band may be brought back to its funner position. The 

amount of displaceraeut necessary to bring it back measures the 

relative retardation, and by its luean^ the ratio of the axes of the 

ellipse may be determined. 

124. Circularly polarized light incident on a crystalline 
plate. We now consider the ca.^e where circularly polarized li|iht falls 
on u crystalline plate and is then analysed by a Nicol [irisui or other 
plane pohirizer. The incident light njay be considered to he made of 
the superposition of two plane polarized waves having a relative 
retardation of a quarter of a wave-length. To tix our ideas, let the 
rotation of the incident light be anti-clockwise, the displacement along 
OX being represented by « cos <-A and that along K by « sin <u(. 
The direction of these axes may he chosen acconiiug to convenience 
and we may take them to be coincident with the principal directions 
of vibration inside the crystal. Let there be a retardation 8 inside the 
crystal of that component which vibrates along Y. If the analyser 
is placed so that the light it can transmit vibrates along a direction 
forming an angle u with 0.1' (the rotation from OX to 01' being 
positive) the two parts of the beam leaving the analyser have 
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amplitudes a cos a and a sin a and a phase differeuce of ^ir + S. Hatce 
the iiiteiLsity of the emergent light is 

/=«*(! -sin 2a sin 8) (12). 

This expression repUces equation (1) which holds when the incident 
light is plane polarized. The achromatic lines are determined bj 
sin 2a = 0, and are therefore two lines at right angles to each other, 
parallel and perpendicular respectively to the principal plane of die 
analyser. The isochromatic lines are the curves for which S is coustaot 
If the plate is cut from a uniaxal cr}'8tal at right angles to the axis, 
the isochromatic lines are circles which in adjoining quadrants show 
complementary effects depending on the change of sign of sin 2a. 

If the plate be examined by convergent or divergent light, the 
appearance, for positive values of 5, is that shown in Fig. 158, and for 
negative values of 8 in Fig. 159. As the chromatic influence on the 





phase differeuce S is the greater, the larger the phase difference, the 
first minimum observed with white light looks darker than the subse- 
quent ones, the minima for the different colours overlapping more 
closely. We may refer to those two minima as the two dark spots, 
which lie in the first and third quadrants in Fig. 158 and in the 
second and fourth quadrants in Fig. 159. 

The difference in the appearance gives us a useful criterion to 
distinguish between prolate and oblate crystals. Let it be required 
to study the intensity of light along the line NO (Fig. 144), which 
we take to be the axis of A^ If OF be the axis of Y at 0, and BG 

the direction of vibration transmitted by the analyser, 
u is in the first quadrant and sin 2a in (12) is a positive 
quantity. OF being the direction of vibration of the 
ordinary ray, the retardation 8 is positive for oblate 
crystals such as Iceland Spar, in which the ordinary 
ray is transmitted more slowly. Hence Fig. 158 re- 
presents the appearance. If the polarizer is placed at 
right angles to the analyser or along A B (Fig. 144), the axis of the 
quarter plate must, according to Art. 121, be placed parallel Uy AC 
if the rotation is to be anti-clockwise, as has been assumed. Hence 




Fig. 144. 
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far- oblate crystals, the line fonning the dark spots is parallel to the 
axis of the quarter wave plate, while for prolate crystals (Fig. 159) 
the two lines are at right angles to each other. In both figures the 
line PQ marks the position of the axis of the quarter wave plate. It 
is easily seen that no difference is made in the appearance if the 
positions of the analyser and polarizer be interchanged. Hence the 
same rule holds whether the original rotation is clockwise or anti- 
clockwise, and we need only consider the relative positions of the 
&xis of the quarter wave plate and the line joining the dark spots 
to decide between the two possible kinds of uniaxal crystals. 
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125. Small strains in a small volume may always be 
treated as homogeneous strains. Let a, p^ y represent the dis- 
placements within a strained body, and let the displacements be 
expressible as functions of the unstrained coordinates x, y, z of any 
point, so that 

<* =/i i^y y, -), P =A i^y yy ^)y 7 =/« (^, y, ^). 

Let further a', p\ y be the displacements of a particle near x, y, z, 
which originally has coordinates x + i^ y + rj and z + C^ then, neglecting 
squares of f, 17, f, by Taylor's theorem : 



da .da da f. 



dx 



dz 



^, r. dp . dp dp^ 
^^^^Tx^^Ty-^Uz^^ 

^ ^ dx dy ' dz^' 

iy 17, f denoting the coordinates of the second particle relative to 
those of the first in the unstrained condition. If i\ 17', £* denote 
similarly the relative coordinates of the same two particles in the 
strained condition, w^e have 

f = (a? + ^ + a ) - (.r + a) = i + a - a, 
>/ /, da\ .da da ^ \ 



or 



Similarly 



dx^ ' V' ' dy 



dfi 

dz 



l^^).^^-f>- 



^='^^4^*(-190 



(1). 



wm 
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These equationM deuotu a homogeueous strain, for the linear 
reI&tJoii!i between the Btrained ami uiistraine<l coonliiiateH necessarily 
satisfy all the conditions laid down for such a strain by Thomson 
and Tfljt (Natural PhUnmpk^, Vol. i. Art. 155): "^" when matter 
oecupylnff any tpacf is Btrainfd in any way, all pairs qf points nf 
it* futistaiice w&IrA an initially at equal distaiic»i from ime unuther 
in pnraliel liiw remain eqaidistajit, it may be at an altered distanes ; 
atifi in parallel lines, altered it mat/ be, frnm their initial direction ; 
the strain is said to be /icmoi/enroiiK.^' 

126. Simple Elongation. As a simple example of a homo- 
geneous strain we may take the special (.'ase in which all coefficients 

except -1- Yanish. This gives 

This is at once seen to represent a strain in which all lines 
parallel to OX are increased in the ratio (l + ^1 : 1. their dis- 
taacea from each other being unaltered. It is therefore a simple 
^ougstion along OJT, the elongation being measured by -,— . If t- 

ffand^^. 
dy dz 

not negligible, the strain consists of three small elongations along the 

three coordinate axes, superposed on each other. We denote these 

elongations by e, /, g, so tliat 

^~di' •'~dy' ^~dz- 
A cube having unit sides parallel to the coordinate axes, takes by the 
^'^^in a volume equal to (1 +e)-(l +/) ■ (! +g), and neglecting small 
^utniities of the second order, it is seen that the cubical dilatation 
*^'ch is the increase of volume of uuii, volume is measured by 

III a homogeneous strain all portiOTis of a body have tlicir volume 

"'<^'«ased or diminished in the same ratio, and we may therefore speak 

the dilatation as a quantity belonging to the strain and independent 

2j the position or shape of the portion of the body which we contemplate. 

"'is may formally be proved as follows ; 

Take three points having coordinates i,, >},, C; $„ ijj, ^; ^i, ij.i, i, 

"^^ctively. 

'ITie volume t of the tetrahedron liaving these points as three of its 
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vertices and the origin as the fourth, is equal to the sixth part 
determinant 

it Vz ii 
This determinant is changed by the strain to 



dk 



ii 



I 

Vt 






ii + 



Substituting from equations (1) and applying a well-known theorem 
of determinants, it is found that the volume r of the strained tetra- 
hedron is the sixth part of the product 

da da 
djr dy 

dp 

dx "^ dy 

dy dy 

dx dy 

The second determinant simplifies, when the differential coefficients are 
so small that squares may be neglected, and becomes 



i\ Vx ii 
^9 7s {9 



^s % is 



dB ^^ 



da 

dz 

dp 

dz 



dz 



Hence 



and 



■•"( 



T — T 



, d4i dp dy 

1 -I- — + --- + — - . 
dx dy dz' 

da dp dy 
dx dy dz 

da dp dy 
dx dy dz 



)• 



measures the cubical dilatation. 



127. Simple Shear. 
the equations 



Consider a strain which is represented by 

A point P on OX (Fig. 160), the axis along which both x and $ are 
measured, keeps its x coordinate uuchauged but is shifted parallel to 
OF through a distance (dP/dx, so that the line OA^is turned through 
an angle dp/dx. Similarly a point Q on F is shifted parallel to OJT 
and the line F is turned through an angle da/dy. The parallelogram 
OFRQ! has an area which, neglecting small quantities of the second 



126, 127] THEORIES OF LIUHT 

**f<ier, is equal to OP x OQ, so that the strain involves no sensible change 
^^ area, and 



r 



F%. ICO. 



i all s coordinates are unaltered, the strain involves no 
sensible change of volnme. If the strained figure be 
rota,[ed until 0-1" coincides ivith O.V, it is seen that 
the total change may be represented as a sliding of all 
lines parallel to OX along themselves, the amount of 
the relative sliding being proportional to the distance 
between any two lines. The distance QQ' being 
OQdajdy, is increased by the rotation through an 
angle d^/dx (bringing OP' into ctiincidence with OP), by an amount 
OQdp/djr, so that the sliding per unit distance is 
^da d0 
dy d.r ' 
If the total strain is confined to such a sliiiing, it satisfies tlie 
condition of a simple shear (Thomson and Tait, § ITI), c being the 
amount of the shear, 

A simple shear maybe produced by an elongation e in one direction, 
together with au equal contraction in a direction 
at right angles. Let 0,1' and Y (Fig. 161) be 
the two directions. A length OA is changed 
by the strain to OA', where OA' = (I + e) OJ.. 
Take a ])oiiit fl on F at a distance OB - OA'. 
If all lines along OY are reduced in the ratio 
(I +«):!, OB will be changed to OF, so that 
OB' = OA. If O/J = OA, and 00= OB, the paral- 
lelogram ABCD will be changed into A'BC'Ef. 
Imagine A'B'C'D' to be transj>osed bo that A'B is made to coincide 
with AB, and it will be seen that the whole cliange is equivalent to a 
sliding of the lines parallel to AB along their own lengtlis. If fl be 
the angle between AD and a line drawn at right angles to AB, the 
amount of sliding per unit distance is "2 tan 0. 

If further, a. is tlie angle between OB and AB,G + 2a = ^n-, so that 
the amount of sliding is 2 cot 2u = cot a - tan a. 
L w ^ OA OA \ 

m Now "^""--OB^OA'-l.e 

* = I -t! (approximately, if e is a smull quantity). 

Hence the amount of sliding is if, neglecting small qiiaTitities of the 
second order. 

To -sum up; "A simple exteusion in one set of parallels, and a 
simple contraction of equal amount in any other set perpendicular 
to those, is the same as a simple shear in either of the two sets 
of planes cutting the two sets of parallels at 4a*. And the numerical 




Fig. 161. 
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measure of this shear, or simple distortion, is »|ual to douhle ^ 
amount nf the elongation or contraction (each measured of conn* 
per unit length)." (Thomson and Tait, SeSl.) 

128. Components of Strain. Neglecting amall quantitiei' d 
the second order, the strain representeil by the e*! nations (1) n 
be imagined to be produced by the superpuaitiou of so. M'pikntl 
steps, which are three simple elongations and three simple i 
Beginning at tirst with the three elongations, the resulting changs 
is represented by 



da:)' 






We next suppose a change indicated by 



which according to the previous article 



a simple shear of 
By substitution we find, negli 



-r -^ -r ill the plane 

dji die 

squares of small ((uantities, the total change so finr to be given ^ 



4 

if KimaM 
leglMluiflj 



^^fM'-'-^' 






^^(-S)^ 



If we further siiiieri>nfie shears of amount 

« = j; + -j^ in the plane of i/s 

anA i = .— + -r in the plane of zt, 

we return to the set of e^iuations (1). The six tiuantities e,/, g, a, b,i~ 



129. Homogeneous Stress. " When through any space iai 
body under the action of foR:e, the mutual force between the p 
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f matter on the two sides of any plane area is e(jual aod parallel to 

he mutiul furce across any equal, similar, and par&llel pltme area, the 

tress is anid to be homogeneous through that space. In other words, 

he stress experienced by the matter is hoinoKeneons through any space 

F all equal similar and similarly turned portions uf matter within this 

pace are similarly aud e<iually influenced by force." (Tliomson and Tait, 

659.) 

Consider a unit cube (Fig. 1G2) subject to homogeneous internal 

stresses and in equilibrium. The stress on each of 

the six sides may be decomposed into three along the 

coordiu.ite axes, but as, from the definition of a 

homogeneous stress, the forces acting in the same 

direction across opposite feces must be equal, we 

Pi^. i(J2. need only consider three faces of the cube. We 

denote by A'^, Vg, Z^, the three components of 

Wee acting on tlie face yz, the index x indicating that the face is 

ormal to the axis of x. Similarly X^, Y^, Z^, and X,, Y,, Z,, 

idicate the components acting on the faces normal to the axes of 

and a respectively. If we consider the force wliich acts on the 

abe from tJie outside, two stresses .1% act in opposite directions on 

W two feces normal to OX. If we take A'» to be positive the two 

irces tend to produce elongation. Similarly )'y and Z, are stresses 

tnding to produce elongations along the axes of y and z respec- 

LTely. 

The force X, (Fig. 163) is a tangential force acting in opposite 

directions on two opposite faces, but not along 

^^^ -T'' .j[i ''''^ same line, so that a couple of moment X^ 

n~"T "* is formed. We take .1', to be positive when, as 

I drawn in the Bgure, the force acting on a surface 

U parallel to xy from below is along the negative 



' 4z» axis of y, the axis of 3 being positive upwards. 

Fig. 163. But the two forces Z^ also form a couple, which 

however tends to produce rotation round OY 
the opposite direction, hence for equilibrium, it follows that 

X,^Z^. 
The two equal couples X, and Zt form together a simple shearing 
>e88. It may be proved in the same manner that 

Z,^ 1',. 
The BIX quantities 

X, Y„Z,, Y,-^Z,; Z^ = X.. X,^ )'„ 
mpletely define a homogeneous stress. We shall introduce the 
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DOtKtioD of ThomiMD and Tait, aud writ« for tliesA t 
I of ntKua 

P. Q. R. S. T, r. 

130. Shearing stress produced by combined tensioti and 
pressure at right angles. I#t AliCD be a secuou of a t-tilw, whid 
is subject to n uniform teusion P at n'^ht augles U 
HC. ami a uiiiform pre^iire at right angles to CB. 
No stress is supposed to act at ri^bt angles 
plane of the paper. Let //, K. L, M be tbe nu'ddlt 
poiuts of the sides of tlie square ABCD, and dai 
the square HKLM. If the part HBK is in eqnili- 
the piano wliicb is at right auglei> tu tbc 






Fig. VA. 
hriiitn, a foroe must act 

plane of the paper, aud passes througli UK. The elemeutar)- lavs of 
StMtii^s show that this force muBt be in the plane, aud that its TihM 
per unit surface is /*. The rectangular volume of HKLM is tlierefon 
acted oil by tangential stresses of the nature of shearing stresses, or 

" A longitudinal traction' (or negative pressure) parallel lo one line 
and au equal longitudinal positive pressure parallel to any line A 
right angles to it, is equivalent to a shearing stress of taugendal 
tractions parallel to the planes which cut those lines at 45°. And 
the numerical pressure of this sbearing stress, being the amount of 
the tangential traction in either set of planes, ib equal to the amniiut 
of the positive or negative normal pressure, not doubled." (Thi 
and Tait, g 681.) Tlie caution at the end of the quotation is ni 
tated by the fact that in the analogous proposition referring to shears, 
tbe amount of the shear is obtained by doubling tbe elongation, as has 
been proved in Art. 127. 

131. Connexion between Strains and Stresses. If a simple 
shearing stress, as detined in Art. 121), act on a homogeneous body, 
it produces a shearing strain, and the ratio of the stress to the strain 
is the resistance to change of shape or the " Rigidity " of the substance. 
Calling the rigidity n, it follows that we may put 

B = na; T=nb; U^nc (3) 

in isotropic bodies. 

The three stresses P, Q, It produce elongations e,/, if, and there 
must be a linear relationship between them. Also by symmetry a 
stress along OX must produce the same contraction in all directions 
at right angles to itself Hence A and i/ being constants, we may 
write down at once the equations 

P^Ae*/l(/^S)^ 

q^.if^Big + t)\ (4). 

H^Ag+B{e 
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It remaiiiB to prove how A and B are connected with tlie rigidity 
1 the bulk modulus. If e, f, g are o|uiU 

P=q = R^e{A + 2B). 
[fince the stress is nniform. 
_ But the cubical dilatation being 3e and the bulk modulus being 
equal to the ratio of tJie uniform stress P to the cubical dilatation, it 
follows that 

U^A^W (5). 

As a second special case take R^ii, and ^ = - /*, which conditioua 
indicate a shearing stress iu planes eq^ually inclined to the axis of JC 
and Y, and these will cause a shearing strain equal iu amount to 
Pjn. This shearing strain is equivalent by Art. 127 to an elonga- 
tion in the direction of P of Pl'in, and an equal contraction iu the 
direction of Q. Substituting ts-- f= Pj-lii into the first of the 
equations (i), we find if ? = U 

^n = A-B (6). 

Combining (6) and (6), it follows that 

.1=X + 5h. B=k-in. 
In place of the components of strain, we may introduce their equi- 
valents in t«rm9 of the displacement (Arts. 126 and 127). Equations 
(3) and (4) then become 



-„C!E^m T-nC 
\dz dyj' \i 



dx \dy dz}\ 



132. Equations of Motion in a disturbed medium. Ecturn- 
ing to the stresses acting on the cube in Art. 129, we consider the 
case where these stresses are not constant tlirough the volume, but alter 
slowly from place to place. If the distance between the two faces of 
the cube which are at right angles to the axis of X is dx, there will be 
a force 

acting in the negative direction on the face which is ^incident with 
the coordinate plane and a force on the opposite face etjiial to 



X. 



dc 



y,d-.. 



\^— 1 
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These combine to a resultant 

Similarly the force X^dxdy acting on the plane xy in the directki 
of X together with the force 



combine to a resultant 



{x,.^-§dz)d.d9 



-^fdxdydz. 



and the forces in that same direction are complete when we iuve 
added the resultant 

-j^'dxdydz 

of the two forces which act on the &ces which are normal to the axk 
of y. If p be the density of the substance, so that pdrdydz be the 
mass of the volume considered, and if a be the displacement in the / 
direction, the equations of motion may be written down by the laws of 
dynamics, leaving out the factor dxdydz on both sides. 



Similarly 



d^a dX, ^ dX, ^ dX. 
^ df dx "*" dy dz 

d*p dY, dY, dY. 
^ df dx dy dz 
d^y ^ dZ, dZ^ dZ, 

^ ie dx' ^ dy ^ dz' 



Re-introducing the notation of Thomson and Tait, the equations 

become 

d^a dP dU dT 

'^^=dx^dy^ 

dU 
P 



de 
d^fi 
df 



dx 



dy ^ dT 
^ d^~ dx 



dz' 
dQ dS 
^ dy^ dz' 
dS dR 

dy dz ' 



To eliminate the stresses use equations (7) and (8). 

Substituting the values of A and B from Art. 131, and re- 
arranging the terms, we obtain 

d^'a /d^a d^a d^a\ ^, , ^ d /dn dfi dy\ 

' d^=''[d^^^ df^ W -" ^^' ^ ^''^ dxUx^dy^Tz) 
d^p /d^p d^P d^P\ ,, , . d fda dp dy\ 

d^'y fd^ d'^y d\\ ,, . . d (da dp dy\ 
' rf^ = Hrf^^ rf? ^ d^ ^ (^ "■ i") dz [di^di^Tz)) 



^...(9). 
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These equations govern wave propngation in all elastic media. We 
may obtain from them the characteristic e<iuations for the lougitudinal 
waves of sound by putting the rigidity n of the medium enual to zero. 
When applied to light, the medium is taken as incompressible, so that 

d^ dy dz ' 
but k at the same time becomes iiilimtely large. Writing 





8 = ^+^-^ + ^ 

dx dy dz' 




P-K, 


and 

the equationa become 


, d- d' d- 
d'a , dp\ 

'de"'^'*£ 




c-'^'i'^i 




.S..^^,** 



>- df-'^^^^dzl 
These equations, together with certain relatioott which must hold at 
the surfaces of the ekstic body, constitute the elastic soUd theory 
of light. 

For plane waves, the displacements are the same at all point* of 
the wave-front, which we may imagine to be at right angles to the axis 
of z. The differential coefficient of a, ^, y with re8i>ect to x and y must 
therefore vanish. The equations (9) then reduce to 

^dC-^'d'?' Prff'-'V.-^' ''4^-^^*''">d? ^"^- 

The last equation represents a longitudinal wave propagated with 
infiuite velocity and having no relation to any observed phenomenon 
of light. Each of the first two equations represents a rectilinear wave 
propagated with velocity Vw/p, a result already deduced by the simpler 
but less general methods of Art. 1'2. 

The investigation of wave proi)agatiou in crystalline media presents 
great difficulties. The simplest hypothesis from a mathematical point 
of view is that of assuming that the inertia of the medium may differ 
for displacements in diflerent directions. By substituting pi, p,, p„ 
respectively, for p on the left-hand side of equations (9), we obtain 
e<iuations which lead to a wave surface which is similar to, but not 
identical with, Fresnel's wave surface. A theoiy of douhW te&aK.t.\aa. 
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haaed on this hypothesis was brought forward by Lortl RayleigU*, bol 
abandoned because observations made by Stokes, and aft«rwaids bj 
Glazebrook, decided in favour of Fregnel's surface. lnst«ad of taking 
the inertia as variable, we may adopt the very plausible hypoiiim 
that the rigidity ia different in different directions. Thus different 
vabies of n in the finit two equations (U) would give two plane waves 
propagated with different velocities, along the axis of ;. A general 
theory cannot liowever be formed by a simple modification of the 
equations holding for isotropic media- According to (Jreent, there 
may be twenty-one different coefficients defining the properties of 
crystalline media, which shows the ct)mplication we wight be led into if 
we wished to attack the problem in its most general form. 

133. Equations of the Electromagnetic Field. The line 
integral of the magnetic force roiind a closed curve is numerically 
equal to the electric current through the curve multiplied by 4t. 
It ia shown in treatises on Electricity that the mathematical expre^ion 
of this law is contained in the three equations 
rfy 40. 












d8 da 



dx dy 

where a, 0, y are the components of magnetic forc«, and u, p, w the 
components of current density. The factor iir depends on the anits 
chosen, which are those of the electromagnetic system. 

Another proposition which embodies Faraday's laws of electro- 
magnetic induction states tliat if a closed curve encloses liuee of 
magnetic induction which vary in intensity, an electromotive force 
acte round the curve, and the line integral of the electric force ronnd 
the closed curve is equal to the rate of diminution of the total magnetio 
induction through the circuit This leads to the equations 









;uii^ I nis leaos vi tne equanons i 

'' * d, dz ^ij, iydrX. 



dadPdm 

'' * & di I 



■//^^ 



dy^dQdP 
'^dt d^ dy 
■where ^"», ^/5, /iy are the components of magnetii 
the permeability, and P, Q, R those of electric force. 




fmm 



mmim 



TIic two »ets of equations may be taken to represent experimental 
&cti and tn be quite independent of Hiiy theory, althoHgb equations 
f 13) may be deduced from (12) with the help of the principle of llie 
coitaervntion of energy. Both sets of equations would be eijually 
tme if we considered electric and magtietic forces to be due to 
action at a distance. 

There are some additional equations U) be considered. "H'^ *i 

Differentiating equations (12) with respect to jt, y, ; respectively *Ty * 

and adding, we find iWff vP 

v-i^o jf^*.*?.,, ,14). **f 

Sin3^ly we derive from (13), if ^ be constant and a, ^, y periodic, 

V'8=0 S-|*S^» C15). 

134. Haxwoll'B Theory. The fundamental principle of Maxwell 
lies in his conception of an electric current in dielectrics and the way 
in which this current is made to depend on electric force. His views 
ore liest explained by an analogy taken from the theory of stress and 
strain. A stress in an elastic solid produces certain displacements 
wiuth are projiortional to the stress. If the stresses increase, the 
dispWemeuts increase, and tite change of displacements constitutes 
"■ transference of matt<^r. This flow or current of matter ia pro- 
portional to the rate of change of the elastic stress. Taking this 
^ a fiuide we may imagine the medium to yield in some unknown 
■OMiier to the application of electric force, and if so, the rate of 
slttiige of that force will be proportional to a "flow" which according 
**> Maxwell is identical in all its effects with an electric current. 

If flie electric force is A', the electric current ia proportional to 

is 

j7<uid if the law that the total How is the same across all cross- 

*t^s of a circuit holds good for these so-called " displacement 
•nrrenla" or " pohirization currents," it can be shown that the current 

is eqaal to K , Uw, where K is the specific inductive capacity of 
™s medium. In a conductor, the current would, according to Ohm's 
"*. be VK, where C is the conductivity. If we iraa^jine a medium to 
poasetiB Loth specific inductive capai'ity and conductivity, we must 
Wtrodiice an expression which includes both cases and put the current 
*!ualto 

(C*iA-^)£ (16). 



J 
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Confining ourselves at present to non-conductors and resolving along 
the three coordinate axes, we have 

*'"4ir ^ dt ' "^"4^ ^ dt ' '^^4ir ^ di ^^^'• 

These equations allow us to combine (12) and (13) so as to obtain 
two fresh sets containing respectively only the magnetic and the 
electric forces. 

135. Differential equation for propagation of electric and 
magnetic disturbances in dielectric media. 

Equations (12) with the help of (17) become 

^dP^dy_dlx 

->* .v/"* ^^ ^y ^^ 
r^^^l^ ^'dU^Tz'-dx^ (^^^• 

^dR^dfida 
dt dx dyi 

Differentiate each of the equations (13) with respect to the time, 
eliminate JP, Q, R, by means of (18), and use (15), when the following 
sets of equations, involving only magnetic forces, will be obtained : 

We may eliminate the magnetic forces in a similar manner and 
obtain 

^'-^dh^'^' ^'^^=^'«: A>^=v'^ m- 

These equations show that the magnetic and electric forces are 
propagated with a velocity 1/ JKia.. In the electromagnetic sjrstem of 
units, ft = 1 in vacuo, and differs very little from that value in any 
known dielectric. K the specific inductive capacity is, in vacuo, 
unity when the electrostatic system of units is employed, but in the 
electromagnetic system K is numerically equal to 1/t^, if v is equal to 
the number of electrostatic units of quantity which are contained in 
an electromagnetic unit. This number, which gives the velocity of 
propagation of electromagnetic waves in vacuo, may be determined 
by experiment, and is found, within the errors of experiment, to be 
equal to the velocity of light in vacuo. Both velocities difier from 
3 X 10** probably by not more than one part in a thousand. 

Maxwell's theory, which is embodied in equations (19) or (20), leads 
therefore to the remarkable conclusion that an electromagnetic dis- 
turbance is propagated with a finite velocity which is e<iual to the 
velocity of light. This conclusiou has b^evi «im\l'^ N^xififtd by the 
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celebrated ejtperimeiits of Hertz. Kirclihoff* hud already in 1857 
pointed out that a longitudiual uleutriu disturbance is propagated in 
a wire with a velocity equal to that of light, but it was left to Maxwell 
to discover the reason for this coincidence. 

If both the disturbance of light aud the electromagnetic wave are 
propagated through the same medium witli the ^ame velocity, the 
conclusion is irresistible that both phenomena are identical in character. 
This coiiclusion constitutes the so-called " Electromagnetic Theory of 
Light." The electromagnetic theory of light establishes for the propa- 
gation of a luminous disturbance, etjuations which in several instances, 
as will appear, fit the facts better than the older elastic solid theory, 
but it should not be forgotten that it furnishes no explanation of 
the nature of light. It only expresses one unknown quantity (light) 
in t«rms of other unknown (juantities (magnetic and electric disturb- 
ances), but magnetic and electric stresses are capable of experimental 
investigation, wlule the elastic properties of the medium through 
which, according to the older theory, light was propagated, could only 
be surmised from the supposed analogy with the elastic properties of 
material media. Hence it is not surprising that the electromagnetic 
equations more correctly represent the actnal phenomena. Whatever 
changes be introduced lu future, in our ideas of the nature of light, 
the one great achievement of Maxwell, the proof of the identity of 
luminous and electromagnetic disturbances, will never be overtluxiwn. 

136. Reflraction. We have so far only considered the propaga- 
tion of waves in vacuo. According to equations (20), the squares 
of the velocities of propagation in two media having identical magnetic 
permeabilities, ought to be inversely as their specific inductive capacities. 
If tlierefore K„ be the inductive capacity of tlie vacuum, K^ that of any 
dielectric, the "refractive index" ought to be equal to -J K\IK„- Tliis 
relation is approximately verified in the ease of a few gases, as shown 
in the following table, which contains the square roots of specific 
inductive capacities {/>) as measured by Klemencic+, and the refrac- 
tive indices (») of the same gases for Sodium hght, as measured by 
G . W. WalkerJ. Both constants are reduced to a temperature of 

., and a pressure of T6U mm. 



Nature of Gas. (Z>) 


("} 


Air 1 'rjOIJ JS}3 


1 '00(1293 


HyOrogen 1-O0O132 


1-000141 


Carbon dioxide 1 -OOt »492 


1-000451 


Sulphur dioiide Hi00477 


1-000676 


* l'os9- ^nn- Vol. c. p. IS3 (1837). 




+ K'lVn fl-fr. (2) Vol. ici. p. 1 (1885). 




t Tram. Roy. Soc. A. Vol. coi. p. «& (IWi^. 
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^H 'Hie discreiMincy for sulpluir dioxide is alrea<1y well marked. 

^V For solids and liquids tlie relation altogether fails. Thus mttr 

^H has a sjiecitic inductive capacity which i» 80 times greater than tlui 

^B of air, and ite refractive index should therefore be equal to 9, or si 

^H times larger than its actual value. But these disicrepaiicies are ml 

^H surprising, for we have left a factor out of consideratioB, which tn 

^V ft great extent dominates the phenomenon of refraction, and that is 

absorption. The theoretical relationship really applies only to waves 

of infinite length, hut in most cjisea we know nothing of the tefractivi 

index for very long waves. Tlie subject will be further discri^ed in 

the next Chapter. 

137. Direction of Electric and Ma^etic Forces at right 

angles to each other. If we (.'outine oui-selves for the sake c^ 

simplicity to waves, i)arallel tii the plane of rp, we must take ii 

t equations (13) and (IT) all quantities to be independent of t and g 

these equations then )>ecome 

da dQ dp dP_ dy \ 

''drdz- ''dr-Tz- ''dr^' 
^'I-f' ^'S-P- ^?=M 

dl dz dt ax dt ) 

It follows that there is no component of either the electric or the 
magnetic force normal to the plane of the wave, and that therefore 
the whole of the disturbance is in that plaue. If the electric dis- 
turbance is in one direction only, so that cy. Q = 0, it follows that 
a - 0, or that the magnetic disturbance is also rectilinear, and at rigkt 
anijUs til the electric disturbanai. We have therefore for the simplest 
case of a plaue wave, two vectors representing the electric and magnetic 
forces respectively, and these vectors are at right angles to each other 
and to the direction of propagation. 

More generally let the components P and (^ of a plane wave-front 
parallel to j^ be 



I 









P-*l.: 


-rt) 


«-♦( 


z-l). 


at 
king 


,„e 


dP 

' dz 
of (21) 

dn 


dP 

"dt 

dP 


dz 
da 


di' 



..(22). 



We thus find t^vp = P; ^in - - (^ 

and hence «/' + 0Q = 0. 

This shows tliat also in this more general case the electric and 
magnetic forces are at right angles to each other. 
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138. Double Refraction. In crystalline substances the specific '™^ 
inductive cajmcity of a plate may depeud on the direction in wliich' 
the plate is cut, relative to the axes of the crystals. The currents 
which are generated in such snbsCauceB by a variation of electric _ 

force are not necessarily in the direction of the force, but if P, Q, lihe I 

the electric forces resolved in three directions at right angles to each I 

other, and if the current in any one direction be a linear function of 1 

/*, Q, R, then it may be proved that there are always three directions 
at right angles to each other such that the current is in the direction i 

of the force. If we choose these directions for the coordinate axes, 
■we may write 



45r 



,HP 

' dt ' 



4)r 



^'d-f 



(23), 



where K,, £„ JC„ are the three principal dielectric constants. 

These equations replace (ll!). The elimination of u between 5(3) 



>^<1 (@) ^ow leads to 



df " 



_ d /dp 
dx \dx 






. i. (<"' 



5-^ 

dy dz J 
dQ dH\[ 
* d, * dJl 
dQ^dSsl 
dy dz}i 



..(■24). 



e-o 



™ If i-,.A',.A- dP^dqjR_ 

°' dj: d}/ dz ' 

and we are brought hack to the aiuations which have already been 
deduced for isotropic meth'a. We proceed to investigate under what 
conditions plane waves are propagated in a medium to which eijuationa 
(24) apply. If I. m, n, are the direction cosines of the normal of the 
plane wave, and V the velocity of propagation, all variable ijuantities 
must be expressible as functions of Ix + my + nz- Vl. 

We may therefore in the case of a rectilinear disturbance write for 
J', Q. R, ^ 

»' ^ PJV^ ^my* „z - VtU (iJ{l^ +m!,*f>z- Vt), 
V l!J{lx^ms^nz-Vt} {'15\ 

where K, Q«. R^ are constaiita defining the direction of the electric 
disturbance, the cosines of the angles which the direction of the electric 
force forms with the coordinate axes being oh P^ : Qo '■ R<>- 
By substitution, equations (24) become, if we write 
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au(l 






F = 



Vi 



Q= 






JR = 



WiSr,' 



.(26). 



Multiplying the first of these equations by /, the second by «, 
and the third by n, and adding, we obtain the characteristic equation 
for F, 



or subtracting 






= 1, 



P wi' n* 



^ = 



(27). 



This is an equation identical with (4) Chapter vni., and shows 
that the electromagnetic wave theory leads to the correct construction 
for the propagation of plane waves. 

From (26) we also derive 

IP mQ nR 









As P/vi', Q/^a', ^/vs^ are proportional to the components of 
electric current, we conclude that the electric current is in the plane 
of the wave-front. 

The substitution of (25) into (13) leads to 

Vfjia = Mm — Qn, 

Vfjifi = Pn-Rl, 

^Vy = Ql- P^ ; 

from which it follows that 

la 4- mP -»- ny - 0, 

and Pa + QP + Ry = 0. 

Hence the magnetic force is in the plane of the wave, and the electric 
force is at right angles to the magnetic force, though not in general, as 
will presently appear, in the plane of the wave. 

In Art. 84 it was found tiiat if an ellipsoid 

ViV + <y + t'3V=l (28) 

be constructed, the reciprocals of the two principal axes of any plane 
section measure the two velocities of plane waves which are parallel 
to the section, and it was proved that this construction leads to 
equation (27). This equation havS been sIyo^tv to kad to PresneFs 
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wave-surface which is therefore now estahiialied as a consequence of 
the electromagnetic theory. Propdsitions with respect to wave or ray 
velocities which are proved in the same chapt-er may all be interpreted 
in terms of the electromagnetic theory if we take the cotuponentu of 
the electric current u, v, w to correspond to the displacements in the 
older theory. 

If an electric disturbance is projiagated as a plane wave, and a 
normal be drawn to the ellipsoid (28) at the end of the vect-or having 
u, V, ur as components, the direction cosines of this uonual are propor- 
tional tfl r-i'u, v^v, f/w and are therefore by (22) coincident with the 
direction cosines of the vector representing the electric force. This 
electric force is therefore not in the plane of the wave but lies in a 
plane which contains the wave normal and tlie electric current. It has 
been shown in Art. M that this plane also contains the ray. 

139. Problem of refraction and reflexion. A good test of 
the adequacy of any theory of light is found in its capability of 
dealing with the problem of reflexion and refraction. Reflexion 
take.t place when a wave falls on a surface at which the properties of 
the medium are suddenly changed. If the transition is gradual, there 
is no reflexion. A ray of light e.g. enters our atmosphere from outside 
and gra4iually passes into denser and denser layers of air. Though its 
path becomes curved by refraction, there is no reflexion, and neglecting 
absorption, the intensity of the ray remains unaltered. The fact 
that a surface of glass or water partially reflects a ray of light 
bHows that tlie transition between the media of different refractive 
indices must take place within a distance not much greater tlian a 
wave-length. 

Before entering into the relative merits of different theories with 
regard to the problem of reflexion, we may deduce some general 
results which are independent of any tlieory. We consider a plane 
wave-front having its normal in the plane jy. Its displacements, in 
whatever direction they are, rnui't be capable of expression in the 
form /(fw + (^-e(), for 

ax -i bg-ct = constant 
expr^ees a plane parallel to the axis of z. If d be the angle between 
the wave normal and the axis of .r, and v the velocity of wave 
propagation, we have 
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The line of iuteraecl.ioii of llie wave with the pkue j- = is 
if/ - ft. = coQHtant 
and travels fonvurd therefore pandlel to itself with a uniform 
of elb. 

If the plane j = is a surface at which refractirm takes place, the 
displacenient in the refracted wave may be expressed as 

If the displacements are periodic, the periods must be the same iu 
refracted and incident beam, heuce c, - c. Also the lines of intersei^tioa 
of the refracted and incident waves with the surface j^ = must always 
be coincident. Hence this line must travel forward with the 
velocity iu both waves. This proves that h, = b. The velocity of iia 
refracted wave is 

c, _ c 

Hence calling the angle of refraction 0, 

v_ _ J ay* f _ sinS 

This i)rovea the law of refraction. The displacements in the reflected 
wave will bo of the form 

F{ax + b'y~c't). 

The previous reasoning shows that c' = e, h'^h. Also the velocity 
of wave propagation mu.st now be identical with tliat of the incident 
wave. Hence n' = * a. We must choose the lower sign, as otherwise 
the wave would simply return in the ori^nal direction. The numerical 
equality of «' and a prove.s the law of reflexion. 

140. Reflexion in the Electromagnetic Theory. The problem 
of reflexion is comparatively simple if treated according to the electn>> 
magnetic theory, and we shall therefore l>egin with it. In the electro- 
Btatic or electromagnetic lield the electric and magnetic forces have to 
satisfy certain conditions at the surface of se];iaration of two media 
having different properties. These are in treatises on electricity proved 
to be the following : (1) The tangential components o( electric force. 
the same on both sides of the suriace. (2) The normal components (^ 
eUciric di^lacement are continuous. (3) The tangential components 
of magnetic force are continuous, and {i) the normal components of 
magnetic induction are continuous. Taking the surface j7 = to be tiie 
Burfoce of separation, we may put with the previous notation t^ese 
Bo-called surface conditions into the form : 



dp_ 



rdP, 



Q.Q„ R'K, 



..(30). 
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The riglit-faaud aides of all equatioiis apply to the seconil uiediiim 
wLicli we shall refer to as the litwer medium, takiug the axis j- positive 
downwards. 

Tliese six equations are not all independent. The continuity of 
Q and R involves the continuity of their variations in any tangential 
direction and hence the first etjuatioD (13) shows that the continuity 
of nonnal magnetic induction is secured. Similarly the continuity of 
the tangential components of magnetic force leads to the continuity of 
the normal electric current as shown from the first of equations (18). 
We may therefore omit the first of equations (29) and (30) as being 
contained in the others ; nevertheless it is often convenient to introduce 
them. 

If the wave-front be i>amllel to the axis of s 

dPIdz - 0. 

Also writing without appreciable error /"i = /» for all transparent media, 

the continuity of fi is satisfied accordiug to (13) if rfff/rfj- is continuous. 

We may therefore replace the surface conditions by the following five: 

dR^dR, dQdP^dQ,_dp\ (31). 

dx djr ' dj; dy dj: dy ] 
We now take the incident beam to be plane polarized and first treat 
the case that the electric force is at right angles to the plane of inci- 
dence which we take to be the plane of jy. Therefore P-Q = (), and 
the surface conditions reduce to 



(32). 

ciiient wave we may write fl'f"'+*»-a( 
, ^^i-M+fciF-«)^ where the real parte 
A change of phase will be indicated 
the amplitude of the transmitted 



K 


e. 


dR 


dS, 


dx 


d.r 



■ For the electric force in the 
ajid for tliat of the reflected wa 
only need ultimately be retained, 
by a complex value of c. If k 
beam, we have tlierefore 

1 the upper and lower media resjwcti vely. 
The surfeee conditions give at once for j- = 



.-(33). 




a + a, 
cot fl- 
eet « * 
8b («, 


cotff, 

cote, 


5m(», 


*» 
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Tlie square of this expression correctly represents tlie observed intensiij 
of tlie reflected beum, if the iucideni beam is polarizod in the i»lnae af 
incideDce. We con.'lude that the electric force is at right augles 
the plane of polariaation, a result in accordance with tlie concliisitm 
arrived at in the study of double refractimi. 

If we take the iucident bpam to be ]>olariied at right angles to tlie 
plane of incidence, S, o, )3 vanish, and the aiirface couditions beoros 

dQ dP dQ, dpX (35). 

dx dy dj- (/yj 
The last equation secures the continuity of y. But the furra of 
our assumed disturbauce shows that dyldif = thy ai»d hence if y is 
continuous so is also dy/dy and vice versa. Also according to (IS) 
KdPjdt ^ dyjdy, when /3 = : the first ami laKt surface conditions a« 
therefore identical and we may disregard the latter. 

If WF (Fig. 165t be the incident wave-front, the dispUicement ii 
now in the pliuie of the paper and parallel to Uie 
^ jv* wave-front I,et the direction indicated by iha 

•w,y^ ^^"Xt' arrow be that in which the displacements ufl ■ 
~ taken to be positive. WF" represents thB 

yti * reflected wave-front, and we may again arU- 

FiK. 16S. trarily fix that direction for which we shall taks 

the displacements to be positive. 
It is obvious that for normal incidence there is no distinctioB 
between this case and the one already considered when the disjdaco* 
ment is at right angles to the plane of incidence. It is therefon 
convenient to take that direction as positive which agrees with that 
of the incident wave when the incidence is normal. The arrow 
indicates the direction. Similarly for the transmitted wave If,/*,,. 
Taking the amphtude of the incident beam again to bo unit amplitude^ 
and resolving along OXand 01", we may put in the upper medium 
P = - sin 9^1™*'*-"' + ,■ sin #«■ (-«*-»» --i^ 
q ■-= cm ^p' (>=+*»-=') + r cos #«"-"+*»-«), 
and in the lower medium 

f, = -K8infl,cfv=^-*i 



The 



^.^^costf, 
mdition A'P=A'/', for:r 



and the condition Q = Q, gives 

(1 +r)co8fl = »cos^,. 
These are the only conditions that need be satisfied. 
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Eliminating n we obtain 

(1-f) sine, cos fl,= (l + r)Bin^ 



sin 6, C08 6, 


-sin 


flcOBtf 


Bin e, C08 0, 


+ 8111 


OcobS 


sin 20, -Bin 


20 




sin 2S, + Bin 


•20 




tan(O.-fl) 













(36). 

'liis a^iii is a fonniila, agreeing with observation, at any rate as s 

t approximation. The application of the equations (34) and (36) 

i cases of obliqae polarization or unpolarized light has already 

discussed in Art. 27 as well as the observed departures 

1 (36). 

It has often been suggested that the experimental deviations from 
B tangent law may be due to the fa«t that the transition between the 
} media is not sudden but Cakes place witliin a layer comparable in 
UcknesB with the length of a wave. L. Lorenz* first investigated the 
estion and showed that a thickness of from the tenth to the hundredth 
of a wave-length is sulficient to cause the observed effect. Drudet, 
mting the same subject from the standpoint of the electromagnetic 
theory, lias arrived at similar results, a thickness of the transition layer 
of '0175 X being found to be sufficient in the (.'.ase of tiint-giass to 
account for the elliptic polari/-itiou observed near the polarizing 
ugle. 

141. Reflexion in the elastic solid theory. In elastic solids 
the conditions at the boundary are obtained by the consideration that 
as a tearing of the medium can only take place under application of 
forces which exceed the limits of elasticity, the displacements on both 
sides of the boundary must be the sanoe, while the medium is performing 
owillations under the conditions of perfect elasticity. 

A second condition is imposed by the tJiird law of motion. 7%« 
streageg must be continuous, llie continuity of stress together with 
that of displacement satisfies also the requirements of the law of 
conservatioti of energy, as the work done across any surface is the 
product of stress and rate of change of displacement. 

The components of displacement which we had previously called 
a, 0, y, sliall, in order to distinguish them from the magnetic forces for 
which we liave introduced the same letters, now be designated by 



' Pfjig. Ann. exi. p. MO (ISOO) and c: 
t LthTbHck der OptUe, p. S66. 



p. 3B8 (IMl). 
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The continuity of displacement introduces the conditions 

where the right-hand sides refer to the lower medium. 

The stresses on a surface normal to the axis of x are, by Art 131, 



da: \dy dzj ' 



where A =k-^^n; B^k-^n, 

Writing m = k-^^n, we obtain for the conditions of continuity of 
stress 



<"'*">E*'»-">G|'s) 



\dx dz) \dx dzJ 
\dy dx) ' \dy dx ) 



,(37), 



where »ti, »i, define the elastic properties of the second medium. 

Let the plane of xy be the plane of incidence, and the vibrations of 
a plane wave be at right angles to that plane. All displacements 
vanish except {, and { is independent of z. Hence the equations of 
continuity reduce to 

y y di dZi 

The equation of motion in the upper medium is, according to (9), 

df" p\da^^ dfj' 
with a similar equation for the lower medium. 
But { = ^(«+*y-^ + re^-^-^^-ct)^ 

For ar = 0, the surface conditions give 

1 + r = ^, 

na{\ —r) = niaiSt 
and eliminating s. 



r - 



na - n,ai n cot 0-ni cot 0^ 



.(38). 



na + nja, w cot ^ + n, cot ^i 

For the velocity of wave propagation in an elastic solid, we have 
ff = n/p, DiflFerent wave velocities in different media may either be 
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due to differences in the rijpdity < 
we mnst distinguish the two cases. 
Cum I. H- 

Btuation (33) becomes 




■i sill ((* - B,) ' 

This agrees with the result obtained ia the electromagnetic theory 
if the displacemeDts are made to eorre«i>ond to electric force. 



u;natiou (33) now gives 



_ sin ' g tan g| - ain' 9, tan 6 
sill' 6 tan 0, + sin' *, tan B 
^ sin2l9-Mn2fli 
" sin 28 * sin 20, 



i 



tanlt 



i-C,)' 



This is the ei^uatioii for the reflected bght when the incident wave 
w polarixed at right angles to the plane of incidence. Hence if different 
Media tbffer by their rigidities, the reflexion of light vibrating at right 
uigles to the plane of incidence can only be accounted for by supposing 
^hat the plane of polarization contains the vibration. 

To work ont completely the more complicated case that the 
ablation lies in the plane of incidence, we mnst transform the equations 
of motion. 

Ill equations (9) alter the notation, put i= 0, and let i and ij be 

independent of z, this being the condition that the wave normal lies 

m the plane of jy. 'fhe e<iuation8 then become 



1 '■de'"'d^\di*d!i)*''(d?*df)' 








\ '■ 'g=<"->^(I^S)-l(|- 


1)1 


...(39). 




si*H, /^H...^ia^Z)-'i(ii- 


S) 




[iitrodiicing two uew functions mich tliat 








, d* d* di # 




....(40), 


. 
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-(41). 



we find tliat (39) may be satisfied by 

'%'&;$) J ■■ 

From {35) it appears that the displacemeiitft i and >;, due t« uhaiiget 
of <ji, are at right angles to the surface ^ = couetant, while the dis- 
placements due to changes in </> lie hi the snrface ^^constanL If we 
adopt the same form of solution for <*> and ^, it is the latter functioD 
which gives the motion which we require for the propagation of light 
in which the diBplacements are in the wave-front. We put therefors 
for the incident wave ^ = «'('"+*''-='), and assume for the form of 
solution generally, 

In the upper medium: 



In the lower medium: 

^, = q^<'.-'^>-'~'>li 

Substituting these values in equations (41) we obtain 



..(42). 



<?.'i{a' + 6') = 'f!(«, 



f6') = 



+ Wl 



(«.- 



»■) ("). 



..(«). 



From the first two equalities we obtain us Ijefore tlie law of rt- 
fraction, hut as m and m, are indefinitely great the last etinalitiee gi"* 

n'' + /i»-0; «,'' + ii" = (45). 

For the same reason 

d*<^ d^it> d^'t't d'ipj _ 

dx'^ df^'di^^ ~df~ 

This shows that the motion due to ^ is that of an incompreaa*''*^ 
liquid. Ah ^ represents the velocity potential, the motion is irro*^ 
tioual. Also by substitution of (45) into (42) and (43) retaining o**** 
the real i>arts : 

i>, = ge~^ cos {by-ct). 
The displacements in so &r as they are due to ^ are 



d^ 



di-'^^o- 



13 (by- ct) (upper medium), 



>»(by-ct) (lov 



medium), 



141] THEORIES OF LIGHT 229 

and , -- bpe~'^ sin {by - ct) (upper medium), 

,'-- bqe~'^ sin {by - ct) (lower medium). 

Tlie motion vanishes for normal incidence ae i = -r- sin S. Uidesa B 
IS fitnall, the exponential factor shows that the motion quickly diminishes 
with the distance from the refracting surface. 

The surface couditions are 

or in terms of i// and 4> 

C« + ") ^■*-('«-")^ +2n^^- = siniilar expressions, 
or introducing (46) 

t dv rf'* rf» ■ ■, 

The qnantities p, q, r, s may now be obtained by substituting 
^, ip, *,, it, from equations (42) and (43). Green*, to whom the above 
investigation is due, assumes n = n,, and Rayleight has put the solution 
for r in that case into the form 

, _ cot'_(fl +^eOj- AP 
*■ cot»(e-tf') + 3/"' 

irhere M= -s — - and w is the refractive index. 
^'+1 

If two media do not differ much in optical properties, so that the 
refra<:tive index is nearly equal to one, we obtain for the ratio of 
amplitudes the expression 

ta.n(6-ff) 
tan (0 +"fl') ' 
as retjuired by experiment when the vibration takes place at right 
angles to the plane of incidence. 

As has been pointed out above, the tangent formula is only 
approximately correct, but the deviations are not so great as those 
which Green's formula would lead us to expect, and are sometimes in 
the other direction. 

The alternative according to which differences in optical properties 
are due to differences in elasticity, leads to results which can in no way 
be reconciled with observed facts. If we place ourselves on the stand- 
point of the elaatic solid theory, we are therefore compelled to conclude 
• CoUtettd WerUt, p. 245. + Colt«cl«d Worla.Noi.. v.^'i-'**. 
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th&t the rigidity of the Kther is the suoe in all media. Em tin I 
ve arrive st an nnsatisfactoiy result so &r as light polanied &t light I 
angles to the plane of incidence is concerned I 

142. Lord Kelvin's tfaeot? of contractile aether. .Kc- 1 
cording to the most general equations of the motitm of an eUuie I 
substance (Art. 132), a disturbance spreads in the form of two <nrs, I 
the condeosational longitudinal wave propagated with a veliiritj | 
\^(t + jti)/p and the transverse distortional wave propagated vith 
a velocity s/ttip- The phenomena of light leave no r>x>m fir » 
loDgitudiikal wave propagated with finite velocity. It has been goi 
rid of in the theorj' so far considered by taking the elastic body u 
iucompre^ble. The coefRcient t then is infinitely large, anil the 
longitudinal disturbance is propagated with intinite velocity. 

This elastic solid tJieory of the fether, as discussed iu the prece<iiiig 
investigations, does not, however, consistently lead to facts which are 
in agreement with obtservation. It fails to account for the Uws of 
double refraction and for the observed amplitude of light r^flect«d 
from transparent bodies. That theorj' was therefore considered dead, 
until Lord Kelvin* resuscitated it in a different form by showing how, 
dropping the hypothesis of "solidity," an elastic theory of tiie stber 
may still be a possible one. 

The characteristic distinction of the new theory lies tn the hold 
assumption that the velocity of the longitudinal wave, instead of being 
infinitely large, is iufinitely small. This requires that t^^H shall 
be zero, no that k is negative. A medium in which there is a ne^rive 
resistance to compression would at first sight appear to lie es.seatially 
unstable, but Lord Relviu shov^ that the instability cannot come into 
play, if the luther is rigidly attached to a bounding surface. So long 
as there is a finite proimgational velocity for each of the two kiuds of 
wave motion, any disturbance set up in the medium cannot lead to 
instability. Putting therefore the constant A of Article 131 equal 
to xero, and taking the rigidity to be equal in all media, Lord Kelvin 
has shown that the theory leads to Presnel's tangent formula for Uie 
amplitude of light polarized in a plane perpendicular to the plane of 
incidence. Glazebrookt then showed that the consideration of double 
refraction leads to Fresnel's wave surface, while J. Willard tiibbs^ 
pointed out that the new form of elastic jether theory must always 
lead to the same equation as the electromagnetic theory, provided *e 
replace the symbol which denotes ' displacement ' in one theory by that 
which denotes ' force ' in the other and vice versa. 



• Pbit. Mas. 3 
t Phil. Mag. ] 
J Fhil J/ufl. I 



1. p, 5*21. 18W«. 



mm 



If in fquatiouR (9) we writ* il- = - J w, And allow different values of 
P according ag the displaceineota are iu the direction j^, y, or s, the 
equations become with our present notation 



_d_/di dri rfi^"| 
dx \dx dif dz) 



^^^ dz\dr dy iil] 



P.dft. ., <l (di Jv ^ 

DieEe equatioDR are identical with ('24) provided that we replace 
.Q, Ria the latter by i, v, C and /i, K„ K^, K^ by 1/n, p,, p,, p„ 
respectively. As regards surface conditions, we must now remeraber 
t;liat the resistance to compression being negative, there may be 
infinite compression or dilatation at any point or surface at which 
a condensational wave tends to start. The surface at which reflexion 
taiea place gives rise according to the preceding article to con- 
densational waves, hence disregarding this wave which can only be 
pTopagatfiii with zero velocity, the conditions which hold in tlie general 
elastic theory, in which the coudeusational wave is considered, are not 
necessarily satisfied. They must be replaced by others, wliicli, as 
I J. W. Gibbs has shown, may be obtained directly from the equations 
I of motion. 
^^^ Introdnce new quantities defined by 

^P dy 



'■ = di- 



, di dC 

''-di'dr' 


., d, di 


, «■ d( 


y. di if 
' dx dy 



Performing the differentiation so as to obtain i", ij", £" in terms of 
'■ 1. f, we arrive at the expressions which stand on the right-hand side 
^{itl) with the sign reversed. We take the boundary to be normal to 
"* ans of J-. If tj' and f were discontinuous at such a boundary, 

jg and ^ would be infinitely large, and this would make >)" and C'. 
•"d consequently also .^ , -j^ infinitely large, which is obviously not 

Hence we conclude that 7' and f are continuous- A 
"ttiilar reasoning shews tliat as ii and f must remain finite, >? and C 
I :>uut be continuous. The conditions of continuity are therefore 



_dl^djh^dj, 
dy dx dy' 
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But these are exactly the conditious which we have seen must hold in 
tlie electromaguetic theory if £, 17, { are replaced by F, <?, B. Th« 
analogy is made complete if it is noticed that the contiauity of f aud 
€' follows from the above eciuatious, and that according to the ia%x m 
equations (47) if r, = •Jnlp, 

I dH^ ^. 

The continuity of f " is seen to involve the contijiuity of the luwinal 
force and this corresponds to tlie continuity of electric displacement in 
the electromagnetic theory. 

The analogy has therefore been proved both for the etjuatioia 
regnlating the motion of the medium and for the surface co)iditioii& 

If this analogy is kept in view, all the results which have been 
found to hold in the electromagnetic theory may be trantslated at ouc« 
into consequences of the contractile tether theory. Thus in the theory 
of double refraction, the disi»lacement6 of the lutter theory are not in 
the wave aurfece, but are uomial to the ray as has been shown for 
the electric forces in Art. 133. Thus adopting t^e contractile ether 
theory we may conclude at once tliat when plane waves are propagated 
through a doubly refracting mediuui the elaHtic force and not Che dis- 
placement ia iu the plane of the wave. I have given a statement of this 
theory ou account of its mathematical interest, but it has now beea 
abandoned by its author*. 

143. Historical. Auoustis Ia>v\s Calthy, l>oni August 21sl, 
1789, in Paris, died May 23rd, 1857, at Sceaux, near Paris, was ona 
of the large number of celebrated French mathematicians who, during 
the end of the 18tli and the beginning of the 19tli century, made the 
first serious advance iu Mathematical Physics since Newton's time^ 
Gauchy'a contribution to the theory of light consisted in initiating' 
the endeavour to deduce the differential equations for the motion of 
light from a theory of elasticity. 'I'his theory was based on definite 
astiumptions of the actions between the ultimate particles of matt«i; 
The luminiferons lether like other matter was supposed to be made up, 
of distinct centres of force acting upon each other according to some 
law depending on the distance. Cauchy explaiued the phenomeua o£ 
dispersion by supposing thnt in the media in which dispersion takes 
place, the distance between the ultimate ]>articles is no longer small 

ipared with the wave-length. Ho thus arrived at a formula which 
for a long lime was considered to represent satisfactorily the connexion 
between wave-length and refractive index {.Vrt. 150). Cauchy also 
showed that metallic reflexion maj' be accounted for by a high 

• Balthiiort Leetiiret, p. 214. 
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coefficient of absorption; by interpreting Fresnel's sine and tangent 
formula, in the case where the index of refraction is iinaginarj', ha \ 
obtiuued the eiiimtions for the elliptic polarjjation of light reflectedu 
iroui metallic surfaces, which are stitl adopted as correctly repreaentipjH 
the fiicta. T 

Ueoroe Grben was bore at Sneinton, near Nottingliam, in 1793,] 
and only entered the Univereity of Cambridge at the age of 40. | 
Having gradaated in 183T as fourth wrangler, he was elected to a^ 
fsllowship iu Uonville and Caiua College in 1839, and died in 1841. , 
The following paragraph which stands at the head of his celebrated | 
Memoir on the Reflexion and Refraction of Light will show the ideas , 
which guided him in his work, .; 

" M. Cauchy seems to have been the first who saw fully the .| 
iitiliiy of applying to the Theory of Light those formulic whtcli 
represent the motions of a system of molecules acting on each other 
by mutually attractive and repulsive forces ; supposing always that 
in the mutual action of any two particles, the particles may be 
;arded as points animated by forces directed along the right lioA 
wliich joins thera. This laat supposition, if applied to those compound 
particles, at least, which are separable by mechanical division, seenu 
rather restrictive; as many phenomena, those of crystallisation for' 
instance, seem to indicate certain polarities iu these particles. If, 
however, tjiis were not the case, we are so perfectly ignorant of ths 
mode of action of the elements of the luminiferoua ether on each 
other, that it would seem a safer method to take some general physic^ 
principle as the basis of our reasoning, rather than assume certain 
modes of action, which, after all, may be widely different from the 
mechanism employed by nature ; more especially if this principldl 
include in itself, as a particular case, those before used by M. Cauchy 
and others, and also lead to a much more simple process of calcuUtioo. 
The principle selected as the basis of the reasoning contained in the 
following paper is this : In whatever way the elements of any material 
system may act upon each other, if all the internal forces exerted 
be multiplied by the elements of their respective directions, the 
total sum for any assigned portion of the mass will always be the 
exact differential of some function. But, this function being known, 
we can immediately apply the general method given in tlie Mebaniqus i 
Atftlfftlqne, and which appears to be more especially applicable to j 
problems that relate to the motions of systems composed of an immense \ 
number of particles mutually acting upon each other. One of the ' 
advantages of this method, of great imix}rtance, is, that we are 
necessarily led by the mere process of the calculation, and with 
little care on our part, to all the equations and conditions wliich are 
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retjuisite and );ufficient for tlie complete solution of any problem U) 
whicli it may be applied." 

Tlie function introduced above by Green we now call " Potentwl 
Energy." and a particular interest attaches to the whole paper, u it 
is the tirst instance of the application of the principle of Coneerratioo 
of Energy to a great physical problem. Green shows that tn the moel 
general case, there may be twenty-one differewt coefficients defining 
the elastic properties nf a medium, and that these reduce to two in 
the cafle of an inotropic or uncrystallized me'iium. The conditions 
which hold at the surface of two media are deduced, and for the first 
time strict dynamic principles were applied to the calcalatioD of the 
amplitudes of the reflected and refracted light. Assuming the dif- 
ference in the optical beltaviour of different media to be difference* 
of density, the Fresnel sine formula is obtained for light polarised in 
the plane of incidence, aud it is shown that for light |Kilarized at right 
angles to the plane of incidence, the tangent formula can only hnld 
approximately. In a further paper " On the pn>pagation of light iq 
crystaUized media," we meet the difficulties which have so long beset 
all attempt!* to account satisfactorily for Fresnel's wave surfaces, and 
tliough tliis paper will still be read with advantage, its interest at 
present is only historical. 

Gborob Gabriel StokI':3, barn August 13th, 1819, at Screen ia 
Ireland, graduated as Senior Wrangler in 1841, and was elected to the 
Lucasian Chair of Matiieniatics in Caiuhridge in 1849. He died on 
February 1st, 1903. His celebrated Memoir "On the Dynamical 
Theory of Diffraction" contains the complete solution of the problem 
of the propagation of waves through an elastic medium. The fiuestlon 
is treated in so masterly a manner that though published in the year 
1849. the paper should still be carefully studied by every student of 
Optics. He published other important optical memoirs, of which the 
following may specially be quoted : " On the theory of certain hands 
seen in the spectnim" (1848); "On the formation of the Central 
Spot of Newton's Rings beyond the critical angle" (1848); "On 
Hardinger's Brushes" (l«50); "Iteport on Double Refraction " (1862J. 

Many of his writings on the theory of sound and hydrodynamics 
have also optical applications. Stokes was the first to recognize the 
true nature of fluorescence, only isolated facts as to tlie luminescence 
of certain substances under the action of light having been previously 
known. He made a thorough experimental investigation which proved 
the possibility of a change in the refrangibility of light {Phil. Traiit. 
1852 and 1K53). 

James Clerk Maxwell, bom June 13tli, 1831, at Edinburgh, died 
at Cambridge November 5th, 1879, was the first occupant of the 
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Cttvendish Professorship of Physics &t Canibriifge, which he helil from 
the date of ite foumUtion in I!:'? 1 to the time of lii.s death. He was 
ODe of the most original minds who ever turned their stteution to 
wieatific enquiry. All mathematicians who, previous to Maxwell, liad 
iliscussed the undulatory theory of Optics, started from the elastic 
solid theory of the luminiferous lether. That theory was able to give 
* satisfactury account of a great number of the phenomena of light 
and was considered to be securely established. The phenomena of 
electricity were treated as independent facts, though no doubt many 
physicists held that ultimately electric action would be explained 
»y the stresses and strains of the same medium which transmitted 
li^t No one liad, however, suggested properties of the medium 
afferent from those of an ordinary elastic solid. Maxwell attacked 
'nfi qnestion with great originality from another point of view. 
"*ving asked himself tlie question, what the properties of a medium 
must be, in order that it should be capable of trarisTuitting elei-tric 
sctions, he discovered that this electric medium was capable of 
trtiismitting transverse vibrations witli the velocity of light. Maxwell 
*»o showed how Fresnel's wave-surface in double refracting media 
""lid be obtaine<l by assuming that, in such media, there may be 
"ttie dielectric constants, the polarization measured along three axes 
*^ right angles to each other being different, Of his other optical 
*ntinga, his memoir "On the theory of Compound Colours and the 
'^Utious of the Lk)lours of the Spettruwi " {J'/iil. Tram. 1860) de- 
^fves special mention. 




CHAPTER XL 

DLSPEBSIOX AXD ABSORFTIOX. 

144. WaTe-frontB with -wmrjmg amiOiftadas. We hare 
hitherto o^nfined our mttentioii to Tifantioiis haTO^ the flame ampfr 
tade along each vave-froot. In other voitk, the smbees of equil 
phase were coincident with the sni&oes of equal amplitude. We 
shall now treat the question in a more general manner, starting from 
the differential equation of the ware {Hopagation in an abaorbiDg 
mediam which, as we shall see, maj be pat into the (ana 

r^ j^rfff d'R iTB d^ 

where G and /'are constants and R represents the displacement in the 
elastic solid theory or the electric force in the electromagnetic theory- 
measured in the z direction. If the wave-front is plane and parallel 
Vi the axis of c, ^ is independent of z. If the disturbance is simply 
perio^lic, so that the time only occurs in the form of a periodic frurtor 
//^'•^, where p may be real or imaginary' or complex, equation (1) is 
er^uivalent to 

d^R d^R a«Fi ^ /-^\ 

d^* dy'^^='' <'^>' 

where .^' depends only on the frequency « 2w of the disturbance ; 
•^ is real when F is zero and only in that case. For a particular 
>Kilution of (2) and therefore of (1), we have 

^ = 7?o^»(«+*i^-^) (3). 

The substitution of this value of R into (2) leads to the condition 

a« + t» = ^' (4), 

showing that a' + 6' must be independent of the direction in which the 

wave is propagated. If a and b are both real, there is no absorption 

and we may put 

27r /I . 2t . >i 2irt? 






plaues of equal 



mplex and write 



where X' is the wave-length i 
phase are reprcBented by 

J- cos tf + y ain 5 = constant. 
Let. in the more general case, a and /' be i 
llierefore 



6= ^ sin tl + /■,/■ 
Then (3) may be written, retaining the real parts, 

B=fl,fl-(*.-+*,Wco3~(^C08tf + ysinfl-rt) (5). 

* The amplitude is the same over planes Hatisfying the equation 

tiT-i-t^ = constant, 
but these planes do not necessarily coincide with the planes of etiual 
phase. We have, however, still to satisfy the condition (4). It will 
be convenient here for the sake of obtaining tiymmetrical expressiona 
to write 

;-, = -^.coss 

where X is in vacuo the wave-length corresponding to a given w, i.a. 
•* = 2»- F/A ( V being the velocity of Hght in vacuo). We also write 



..{6). 



Hence 






^s'-'^F 



■). 



+ ftV«co8(fl-a)} . 



.(7). 



In tran8{iarent media a* + b' is real, hence either « = or ; 
i'os(^ — q) = 0. The first alteruative leads to the case already dis- i 
cussed, of waves of equal amplitude, Biit the second alternative shows 1 
the possibility of waves of unequal amplitude being transmitted as I 
plane waves, provided that the surfaces of equal amplitude are at I 
right angles to the surfaces of equal phase. If we take the axis of 2-| 
for the (Urectton of propagatibn, (5) takes the form 
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One import&nt and somewhat unexpected result follow : Tk 
I velocity with Khich ths wave-front procenb dtpendf an ti* rarialitm 
[. </' amplitude along if. This is s}io»ra by ( i) for 

3- = a» + 6' = *^C^'-0 (9). 

I if V, be the particular value which v takes when « is zero. It now 
I follows from (6) tliat for i- the velocity of the wave-front we harft 
V 

The velocity with which a disturbance is transmitted is represented 
by the rat/ velocity I'/v, which must of course always be the same in 
the same medium. But our investigation is important as showing that 
even in vacuo the ray need not be at right angles to the wave-frunt, 
and that if this is the cose the velocity of the wave-lront is not the 
velocity with which a disturbance starting from a point is transmitted. 
If ^ be the angle between the ray and the wave normal 



cos^ = 



In order that these effects should lie observable 
tude must be very rapid, for, according to (8), a 
ftp. lO'X (about '5 cm.) would, if ■= — 
diminution of the amplitude in the ratio of . 



the change in ampli- 
a change iu y equal to 

, be accomitanied by a 



Even this rapid change 
in amplitude would not cause any observable change iu the velocity of 
propagation, which depends on the square of k ; the ray would be in- 
clined to the normal at an angle of about 35 seconds of arc. It is 
only when we come to deal with the transmission of waves in highly 
absorbent substances that our theoretical deductious find their observ- 
able applications, When absorption takes place 5* is no longer reaL 
Substituting for tliat quantity ita value in tenns of F and G, and 
combining (4) and (7), we find 

2..co.,= ^Fv\ (l'>5- 

where p represents the angle between the planes of equal phase and 
the planes of eijual amplitude. 

Both V and K now depend on the angle p, and I shall write v,, k^ for 
the values of f, « iu the particular case that p = 0. 

When a plane wave falls normally on an absorbing medium, all 
I parte of the transmitted wave-front have passed through the same 



DISPERSION AND ABSORPTION 239 

thickuesB of the niediuru. Hence in that case, tlie wave-front ih &\><o 
« sur&ce of equal ainplitude and ^ = 0. If the wave-frnat is nornial 
to tlie axis of s, so that sin fl = sin o = 0, (5) becomes 

fi^Ry^''"" C0s2ir'^(x-vt) (11). 

Ab r^, K( may he yalciilated from (10), and in tliia case v- Vjv^, all 
<lu«tDtitied are determined. ■„ is called the coefficient of "extinction," 

When the light falls obliquely on the surface the planes of equal | 
atnjtlitude remain parallel to the surface but the planes of equal phase 

Fame inclined to the surface at an angle p which is the angle of 
action. The expression for the disturbance becomes 
B 



B = R^ * cos 2jr ^ (js cos p + ^ sin p — vf). 

Both K and v depend on the angle p, but (10) shows that * 
tk<3 VK cos p are constant, which gives the relations 



..(12). 



i^ 



VKCORp-Va^t ) 

Ketteler, who first realized the importance of these equations, 
■*aHetl them the principal equations of wave pnipagation in absorbing 
inetiia. 'ITie optical distance between two points on the same wave 
normal, at a distance d apart, is y vd, and we may call v the 
'^t>efficient of optical length. 

We obtain from (10) 

•2v„«„ = >'!''/.«/ 

146. The laws of re&action in absorbing media. Let the 

""stiirbance of the incident light be proportional to 

i(ojn-Aj/-~(). 



..(13). 



refracted disturbance will be proportional to 



'oe identity of the coefficients b and u on the two aides of the 
^X>aratiug surface being proved, as in the case of transparent media. 
" A/c is the wave-length of the transmitted light and p the angle 
**^ lefraction 



Equations (12) may now I 



b' p = (•' — sin^ e 
a wTitteu 



THE THEORY OF OITICS 



[chap. XI 



SolriDg these we find 
2»^ = V(^,»-«.' 



i' 9) + 4v.'' 



^s/(^ 



-sin*ft)'+4V' 



-w 






These equations represent Ketteler's law of refraction for 
media. Having found r for a particular incidence 6 by means of 
the 6ret of equations (14), p = sin'' (v"' sin 6) gives the tiagle of 
refraction. 



In the au 

two media ar» 
fractive index 



of tmnspareDt media, the wave velocities in the 

rlJa^ + h* and el-Ja,' + l^ reBpeotively. and the re- 






..(15). 



We shall take this eijuation as a definition of the symbol f also 
in the ca^ of oiutque media. Tboagh /i is now a complex quantity 
and has no physical niL'auing, it is useful as an intermediate variable. 

Let the first medium be transparent and the vacuum for cgn- 
venience, so that a" + t' = 4)r'/\'. Applying equation (7) to the second 
medium, and noting that - a. \a the angle we now denote by p, we 
then find 

/*' = ji -^ = (k" - ■■) + 2iKV cos p 



■■■ f* = v„ -..-.„ {161. 

The constants f, and «„ are therefore derived directly from ;*, being 
respectively ite real and imaginary part. 

We associate with /t an unreal angle 0, defined by 

sin* = /isinS,. 



FVom this 



; obtain 

p? cos' 0, = ii'~ sin' 

= »* - It* + Sw cos p — sin* tf 
= i' ooa' p - K* + 2tw cos p 

= (vC08p + .V)', 

, sintfcotfli=m + iV 

m^i-cosp 



..(IH). 



where 

146. Free and Forced Vibrationa. A particle attracted to 
a fixed centre hy a force varying as the distance, was proved in 
Chapter i to perform simple periodic oFicillattom<. We may extend the 
investigation now, hy admitting the possibility that the motion of tho 



m 
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particle is resiated by some frictional fon-e wliich acta in proportiitn 
tn its velocity. The path being rectilinear, the equation of motion ia 

2 + 2li + ft'z = 0, 
having for solution 

s^Ae-"cos\^-~/i^.t-<x\ (19), 

where A and ■» are two constants of integration to be determined by 
the initial conditions of motion. It will be noticed that the period 
of oscillation is increased by the friction and that each maximum of 
displacement ia smaller than it« predecessor. The motion is no longer 
eimply periodic, and could not give rise to homogeneous waves. 

If the friction be so great that n'-i^ is negative, the form of the 
solution alters and the motion becomes "aperiodic, "but for our present 
purpose, we may leave this case out of account. When k is small, the 
period may be expressed in terms of a series 
A" 

which shows that the most important term involving i depends on its 
square, so that even though we may take account of effects depending 
on the first power of k, the period is not affected by friction if we may 
neglect the second power. Biuatioii (19) represents the motion which 
the particle assumes when unacted on by external forces, and is there- 
fore called the free vibration. 

Let the same particle be now subject to an additional periodic 
force of period iir/w. Its ei^nation of motion becomes 

z + 2i-z + n'z = EcOB mt, 
where, m being the mass, £'cos ui(/m is the force. Tlie complete solu- 
tion now is 

-- ^sin t 

where tanc = j- -^ (21)- 

The second term represents the free vibration which gradually 
dies out, leaving permanently the "forced" vibration which is re- 
preaonted by 

..■^•co.(.<-.) (22), 

and which must nun he investigated somewhat more closely. 

If «>ti>, i.e. if the forced period be greater than the natural period, 
c lies in the first quadrant, and the forced vibration is, as regards phase, 
id the force. If, on the other hand, n<m, the forced vibration u 
iersted as compared with the force. 



-eos{a.'-«) + ^e-*'cos!v'n'-i'.i!-a! .-(20), 
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.If the forced and free vibratious Iiave the same period, n= « and 

Here tlie motiun is a quarter of a period behind the force and the 
amplitude becomes very great for small values of k. 

If ther? is very little friction, we may put, neglecting Iiigher powers, 

t = tan « = sin € = , ^ , 
and the e(|uation of motion is 

= =-j^^coa«.((-~^) (a2a). 

The friction now only &ffect« the phase. For vanishing ;t, the 
phase is in complete agreement with that of the force when n > «■ ajid 
in complete disagreement when n < «. 

As a suggestive example of fortrod vibrations, neglecting friction, 
we may work out the case of one pendulum having mass m, and 
length /, suspended from another pendulum of mass iV/aud lengtli L. 
For the etiuations of motion of m, we have, neglecting friction and 
con lining ourselves to small motions, 

where r and j, are the displacements of m and M respectively. 

If 2>r/» be the free period of m, when M is stationary, the equation 
may be written 

r + n"(-r-^.) = (23). 

To form the e<|natious of motion of M, we may take the tension of 
the lower string to be nig to the degree of accuracy aimed at. Hence 
writing a for the ratio of the masses, and n^ for the free period of 3t, 
when the lower string is not attached, the equation of motion becomt 

i, +n,'x, +H'ii(j-, -j-) = (24). 

We shall not attempt to obtain a general integral of these equations 
but confine ourselves to that particular solution in which each pendulum 
can perform a simple periodic motion. Writing therefore 

;f, =acosu( (26), 

X =ra con {ait -t) (26), 

we Bee at once by substitution that (24) cannot be satisfied unless ( = 0. 

Substituting (25) and (aU) into (23) and (24) we obtain the equs- 

tions of condition 

-(i)'+w,^ + n'a(l -r)-0, 
-r«.'+«'(r-l)-0, 
from which r and i" may be obtained. 
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The second e<iu&tion gives 



and Dn mibstitutton into the first, wc obtain 



When M, the mass of the upper pemlnlum. is (Treat compared with 
m, a i* small and u then becomes nearly e^nal to »,. '■«■ the i>eriod of 
the combtued pendiilnm is neariy e<|aai to the period of the upper 
pendulum, as is indeed to be expected. Substituting « = », in the 
terms involving a, we obtain a^ a second approximation 



"■(-%->^)- 



The combined period is therefore longer than that of the upper 
peodnhim when ">»,, i.e. when the npper pendulum has alreoilj a 
longer period tlian the shorter one. We must draw therefore the 
nuexpected conchisiou that the combined period Aof& not lie between 
tlie two free periods, but is greater or less than that of the heavj" 
upper pendulum according as that pendulum has already a greater or 
less period than the lower one. 

If o is small, r approaches the value «'/(»' - Hi'), and there is agree- 
ment or opposition of phase according as n is 
greater or smaller than n,, i.e. according ub the 
upper pendulum lias the longer or shorter period. 
The relative pusitiorw of the pendulum in the two 
cases are represented in Fig. 166, the time being 
such that both pendulums are at their points of 
greatest deviation. 

147. Pafisage of light through a respon- 
sive medium. We now consider light to pass 
^'^- ^'^^- tlu-ou^h a mclium, the [.articles of which are 

flabject to forces, cajHible of giving rise to free vibrations of definite 
periods. We consider plane waves propagated in the J direction, the 
displacements being in the z direction. In order to obtain a simply 
periodic motion for the free vibrations of the particles, we may imagine 
each to be attracted to a fixed centre by a force varjing as the distance. 
This centre of force we take to form part of the medium to which it 
is rigidly attached. If £ be the displacement of the medium, and Z, 
that of the particle, the equation of motion of the particle is 

i:, + «'«j-£) = (27). 

If p, is the maae of the particle, n'pi >s the force of attractian. aft 
unit distance from the centre of force. The leaclioTi oi 'Otia.V ^«Kft\i»k 
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to be taken ioto account jd forming tbe equations of motion of the 
medium, Atencb centre, the medium is acted on by a force hVi iCi-Ci, 
and if there are a great many particles witliin the distance of a wave- 
length, we may average up the elfecte and imagine all tbe forces U> 
be uniformly distributed. Let p be the inertia of that portion of the 
medium which contains on the average one and only one |«rticle. 
Then the equation for the propagation of the wave is ; 

C + pnm-l,)- V^^-O (28t. 

where we have written ^-pjp and V stands for the velocity of 
propagation when there are no particles or when n = U. 
If the wave is of the simple periodic type 

{: = cos(aj--W) (29) 

and if tlie motion has continued without disturbance for a sufficiently 
long time for the free vibrations of tbe particle to have died out, their 
position is expressed by 

Ci = »■ COB ((W - m() (30). 

^ is a parameter which is constant for each particle, but varies 
from particle to particle. By substituting (29) and (30) into (28) 
and {21), two equations to determine a and r are obtained : 
-„V + «'('--l) = 0. 

-«"'-,8«"(r-i)+r«'^o. 

The lirst e(iuatioLi gives 

'■=,jzr^2 (3t). 

and the second — j- = 1 + -^— .. 

»ja is tlie velocity (c) of transmission of the wiive having a frequency 
<«/2>r, so that finally 

'-f.('*5^.) W- 

The frequency of the free vibration is n/2jr. 

This is Sellineyer's equation, by means of which he first showed 
that the velocity of liglit must depend on the periods of free vibration 
of the molecules embedded iti the lether. 

148. General investigation of the effect of a responsivs 
medium. It will Ik; useful to introduce here a more general investi- 
gation, which we shall ba.'se on the electromagnetic theorj'. 

In Art. 134 we had expressed the total current as the sum of a 
polarixation or displacement cunKnt and the conduction currenL To 
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this, we may uow add the convection currents. If there arc N positive 
electrons in unit volume, each carrying a charge e and moving with 
velocity {, in the s direction, then Neti is the s component of the 
coDvectiou current, and to this we must add the convection current 
of negative electricity - .Vi^. We may include both currents in the 
expression Net if C denote the relative velocity of positive and nega- 
tive electricity. The conduction cnrrent is also due to the convection 
of electrons, but we leave it in the form CE, because we want to 
distinguish between the current subject to ohmic resistance which 
forms a system depending only on one variable, and that which is due 
to oscillations of electric charges «-itliin the molecule. Confining 
therefore t to the velocity of these charges, we have for the s com- 
ponent of the total current in place of (IT) Chapter x., 



w^^K 



1 ^rfw . 



dt 



CR^Xei .... 



..(3:i). 



The last of equations (12) Chapter x. gives with the help of (13) 
md putting the magnetic permeability ec^ual to one, 

dt d>j \ dy dz) dr Vdz dx ) 

^^«-i(S:t^^) '-»■ 

The iast term vaniahes in isAtmpic media, and we may in that 
I case, eliminating ir, write for the equation of motion in the z direction 



dldR 
dt\ dl 



ilrCR + ii 



rA-.j).v'fl • 



..(35). 



.\Iways assuming the disturtmnce to be simply periodic, the dis- 
plAcement C may be divided into two portions, one of which is in pliaee 
, with /? and the other in phase with dRjdt. Writing therefore 

4»£-J«--^ (3G), 



Ut'A 



AR- 
dR 



it 

BdfR 

» de 



■{35) becomes 



+ {i^C^ u>NB<') -J- = v'fl. 



C'omijaring with this (I), we see that the investigation of Art. 144 
■applies to this case, writing 

O.JC*KAe, 
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Heiiceby(13) y' ~ k' = (K + NAt) V (38), 

2^«cosp = (2a + iVfirc)F (39). 

If the specific inductive cajmcity of the intermolecular space is the 
same as tliat uf empty apace, KV ~ 1, and (38) is replaced by 

»^'K'=l+NAel'^ (40). 

149. Wave Telocity in a responsive medlnm according to 
the electromagnetic theory. P. Drude was the first to apply the 
electromagnetic theciry to the explanation of dispersion based on the 
principles of sympathetic vibrations. It is now generally accepted 
that each molecule contains a number of electrons, and that each 
electron consists of a definite electric charge concentrated within a 
space which must be small compared with the size of the molecule. 
Every quantity of electricity is made up of these electrons just ae any 
ordinary substance is made up of molecules. It is therefore correct to 
epeak of an electron as an " atom " of electricity. A moving electron 
represents kinetic enei^ which exists in the medium surrounding the 
electron in virtue of the magnetic field establisheil by the motion. This 
energy is proportional to the square of the velocity, and may be ex- 
pressed therefore in the form Jpe' if » he the velocity of the electron. 
The quantity p we may call the apparent inertia of the electron. Students 
must however guard against being misled into the error of believing 
that if there are several electrons near each other, their total kinetio 
energy may be written down as a sum of their separate kinetic energieSL 
That total energy contains products of the form WiO,, where »» and v, 
refer to distinct electrons. While dealing with a single electron we &re, 
however, justified iu applying to it the ordinary laws of dynamics 
substituting p for its mass. If we therefore consider that the incident 
vibrations of light excite the sympathetic motion of a single electron 
in a molecule, we may write for the equation of motion 

P 
In forming this equation, we have imagined the electron to be acted 
on by a centre of force varying as the distance, the force being n'p at 
unit distance, while f is the charge of the electron and It the external 
electric force acting on it. If It varies as a'*"' and the free vibration 
has died out, so that the period of £ is that of the incident force, we 
may deduce 

fiy comparison with (36) we see that in the present case B-ii, and 

A^ ,-4% m. 
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If the medinra is a non-conductor, (39) shows that k = aiid 
* in that case is equal to the refractive index ^. We therefore 
fioally obtain from (40) 

'^=';p(»-".') ; ^*''- 

If the charge e is measured in tlie electrostatic syatem, we may 
/eave out the factor r* in the second term of the right-hand side, 
and the equation is then identical with that given by Crude". 
riie diiuensions of the equation are easily checked, as i^/p is of the 
diziieusion of a length. 

The way in which the refractive index changes witli a change in 
th^ wave-leugth of the incident light, is easily recognized by inspection 
of <42). For long waves, u is small, and in the limit when w = 0, 



^» With increasing «■ the refractive index increases until n = u, 
'ft.* that point there is a discontinuity, /»' suddenly changing from 
+ oc to -OP. 

For a definite value of m larger than n, fi is zero and alterwards p. 
inoieases once more and approaches unit value for infinitely short 
periods. If we introduce K' the specific inductive capacity of the 
mechum which must coincide with the value of fi? for <a - (I, we may 
write 

'^'-^ %(„-.') ^*^>- 

1 




"]-«*' 



By a change in the vertical 



scale, and a displacement of the horizontal 
axis, the curve may be made to coincide 
with that which gives the relation between 
fi" and ui. In order to establish agreement 
with the subsequent curves in which small 
values of cu are placed on the right, the 
l>0Ritive axis of x in the figure is drawn 
towards the left. 

The above investigation gives the 
essential features of the theory of dis- 
persion in its simplest form, and may 
be extended ao as to approach more 
nearly the actual conditions. Within each 
molecule there are a number of free periods 
of vibration as is shown by spectroscopic 
det Opiik, Clinpter v. 




t qptfM mmf fo ■lina 
If tke cztoMl deetne fine is &-^. m ^n for the difftmii 

dc. where J, Aad ^, an eaastaaia. linear relabondiipe must hold 
between the tfinAne ie i itB {,, &, etc. of the electioDfl and ^„ ^„ 
wn ibat for the total cvneat witliiii eaicfa molecule, we hftve 



A W--^ «.'--' 



--{«). 



Hence A in (37) becomes 



^=2 






..(«). 



a,, lit, are a set of coostanto, the connexion between which and J„ A^ 

etc. it IN not neceseary t<j discuss here. 

From the «ination defining the electric current, we may, as in the 
niniple caw* whicli has been treated in detail, derive the expression 
corresponding to (i'i) which now takes the form 



^'=1 + 



-(46), 



whciii /)|, ii,. et*'. aru numerical constants defining the dispersion of the 
Hiciliiiin. For waveH of inSnitely long periods, we have 

(47). 



.A".1*!^U«^&^ 



If there is only one ^wriod of vibration, ^, may be determined from 
tlie olmiirviKl inductive onpncity, and if A" is known, the refractive 
iudax for all wnvvs is completely det«nnined. 

' IionI Itarlaigli, Thtonr <>/ .SoxucI, Vat. u OmpUr r 
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By using (47) equation (46) maybe written, changing the constants, 
f'-K'^S.^^, (48), 



r 

■ f/iere X is the wave-leiigtii in vacuo to which w applies, and \„ is the 
trii-ve-length, also measured in va<^uo, which corresponds to the free 
T^fc»ration of the molecules. 

150. Dispersion in transparent media. If the range of 

sr*^?ctrum considered is far removed from any of the free periods of 
tli^ molecule, the dispersion formula may conveniently be expressed 
di"flerendy. If the region of resonance lies iu the ultra-violet, we may 

*'^:pand in terms of a series proceeding by y and thus find 



^ 



-(49). 



E(]uation (49) ia known by the name of Cauchy's formula, but was 
d^«:luced by Cauchy in tjuite a different manner. 

If the region of resonance is in the infra-red, we may exjiress the 
s&ines ill terms which proceed by t-- and thus obtain 

^' = A"-B.-(BA'+fl^* + ---) (50), 

Am A^ A„i A„^^ 

In the case of many substances Cauchy's formula does not give 
* sufficient representation of the actual dispersion without the addition 
of a negative tenii proportional to A'. This fact which lias been clearly 
establiahed by Ketteler suggests that though the dispersion in the 
visible part is mainly regulated by ultra-violet resonance, it is also 
to some extent influenced by free periods lying in the infra-red. 
•Vasnming for the sake of simplicity one iufra-red and one ultra-violet 
ff'ee period, having wave-lengths K and A, respectively, equation (48) 
becomes 

, „, M. M, ,.,, 

, ''-'*^*A^- + V-i. <"'■ 

I This equation has been tested over a long range of wave-lengths 

I for rock-salt, sylvin and fluorspar, and the agreement arrived at is 
^ofBcient tf, st,|,,|y titat in its essential points, the present theory is 
correct, and that refraction is a consequence of the forced vibration 
" the molecules, which respond strongly to the periodic impulses 
'': those waves wlucli are in sympathy with its periods of free 
""Nation. These experiments, which are tundamew^ \xi ^^it "^^rw^ 



rsso 



TBE THEORY OF OPTICS 



[chap. XI 1 

I of refraction, have been made possible by the beautiful device of 
H. RnbeDs and E. F. Nichols*, which enabled them to obtain feirljr 

I homogeneous radiations of large wave-lengths by multiple reflexioii. 

' The success of the method itself is an excellent confirmation of the 

. above theory. 

As will appear in the next article, a substance will totally reflect 
the radiations haviug periods equal to that of the free vibrations of 
the molecules. By successive reflexion from a number of surfaces, all 
wave-lengths are eliminated except those for which there is approxi- 
mately total refleiiou. It was found in this manner that with 
quartz, wave-lengths of 2075 and 8'2.'i mikroms, and with fluorspar 
a wave-length of 237, conld be obtained. 

The refractive index of quartz is represented with considerable 
accuracy by the formula 

jtf. Mr M. 

A'-V V-^* A,' -A*' 

in which X^ aud A, are directly determined by observation. 

Rubens aud Nichols also determined the refractive indices of 
rock-salt and sylvin for the wave-lengths 20'75^ and 8-85/» and hence 
could deduce an equation to represent the dispersion of theae two 
substances through a wide range. In the following Table, 1 have 
collected the constants of the substances used by the authors, adding 
Pa-when'st numbers for fluorspar. 

Table X. 



^H-K^^ 





Quaru 


Fluonpu 


Bock.wJt 


Sylvin 


If. 


■OlOGfi 


■00612 


■01S50 


■0150 


Mr 


44-224 


5099 


8977 


10747 


n. 


713-6r. 


_ 


_ 


_ 


K 


•1031 


•09-12.'; 


■127 


■153 


K 


8-85 


35-47 


^■12 


67-21 


A. 


20'7f) 








S' 


4-.^788 


8'0910 


.'.■179 


4-553 


K 


4-fta 


6'B 


5-65 


4-M 



AH wave-lengths are given in mikroms, i.e. in 10"' cms. As 
has been stated, the resouauce periods of quartz have been derived 
from observation, the others are calculated from the dispeniton 
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fornmla, A good coofinu&tion was sahsequently obtained by Rabens 
and AscWtinass" in the direct determination of the resonance region 
'n rock-salt and sy^'in, thongh the observed free periods were not 
fotiiid to coincide as much ts might have been wished with those 
derived ^m the dispersion formula. The wave-lengths for total 
feflexion were measured to be 51"2 and 611 instead of .161 and 67"2 
as ^ven in the table. There is still lest- agreement in the case of 
fluorspar, the wave-length best fitting the observation being 3547. while 
the region of total reflexion lies at 23(. The discrepancy may be 
due to the fact that ob in qnartz, fluorsjiar has a second region of total 
reflexion in the infra-red. 

The next remark called for by the inspection of the table is 
coxiuected with the relative small values of the constants J/ in the 
111 t^ra- violet term. 1'bis mnst be dae to the comparative smallness 
of the resonance fur short periods. There is a gradual increase of 
the value of M for diminishing values of the reMinance period. This 
increase is not very uniform, but is such that in general it is more 
fapid tlian the increase in the square of the wave-length at which 
resonance takes place. A closer investigation of this point seems 
called for. but it would be necessar)- for the puqx«e to take 
B'^<^uunt of the molecular volumes of the difierent snhstances. If 
w>e refractive index for infinitely short waves is one, as required 
^y (48), equation (48) shows that the constants should satisfy the 
<^n,lition 



This relation is only approximately fulfilled by the numbers given 
'I* the Table, but its complete verification was not to be expected 
<^*isidering that there are probably unknown regions of resonance in 
'•"e ultra-violet. 

Tlie constant K" should, according to theory, be equal to the 
^P^cific inductive capacity of the medium : the last two rows of the 
'^ole show that though the present agreement is not by any means 
Perfect, its power to represent the facts is a considerable stj^ in 
"Vance of the older theories which gave Cauchy's formula. ((Compare 
An. 136.) 

151. Extension of the theory. Oar theory requires e-ttension 
"in two directions. ISellmeyer's equation 



pres infinitely Urge values of /a whenever the period of the incident 
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light coincides with one of the tree periods of vibratioo. lliu li 
a consequence of tho infinite amptitutle of the forced vibr&tion, u il 
appeals e.g. iu eriuatioo (22(i). 

These infinite amplitudes may be avoided by the introdui'tion uf 
a frictional temi retarding t)ie free vibrations a» in the case treated \a 
Art. 144. Real friction is not admissible in the treatment of molecular 
vibrations, but as there is loss of energy due to radiation, there mosi 
be some retarding force, whicli is in phase with the velocity. Its 
effect will therefore be the same as that of a frictional force. To find 
the conutant« determining the wave velocity in this case we apply 
e<iu&tion (2(i). Contining ourselves for simplicity to a single variaMft 
we may write for the displacement of the electrons in the molecule 

where R = R„ cos i^t represents the electric force due to the incidem 
light and p lias the same meaning as in Art. 149. 
Introducing R in place of R^ the etiuation becomes 

^ tt sin 2* J. e sin' t dR 

^~~ip^k ''" 2p«.'i dt ' 

where by (21) tan t = ,_ .. 
Hence by comparison with (36) 



fHiik paik 1 + tan't 
ire n'— «* 



■ (52), 



p 4a.'*» +(«*-<•»)' 

, „ Sire sin* « 2ve tan'c 

Bod B = ~ ,— = — — ^- 

ptiut p 1 + tan* t 

_ 2jW 4(ui 

Hence (39) and (40) become, taking account of (12), and putting C=0, 



VK = lirN^V* 

" ' p!4"'i'' + ("'- 

If Kg be small, so that «,' may be neglected, v^ becomes equal to thft 
refractive index of the substance, which then refracts according to tho.i 
sine law. The introduction of k haji got rid of the infinite value of 
but the value of k will be shown in Chapter xm, to be too small to hn 
the cause of the observed absorption phenomena. 
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162. Finite range of Free Vibrations. In the case of solids 
and liquids, we may judge by their absorption effects that the free 
vibrations are not confined to definite wave-lengths, but extend c 
a finite range. In order to extend the theory so as to include this 
case we neglect k and we write ^dn in (4a) for itre^NV'/p. We theu 
find the total effect of tlie forced vibration by integrating over the 
absorption range, thus : 

.■-1 =/;/*.. 

Here may be a function of ». Assuming it to be constant, we find 
ott int^ration 

-•-^■-llSi^lS^I <»'• 

where the absolute value of the fraction, the logarithm of which occurs 
in the expression, is to be taken. The square of the refractive iudejc 
is infinitely large on the positive side for u = ni, and infinitely large on 
the negative side for lu = n^, "> belonging to the higher frequeney. The 
region of u for which /»' is negative includes that range of waves which 
cannot enter the medium. It is bounded on the red side by the value 
of u> for which 

^ („,-.,)(«, 4.,.) fi • 

and on the side of higher frequency by the value of ■" for which 



H,i 



.("i 



(u) (n, + u) _ 2ui 



The infinity of the refractive index at the lower frequency edge 
of the absorption la avoided if the intensity of the absorption band is 
assumed to diminish gradually to zero on both sides instead of beginning 
and ending abruptly. As a simple example we may take the case that 
the absorption between Wi and n, is equal to ^(n -«,)(?!,- n). The 
expression for /i' — 1 then becomes 



•'dn 
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& IKisitive value to the fraction. At the edges of the band, « 
for ■> = »,: 



^l.^{(«..«,)lo,-^"'- 



^' - 1 = \{n, - »,) lag ^ -;^ ^ («,-",)| - 

153. Absorption. Absorption has so far not been taken itM 
I account though in Art. (151) the coefficient k involves a gmdoal 
extinction of tight &s the wave )>rix'eedB. Iliis extiuctioD was made 
to depend on tbe imparting of energy from the vibrating electron to 
the medium. Tlie particle tabes up energy from tlie incident l^t 
and communicates it to the tether in the form of a vibration haTing 
the same jieriod as the incident light. Tliis is a case of scattering 
of light and not of absorption. Analytically, of couise, we iumj 
include absorption if the value of t is increased beyond the amount 
required for the scattering. This has been very generally done by 
various writers, but there is no theoretical justification for it- 
Absorption is not brought about by auything analogous to ordinaiy 
Action, but most probably by sudden changes in the vibratory motion 
due to molecular impacts. We may take as typical, equation (20) 
Art. 146, which represients the motion of a vibrating particle subject 
to a periodic force. The second term qaickly subsides if the partacle 
is left to itself, but is constantly being renewed by molecular impacta, 
The free vibration tlierefore never disappears and its energy is derived 
fironi that of the incident vibration. It is worth while looking a little 
more closely at this question. Alraorption means the gradual decay ol 
the forced vibration into the vibrations and tranalatory motions corre- 
sponding to the temperature of the body, and this takes place in tha 
first instance by a change of the forced vibration into the vibrations of 
the free periods. Molecular impacts sufficiently account for this first 
step. Two points should he specially noted. Tlie forced vibration aa 
indicated by the first term in (20) is not disturbetl by the impact. 
Its phase and amplitude remain the same and persist tliroughout tha 
motion. Secondly, — and this ia very important — the /rw vibration 
docs mt repn-eent a strnpln periodic motion. Tlie waves sent out are 
the less homogeneoua the more quickly the free vibrations decay. 
Molecular impact* therefore increase the possible free periods of 
motion. If luminous the body would radiate in periods extending 
over a fiiiit« range on both aides of 'Ivj-Jn' - /r", and by the principle 
of exchange, it must he capable of absorbing those periods which it caa 
radiate. 
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Tlie periiida uoiitaineil in the second term of (30) include 2t/ii. wiiich 
is. that ef the force, nnd this hits to be taken int^i account in judging of 
the effect of the free periods on absorption and wave velocity. From the 
principle of conservation oferiergy, we may predict that the effect of that 
I>o»tion of the free vibration wliich has a period iw/ui will be to reduce 
the amplitude of the forced vibration, because it is the energy of tlie 
foi-ced vibration which by the supposed impact supplies the energy 
of the rest of the motion. Heuce instead of A, as given in (41), 
"""^ must introduce a value reduced in some unknown ratio. This 
d»*«a not affect our final equations (4K) as they contain undetermined 

Again the principle of conservative energy tells us that the 
t*"^^uamittcd light must be diminished by molecular impacts, hence 
tV»« second tenu of (20) must contain a vibration of period 2t/iu which 
*^*« regards pliase is a. right angle behind tliat of the incident light. 
^^ liile B in the simple theory of Art. 149 was zero, wit must now 
*^-*^iicluile that one effect of molecular impact is the introduction of a 
""^■•il positive value for B. That value need not however be that 
^-frived at in Art. 151 by the assumption of a frictioiial term. 

For non-conductors, for which C = 0, equations (ail) and (40) 
i-»e(omc 

f!B,V'.-2„.. t ' '■ 

If n„ is determined by observation, the first of these equations 
eives 

y,'-\ = K,'^NAeV\ 

*>r substituting the more general value of ,4 as determined by (45) , 

..._,. ...s-fe-, 

If the absorption band ranges over a finite width between values of 
" =Ki and n = nj, the absorption being proportional to (n-ni) (« — n»)i 
*■« may substitute the right-hand side of (54) for the second term of 
\57). If "e is to be obtained from the general theory, both equations 
(56) must be used. Eliminating k between them, we find for the 
general etjuation of v^ 

»'.--^-*:;*-'-.-Au.r. (58). 
If we substitute terms of the form (52) instead of (45) for A, we 
take account of the loss of energy by radiation, and have then obtained 
the most general theory of refraction that can at present he formed. 
The quantity B is not known, but we shall probably not go far wrong 
>Q taking it to be proportional to A. 



..(57). 
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^M 164. Selective refraction. The pheuomeua which have oiled 
^B fiirtli the thenreticftl discussions of this Chapter have been gronpol 
^H together under the name "Anomalous Dispersion." But we are m* 
^H preparer! to say that there is nothJug anomalous in t}ie effect of 
^H al)HorptioD on refraction, and tliat the ordinary or " noniiaJ " dUpenioa 
^H is only a particular case of the "anomalous" oue. Under thest 
^H circumstances the name is misletwliu);, and I ther^ore introdare \he 
^H more appropriate one of "Selective Refraction" and "Selective Di^ 
^H persion." 

^H The experimental ill ust rati ou of selective refraction is renderai 

^H somewhat difficult by the fact that the substances which show th« 
^H effects are all highly absorbent. With a hollow prism filled with n 
^H strong solution of fuchsin or ryaiiin, it may easily be demonstnilcd 
^H tJiat the red of the spectrum is more refracted than the ^Holet. bnt 
^M dispersion in the immediate neighbourhood of the absorption band i» 
^M too great to make exact mea-surements in that region possible. Knudt 
^H originated a method of observation which is often employed. The 
^H vertical slit of a spectroaco)>e is illuminated by projecting upon it tlie 
^H image of a koriumtal slit, through which white light is passed. If the 
^P horizontal slit be narrow, an aluioat linear spectnim is seen, running 
along a horizontal line. The ^xisition of this horizoutal line may be 
marked. If now a prism filled with a substance showing selective re- 
fraction be interposed between the hori&mtal slit and its image, the 
refracting edge of this prism being horizontal and downwards, the line 
of the observed spectnim wilt no longer be straight. Were the prism 
filled with water, the spectrum would run upwards in a curved line 
from red to violet. A curve running downwards from red to violet 
would indicate a refractive index diminishing with increasing frequen- 
cies. Refractive indices smaller than one, showing a velocity of light 
greater than that of empty sijace, would be indicated by displacement 
below that of the original linear spectrum. For purposes of illustratiou, 
and for measurements when the angle of the prism is small, this method 
is very successful. 

The simplest case of selective refraction is shown by sodium 
vapour, as the absorption is here confined to two regions, each of 
which covers only a very narrow range of wave-lengths. In other 
words, the refraction is affected by absorption " lines " as distin- 
guished from absorption bands. Tlie selective refraction of a luminous 
conical sodium flame was first shown by Kundt, who however did | 

I not investigate the specially interesting region which lies between 
the absorption lines. This has been done by BecquereL Plate II. 
Fig. 6 is a reproduction of one of Mr Becquerel's photographs, the 
red end being to the right. The sodium vapour was used in the form 
of a luminous Hame formed by a. special device into a prismatic shape. 
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The horizontal black line marks the horizontal linear si>ectruiii iu its 
original position. The horizontal portion of t!ie white band, the centre 
of which U slightly raised above the Hack line, shows that at a short 
•lisiance from the double sodium line there is a slight displacement 
up«rarda indicating a refractive index somewhat greater tlian one. 
ine nearly vertical branches of the curve indicate a considerable 
^pereion close to and between the absorption lines. The course of 
I diapersiou is better studied in Pig. 168, which has been drawn 
from the measurements given 
by Mr Henri Be&juerel', up- 
ward displatenients being ap- 
proximately proportional to 
;i-l. It will be seen that in 
fttoordauce with the previous 
theory, the refractive index 
rapidly increases as we approach 
each absorption Hue from the 
red end, and that the light 
which vibrates jnst a little more 
(|uickly than that corre.sponding 
to the absorption band has its 
velocity increased. Mr Bec<jue- 
rel calculates approximately 
that the light in close proximity 
to Z>, and on its violet side has 
* *^frftctive index of 'EiaHS, so that its velocity Is about "l '/u greater 
"*«.o that in empty space. Concentrated solutions of colouring 
"Otters exhibit the phenomena of selective refraction, but here the 
Wftory is complicated by the fact tliat the absorption extends over a 
"de range of wave-lengths. Some of these colouring matters may be 
"aped into solid prisms of small angle, by means of which the refractive 
"•dices for different periods and the coeflicienta of absorption may be 
'"Safinred. Pfliigert takes a few drops of a concentratal solution of 
"W colouring matters in alcohol, and runs the solution into the two 
wedge-flbaped spaces between a glass plate and a wide glass tube. As 
™e aolvent evaporates, it leaves behind a double prism. Amongst 
"^^ny prisms made in this fashion, a few may be found with surfaces 
MflSciently good to render optical investigation of refractive indices 
possible. The prisms used by Pfliiger had a refracting angle of from 
*0— 130 seconds of arc, and the refractive indices could be determined 
"foughont the absorption band. It is a special merit of PHiiger's 

* Coit^tei nendu* ciivni. p. 145 {1699). 

t Wieil. Ann. lti. p. «a (1896) and liv. p. \1^ <CA'iV\. 
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investigations that he detennined also the coefficients of abaoiption ix 
the different wave-lengths. As a thickness of very few waTe4aigtb8 
is sufficient to extinguish the light, the {dates used fcnr the porpose 
had a thickness of less than half a wave-length. In Figure 169 




Fig. 169. 



Pfliiger's curves for cyanin are reproduced, the curves of refiractdve 
index and coefficient of extinction being marked B and A respectively. 
I have added in dotted lines an assumed absorption curve followiDg 
the law discussed in Art. 150, the constants being roughly adjusted 
so as to tit the edges of the absorption band. A second dotted line 
shows the curve of refraction (B") calculated from equation (55) after 
substitution of i^ - «' for fi\ The value of fi was determined so as to 
give roughly the proper quantity for the diffierence in the refractive 
indices near the two edges of the absorption band, and a constant term 
has been added to represent the effect of infra-red and ultra-violet 
absorption. The correspondence between calculated and experimental 
values might be made closer if instead of a constant term, one varying 
with tlie wave-length had been taken, but in view of the fact that the 
assumed law of absorption only approximately represents the facts, it 
seems unnecessary to seek for a closer agreement of the refraction 
curves. The more sudden fall and rise of the calculated dispersion 
curve near the green boundary of the absorption band is due to the 
fact that the actual absorption curve does not show the rapid increase 
of absorption indicated by the assumed curve. 

155. Metallic Reflexion. We include under the term "metallic" 
reflexion, all cases in which the greater portion of the incident light 
is returned, in consequence, as it will appear, of the absorptive power 
of the •medium. If the amplitudes of the incident, reflected and 



r 
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refiacted light be denoted by 1, r, », respectively, we may as in 
Art, 140 write 

for the incident wave 

for the reflected wave 



And for the disturbance entering the medium 

se'K""*-") (60). 

Tlie surface conditions are the same as for transparent media, 
hence the previons investigations apply a« far as the analytical 
expressions of r and s are concerned. When the incident hght is 
polsriiied in the plane of incidence, the amplitude r, was found to be 

*iid fur liglit i>okrized perpendicularly to the plane of incidence 

tan («,-») . 

"'-sr(«,v») *"'■ 

But 6i being now complex, r. aud r, are complex quantities from 
*hich we may separately deduce the real amplitude and the cliange of 
phaae. Writing c, = V ami substituting in (59) we see that h, is the 
f^a! amplitude, and S denotes the change of phase. 

it therefore becomes a problem of algebraic transformation to 
change (61) and (62) into the standard form Ae". Little experimental 
"ork has been done to measure the intensity of the reflected light 
*iid we may therefore confine ourselves to calculating the vahie of A 
'^'>'' perpendicular incidence for which, as for transparent medi». 



•S'U from 



(IS) 



.-. r.^he^' = ^-^^r (63). 

If this qnaotity be called P, and Q be that obtained from P by re- 
j the sign of i, the ])roposition proved in Art. H shows that 

P-Q 



l>''PQ; 



..(64). 



I It will be noticed tbut great absorbing power means a large intensity 
d light, for if «, is large compared with vg + I, A is nearly 1, and 
■ Kght is almost totally reflected. The abeoT^iin^ yfflct \^«>Aot%\6 

V>— 1 
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active not only in transforming the energy that enters, but aUo m 
preventing the light from entering. There is also nearly total reflexioiL 
when Vq is either large or small compared with 1, but this effect is not 
confined to opaque substances. 

When light polarized at an angle ^ to the plane of incidence faUs 
on a metal surface, it may be considered to be made up of light having 
amplitude cos^ polarized in that plane, and light of amplitude sin^ 
polarized at right angles. 

We write Rp and R^ for the reflected amplitudes, which are respect- 
ively equal to rpcos^ and r«sin^, where r, and r, are defined by (61) 
and (62). 

Putting ^, = *,cos^^', Rp-hp%mff>e^ 

and writing tan ^ = hpjht , 

R 

-^ - tan ^ tan ^ ^*«~*i>, 

Ss- S,, for which we shall write S, represents the difference in phase of 
the two components of reflected light. That light is therefore polarized 
elliptically. If by some compensating arrangement the difference of 
phase be destroyed, and the reflected light restored to plane polariza- 
tion, the angle x which the plane of polarization of the reflected light 
forms with the plane of incidence, is determined by 

tan X = tan 4> tan ^. 

The quantities x and </> may be measured, and hence ^ determined. 
We must endeavour now to express the optical constants v^ and ko in 
terms of 8 and i/^. For this purpose, we have from (61) and (60), 



cos (^1 + ^) _ ^/» _ hpe 
cos (^1 - 0) Tt Ke 



«* 



ifi, 



= tan xjfe^. 



Also 



cos (^1 + ^) cos ^, cos - sin 6^ sin cot ^, sin - tan sin B 
cos (^, - d) cos ^1 cos 6 + sin Oi sin cot ^i sin d + tan ^ sin ^^ * 

Hence introducing (16) 

+«« i^« w-tan(^ sin ^ + tic ,^,. 

tani/rg = .- - (65. 

m + tan u sm d + ik ^ ' 

This expression is of the same form as (63), and by subjecting 
it to the same transformation, we find 

2 , (m - tan B sin By + k' 



tan* \lf - 



(m + tan B sin Bf + k' * 



r 



Applying 
tlkJa reduces to 



Also 
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taaS = 



"1 + 


tov' 










2tncos« 


siu' 


6 




(« 


+ ->) cos» 
■2« 


e + 


sm 


tf 



(66). 

(67). 



ir the optical constanbt tg and r, are known we may nee equations 
( X 3} and (IT) to calculate v, k and m, and hence cob 2^ and tan B may 
1*^ found. 

When the difference in phase, S, is eiiual to a right angle, tan i is 
"■^feiitely lai^e, and hence in that wise 

8iu' e tan" e = v" + K». 
This ]iarticutar value of 6 is called the principal angle of incidence, 
^*id, for « = 0, corresponfla to the polarizing angle. 

The problem as it generally presents itself, consists in determining 
^ti-« cipttcal constants of the metal from observation of if/ and 8 ; for 
^«»as purpose (66) and (67) are not convenient, and we must transform 
(*>i) in a different manner. 

We easily deduce from that ei^uation 

m + l" _ 1 + tan fe_ 
sintftanfl l-taiii^i?"' 

1 + t&njicas &■^^ tan ip sin S 
1 - tan ^ cos 8 - / tan ^ sin S ' 
^T^d llie right side of this wiuatiou may be transformed in the same 
'*»an]ier as (63). We thus find 

sin # tan fl c- 



1 - sin 'Jill c( 
sin tan si 



..(68), 



i2*«i 



..(69). 



1 -sin2i/'cosS 

^f instead of using a com]}ensator similar to Babinet's, the elliptic path 
***" the disturbance of the reflected ray is analysed by a quarter wave- 
Piate or Fresnel's rhomb, the quantities measured are the ratio of the 
^88 of the ellipse and the inclination of these axes f« the plane of 
tticidenee. Calling tan * the ratio of the minor to the major axis, and 
y the angle between the major axis and the plane of incidence, we 
obtain with the asaisUnce of (18) (19) and (20) of Cliapter L, 
_ _ sin l9 tao * cos 2* cos^J 



1 - cos 2* sin 2y 



..(70). 



I 



Having obtained m and « we detennine the optical constauts », »R^ 
■g in the following maouer. Equations (12) may be written 



Solving these equations for v^ and tj we obtain 
2v„' = Jim" - K* + gin* Of + 4m'«' + (m* - ■" 
aiD'6')' + 4mV- 



•■CTl). 



-{72). 



^B ill' 



2k„' = •J(m' — «" + ain' fff + 4m'K' - (m' 

Equations (68), (69) and (71) constitute the sol uti on of our problw** 
in the form in which Ketteler* firnt gave it. This funn is to t* 
preferred to the earlier one given by Cauchy, whose solution did a.*3t 
directly lead to tlie separation of the constants »t, and no bnt only '•^ 
a set of aquations which involved intermediate constants and variabl^Bs^ ■ 
having no physical meaning. 

In the case of metals, m' + «' exceeds sin' 6 sufficiently to allow * 
generally to neglect the square of sin' tf/{wi' + k'). Under these circuE 
stances, expressing the square root which occurs in equations (71) as 
Beries proceeding by powers of sin^tf, and neglecting all powers high 
than the first, we lind 

'■"^'"(^^2(,^^^))[ 

" V 2(m'+0/J 
showing that as a first approximation, and especially when the angle — 
incidence is small, m and « may be taken to be equal to v^ and "o- 

166. The Optical Constants of Metala. We owe to Dmde>e^n 
the best determination of the optical constants of metals. Alter * 

c&refiil iuveatigation of the efi'ecta of the condition of the surface an^*^ 
the reflexion of surface films, results were obtained which are repn.-^""" 
diiced in Table XI. The measurements refer to sodium light. 

1 have added the third and fourth columns giving the values u-^" 
ir'-v' and vkcos/i, the two invariants of metallic refraction. Tb^^^* 
column lieaded B,, gives the angle of principal incidence ; the Ue=^ 
column, the calculated rellecte<l intensity for normal incidence. 

The table shows the remarkable fact that i^ - k" ia negative for a— ^. 
metals. In the older theories of refraction in which the syinpathen^t^ '''' 
vibrations within the molecule were neglected, tliis appeared to be a" — *" 
anomaly, for turning to equation (.S8), v' - «' could not be negatii " 
independently of A and B unlesw k were negative, 
meaning. 

• Optik p. 1B7 and Wled. A'i'u Vol. vii. p. 119 (1879). 
t Wild. Ann. mix. p. 181. 
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1 

fo 


>'o 


ic»-k2 


VK COS p 


»P 


U+0 


Bismuth 


3-66 


1-90 


9-79 


6-955 


ITS' 


-662 


Lead 


3-48 


2-01 


8-07 


6-995 


76** 42' 


•621 


Mercury 


4-96 


1-73 


21-61 


8-580 


79*34' 


•784 


Platinum 


4-26 


206 


13-90 


8-776 


78*30' 


•701 


Gold 


2-82 


0-37 


7-81 


1043 


72* 18' 


-851 


Antimony 


4-94 


3-04 


1516 


1502 


80*26' 


•701 


Tin 


5-25 


1-48 


25-37 


7-771 


79* 57' 


-825 


Cadmium 


5-01 


113 


23-82 


5-661 


79* 22' 


-847 


Silver 


3-67 


0-18 


13-44 


-6607 


75* 42' 


•953 


Zinc 


5-48 


212 


25-54 


11-62 


80*35' 


•786 


Copper 


2-62 


0-64 


6-45 


1-677 


71* 35' 


-732 


Nickel 


3-32 


1-79 


7-82 


5-943 


76* 1' 


•620 


Cobalt 


403 


2-12 


11-75 


8-543 


78*5' 


-675 


Steel 


3-40 


2-41 


5-75 


8194 


77*3' 


-585 


Aluminium 


5-23 


1-44 


25-28 


7-531 


79* 55' 


•827 


Magnesium 


4-42 


0-37 


19-40 


1-635 


77* 57' 


-929 
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Wave-lengths in 
tenth-metres 


4500 


5000 

/o 


5500 


6000 


6500 


7000 


A. Pure Metals 

• 


/o 


% 


% 


0/ 

/o 


Platinum 


55-8 


58-4 


61-1 


64-2 


66-3 


70-1 


Gold 


36-8 


47-3 


74-7 


85-6 


88-2 


92-3 


Silver 


90-6 


91-8 


92-5 


93-0 


93-6 


94-6 


Copiwr 


48-8 


53-3 


59-5 


83-5 


89-0 


907 


Nickel 


58-5 


60-8 


62-6 


64-9 


65-9 


69-8 


Steel (hard) 


58-6 


59-6 


59-4 


60-0 


60-1 


60-7 


Steel (soft) 


56-3 


55-2 


55-1 


56-0 


56-9 


593 


M, Speculum MetaU 














Alloy of Brashear. 














68-2%Cu+3r8Sn 


61-9 


63-3 


64-0 


64-4 


65-4 


685 


Alloy of Brandes and 














Schiinemann. 














41o/oCu + 26Ni + 














24Sn + 8Fe + lSb 


49-1 


49-3 


48-3 


47-5 


49-7 


54^9 


Alloy of L. Mach. 














66So/oAl + 33iMg 


83-4 


83-3 


82-7 


83-0 


82-1 


833 


C. OloM Plates cover- 














ed at the back with 














SUver 


79-3 


816 


82^5 


82-5 


836 


846 




86^7 


866 


88^2 


88-1 


891 


89^6 


Mercury 


728 


709 


71-2 


699 

\ 


716 

\ 


728 

\ 
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The somewhat important question relating to the amount of ligh — ^M 
redacted at normal incidence has been investigated directly by B. Hage^Hfl 
&nd (I. Rubens*. Some of their results are embodied in Table XII. I 

A comparison with Drude's numbere shows generally a good agree^^ 
ment. The exceptions are Platinum and especially Copper. The alio ' t 
of Brandes and Schiinemann in of practical importance owing to it — ^ 
permanence and resistance to deterioration vrhen exposed to moi^i^Mlq 
or impure air. ■ 

Brude has also determined i-, for red light and found that a w | 
metals except lead, gold, and copper, retract the red more than tlt^^MJ 
yellow light. The coefficient of extinction was determined directly \^^^] 
Rathe uau f. 

There is another difficulty which consists in the fact, alresd^H^ 
pointed out by Maxwell in his Treatise, that the simple tbeo r — ^ 
according to which v^k^ should be (neglecting B) equal to C\ *' 
gives too large vahics for the coefficient of extinction. The intn::^^> 
duution of A and JH does not entirely remove the difficulty, but as w^^3* 
first shown by Snide, a satisfactory explanation may be arrived at, '^ 

we adopt the theory of electrons throughout. 

Tlie whole electric current according to this theory is carried l»=^y 
ions which possess efl*ective inertia inasmuch as they possess envt^^S^ 
proportional to the square of the velocity, the enei^ being that ^^^k 
the magnetic field they create. In the ordinarj' theory of conductoi — "^M 
this energy is only ]>artially taken account of, the niwaffn m/ignvtzr'^^M 
field established by the moving electron being used in tlie calculation -™ 
If iustead of an evenly distributed electric fluid, we imagine electricit:::-*? 
to be concentrated within the electron, the magnetic field in tk:^^'^^ 
immediate neighbourhood of that electron will be very much largt-^^ 
than the average energy in each element of volume. Hence ll^^^^* 
inertia, or the coefticient of self-induction, by whichever name tli*^"^* 
factor in qnestion may be called, is underrated in the ordinary trea* -^ 
ment. The error committed depends on the nearness of the movii^*^ 
electrons, and on their linear dimensions, but if their distance apart c" |* 
great compared with their diameter, the additional energy per uiic:^ '' 
volume is ^ai' where i is the current density and v stands for p/i\V. 
K being the number of moving electrons per unit volume, and p 
apparent mass. If each molecule supplies one electron, which carrii 
the conduction current, tr is of the order of magnitude 5 » III 
has the dimensions of a surface- 



* DruJe'8 AnnaUn, toI, i. p. 352. 
t Qaokd in Winkelmann, Enci/ciopitdia der »'i. 
J A. Schuster, FhU. Mag. itA. i, u. I'Sl ^■l'JO^V 



'la/rtii. vol. D. p. 838. 
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di 



The effect of the inertia is the same as that of an electric force 
opposing the current. If C be the conductivity this electric force pro- 



dt 



If C be the CI 

duces a current density Ca r wliere / only relates to the conduction 
current 

The equation of electric cnn'ent (33) now becomes, if we denote 
by w' the = component of the conduction current, 
KdR 



'■Gt 



dt 4t dt 



vCB^Nei, 



Hence if D stands as a symbol for ,- 



vr with the help of (34), omitting the last term on the right-hand side 
of tliat eiiuation. 

Differentiating with respect to the time and applying (M) again, 
■we find 

J)U^CR + (l+.fCD)(^K^^j^\nNeK\\^{\+<yCD)v'R (73). 

If the motion is periodic and contains «■■"' as factor, we may sub- 
stitute -m for A and for^ we may use its equivalent (37) in terms of 
Jt. The e<iuation theu becomes 

v'B^~(i;m' + lF^)It (74), 



i 



where 



^nce from (13) 
Si',", 



E^K+NeA 
F^ NeB< 



= V'{K^NAe 
■- V'{NBe 



_4irO 

(i+.r'C'u')- 

4 7ro-C \ 
1 + a'C^^) 
'20t \ 



■■(75), 



where in the last term, t is written for Sir/oi. 

The effect of a is therefore to diminish the product v^^ and lieiice 
to diminish that part of the absorption which dei^ii4& ovi coiAwfiCviws . 
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nations (75) are, allowing for & change of Dotation, idendol nitii 
tfiose obtained by Dnide. If we diHregord A and B, we obtain 

crx I 

If the numerical values of C and u are introduced and the qnandtf 
ff is estin]at«d, it is found that irCm is large, and equations (75) 
become with sufficient accuracy 



...(761. 



As /i is always positive, it follows that 
VK 



I 



Tilts relation allows us to calculate the number of electrons vhicli 
take part in con<luction currents, and it is found that this number in 
the different metals is of the same onler of magnitude as the number 

of molecules". 

167. Rejecting powers of metals for waves of low fre- 
quency. Maxwell's theory has received an imiwrtant confirmation in 
the work recently published by Hagen and Rubenst, on the relation 
between the optical and electrical qualities of metals. These investi- 
gations relate to waves of low frequency. 

Neglecting a-, we may write equations (76) 
v„> -«,*=!, 
y^K,= CV\. 
As ^ is supposed to he large, both v and k must be large and nearly 
equal. The second equation gives, neglecting the difference between 
the two quantities. 

To test this formula for long waves, Hagen and Rubens measure llie 
reflecting powers at normal incidence. For the intensity of the 
reflected light, we have obtained the expression (64), which by 
substitution becomes («„- !)/(<!„+ 1) for large values of v 

Writing H' for the reflecting powers of a metal in per cent., 
1(>0 - If gives the intensity of the light wliich enters the metal, the 



• Schuster. Phil. Mag.. Vol. ^ 
h Ann. il. FUyik. Vol. xi 
;67 (liK)4). 
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intensity of incident light being 100, and the formula to be verified 
becomes 



"•■here t is the period. 



100- R = ^,^, 



Table XIII. 



1 


2 


3 
or X=rl2ft 


4 

Condoc- 

tivity 

at 170° 


< 6 

1 

(lOO-ie')forX 

, / ^ 

ObHerved 


1 

6 


Metals 


(100 - R) f 


1 

.=25-5^1*170° 




Observed 


Compnted 
1-3 


Computed 

1 


Silver ! M5 


39-2 


113 


115 


^'^l>l>er 1 1-6 
Uolci 2-1 


1-4 
1-6 


32ri 
27-2 


117 
1 -56 


1-27 
1-39 


-^^u minium 




20-4 


i 1-97 


1-60 


Zinc 




10-2 


2-27 


2-27 


^^^**<irnium 




8-40 


2-55 


2-53 


^la^tinuiu 3*5 


3-5 


5-98 


2-82 


296 


^iokel i 41 


3-6 


5-26 


3-20 


316 


Tin 
Steel 


4-9 


4-7 


501 
3-30 


3-27 
3-66 


3-23 
3-99 


Meixsury 






0-91 Of 


7-66 


7-55 




17-8 


11-5 


Or)13 
7-05 


25-6 
2-70 


10-09 
2-73 


^^nganin 


1 




2-37 


4-63 


4-69 


^'^>nHtantiii 6-0 1 


7-4 


2-04 


5-20 


5-05 


*^^tent Nickel P. 


1 
5-7 


5-4 


3-69 


405 


3-77 


^^tent Nickel M. 
^^^^ise'a Alloy 
^J^ndes and ) 


70 
71 


6-2 
7-3 


2-86 


4-45 


4-28 


^^hunemann's \ 
Alloy ) 


: 9-1 1 


8-6 









In Table XIII., columns 2, 3, the observed and computed values of 

^O — iZ* are tabulated for X = 12ft (/x = 10"* cms.). For larger values 

^* ^, jB' approaches 100% asymptotically with increasing wave-lengths, 

^d the difficulty of experimentally determining 100- J?' increases ac- 

• ^<iingly. Hagen and Rubens therefore measured the emissive power 

^^tead of the reflecting power of the metals. 

From a comparison of the radiation sent out by a metal with that 
^^t; out by a black body, the reflecting power may be directly deduc^. 



* •'Botguss" oontains 8*5*7 Ca + 7*2 Zn + 6*4 Sn. 
t At 100*». 
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j In Table XIII., colnmn 4 gives the conductivity at 170' C. calcuUtcd 

I from the known conductivities ut 18' and the temperature cat^baaX- 
Coliiniu8 5 and 6 give the observed and computed emiasiTe powend 
17(1'. It will be noticed that the agreement is excellent in aliois 
except Aluminium which showe a, considerable deviation, and Bismoik 
which furms a complete exception to the law. 

Professors Hagen and Rubens have also directly verified the fsrt 
that the quantity 1(M> - ff' indiirates with increasing temperafiirr t 

I change corresponding to the cliange of electrical resistance, and ther 
further point out the remarkable tact tlut it would be possible To 
undertake absolute detenu i nations of electrical resistance solely by Uic 

' aid of measurements on radiation. The agreement of Maxwell't 
theory in its simple original form with the result of the experimenu 

I just described, proves tliat for wave-lengths as threat aa li/i, tlw 
free periods of vibratiou of the molecules do not affect the optical 
constants of metals. 

156. Connexion between refVactive Index and density. 
The investigations of Sellnieyer and those bused on similar principles 
all lead to the conclusion that for any one kind of molecule, /»'-! 
is proportional to the density. We possess a good many experiueutal 
investigations on the ehauges observed when the density (Z>) is altered 
by pressure or by temperature, and these investigations have not been 
favourable to the constancy of (*i' - l)/J). 

The tailure of the formula in the caae of a change from the liijuid 
to the gaseous state is not perhaps surprising because the molecule in 
the liquid state may be expected to be more complex and behave 
optically very differently from the molecule of the same substance in 
the state of a gas. Even changes of temperature and pressure may to 
some extent atfect the absorbing power, and conse([uently the velocity 
of propagation of light-waves, so that our theor}' cannot preteud com- 
pletely to include such changes. But though the failure of tbe theory 
is not surprising it must be pointed out tliat other formulae give better 
results. The simpler relationship which asserts the constancy of (/»- l)!J} 
discovered empirically by Gladstone and Dale, has often been success- 
fully applied, and two authors of similar name, H. A. Lorentz of Leyden*, 
and L. Lorenzf of Kopenhagen, have almost simultaneously published 
investigations leading to the result that (/a" - l)/(fi' + 2)Z* is constant 
The latter formula is capable of predicting with fair accuracy the re- 
fractive index of a gas, tliat of the litiuid being known. 

Lord Rayleigh's investigationa on the effect of spherical fihstaclesi 
• WUd. Ami. IX. p. 6-11. (1880.) 
t Wuii. Ann. II. p. 70. (1880.) 
t Cetleetcd Worki, Yol. tv. p. 19. 



on the propRgation of sound or light are very itwtructive, because 

the}' show clearly the various ciR'uiDstniices that may affect the 

problem. It eeemg clear that aay iovestigtition ba^ed oil the efl'ect 

of the influence of the prei^ence of the iDolecules on the put«atial atid 

Icinetic energies roust make ^'-1 and not ^-1 a fuuction of the 

tiengily. The investigations treated of in this Chapter belong to this 

grcup because our explanation of dispersion has introduced t«nn8 

effecting the kinetic energy of the medium. The investigations which 

lead to such expressions as ( -3- -a)/ if neglect the vibrations of tlie 

molecules but consider their linear dimensions. The molecules are 

Bunposed to be regularly spaced, occupying a volume not negligible 

compared with the total space, and to be maiie up of some material 

tta-viiig a dielectric constant different (roni that of the surrounding 

space. I think the experimental fact* of selective refraction are 

sufficient to show that in the region of the spectrum which contains 

the free vibrations of the molecules, these constitnte the paramount 

fattflr, but it is quite pi>8.sible that when we wish to include the 

changes of molecular distance, which are brought about by cliangas 

^f pressure or temperature, the linear dimensions must be taken into 

*««oimt. 

Tliere is another method of treating the subject which consists in 

J^Dsidering the effect of a number of irregularly spaced molecules. 

"his has been adopted by Lord Rayleigh in his investigations on the 

Scattering of light by small particles. The efl'ect on the [>riniary wave 

|*f each particle, whether due to sympathetic vibration or to a change 

"* tbe optical properties, is as a first approximation a change of 

Pbise which when the molecular distance is small compared with a 

*''ave-leugth is equivalent to a cliange in wave velocity. By tliis 

*'^«i«nin); we are led to the conclusion that ^ — 1 is proportional to 

"»e density. When the total effect is small, /t - 1 is proportional 

~** m'*1, so that as a first approximation, there is no difference 

"^t*een the two residts, but there is a fundamental difference between 

*"he assumptions made in the two cases. If the distribution is regular, 

*« need only consider the average kinetic and potential energies and 

"••ayfrom them proceed to calculate the velocity nf wave propagation, 

'^*«iiaing that the progressive wave contains all the energy. But 

^ith an irregular distribution there is a scattering of light in all 

^iwctions, and cona«iuent loss of energy. The occurrence of /*'-! 

w One case, and of /i— 1 in the other, seems to be due to this 

■lialinctiou in the adjustment of energy, but when the molecules are 

*s <:\mt as they are in solids and liquids, there must be considerable 

*pproach to regularity, and the scattering must be comparatively 

"Wall, Hence theoretical con.iiderations are in favour of fi?. 
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On the other haact GUdMooe uui Dale's etnpirical formuU ilepend- 
ing ou ft - 1 h&« had veiy sabetaDtial ^^uci'e^scs in the investigntion ii 
the effects of molecular compoeitiou on refractive power. Tlie trfied 
of the molecolei* being prop<»tioiuU tu their number per unit voIiuk 
which is proportioo&l to d.P if rf is the density and P the molecalit 
weight, the qiiantity (jL-i)J',d was introduced by Laudult aiid oJled 
the mulecular equivalent of refraictioo. It was fouiid that if id auj 
c<im]H>nQd there are n, atums of oue kind, n, of another, », of a tliiid, 
the molecular equivalent of refraction could approximately be calm- 
lBte<l from the e> (nation 

(/.-ll/' 



nif, + ii|C,-^n,r,. 



where F 



e quantities which belong to the element. 



1S9. Historical. Auguatin Louis Cauchy, vho^ work has alreadjr 
been referred td at the end of Chapter x., published some iuportant 
researches in wave pmpagation and first obtained formulae giving the 
constants of elliptic polarization of light on reflexion from metallic 
surfaces. These he published however without proof. 

Julee OSl&tin Jamiu (bom May 30, 1818, in the Department <^ 
the Ardermes, died February 12, 18(*e, at Paris) was the pioneer in 
the experimental investigation of metallic reflexion, and showed that 
Cauchy's etinations represented the facta with sutficient accuracy, 
Eisenlohr supplied the analytical proof of Canchy's formulae and 
showed that the proper interprctntion of Jamiu's measurements It^^ads 
to the a)ncluRion that for silver, the refractive index is smaller than on& 
This result, which did not seem at that time to be reconcilable with 
the stability of the medium inside the metal, received support from 
Qnincke'B experimeuta which proved an amtUratimi of phase when 
light prissed throiigh thin metallic films. The matter was finally 
settled by A. Kuudt* (boni Nov. 18, 1839 at Schwerin, died May 21, 
1894 near Liibeck, Professor of Physics in the University of Berlin) 
who succeeded in making thin prisms of metals and thus could demon- 
strate directly that in metals light was propagated more quickly thaa 
in vacuo. The apparent anomaly of this result received its explana- 
tion when the refraction of absorbing media generally was more 
carefully studied. 

In 1862 Le Koux having tilled a hollow prism with the vapour of 
iodine, noticed that while it absorbed the central parts of the spectrum, 
it transmitted the red and violet ends, refracting however the red end 
mom tlian the violet. This phenomenon he called anomalous dispetsiotL 
Eight years later, Chriatiauaen noticed the same phenomenon in tha 

(1688.) 
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case of a solution of fuchsiD. The matter then attracted considerable 

attention, and A. Eundt especially improved the experimental methods. 

Including a great many colouring matters in his investigations he was 

able to formulate the general laws which regulate the influence of 

absorption on refraction. In the meantime, Sellmeyer had published 

bis theoretical investigation, which is now generally recognized to be 

correct in principle. It only remains to allude to the work of Ketteler, 

wbo more than any one else has shown, both by experiment and by 

mathematical calculation, that all refraction is of one kind, and that 

even in the case of apparently transparent media like water, it is 

necessary to take account of the effects of the free vibrations of the 

molecules both in the infra-red and ultra-violet. 

The recent development of the subject has already been sufficiently 
treated. 



CHAPTER XII. 



ROTATORY EFFECTS. 

160. Fhoto-gyraUon. In all casee liitherto considered thft 
tranc'inis8ion of a lumiaou^ diRtiirbiuice lias been such that s plans 
polarized wave was propagated with its plane of polarizatiou remaining 
parallel to itself. But there are media iu whii-h the wave, thntigh 
remaining plane polarized, shows a, coutinuous rotation of the plane 
of polarixation as it proceeds. If plane polariied light be made to 
traverse, for instance, a tube fille<l with a sugar .^ujlution, and the 
emergent light be examined, it is observed thai the plane of polar- 
ization ha» been turned through an angle which ia proportional to 
the length of the tube and also depends on the concentration of 
the solution. 

The direction of rotation is different in different substances. 
It is said to be right-handed when it is in the direction of tJio 
rotatiou of the hands of a watch, looked at from the side towards 
which the light travels. 

Substances which possess tliis property are often called "optically 
active," an expression which ia not very descriptive and poesibly 
misleading, as the word " activity " has been applied to several 
different propertie,s. We shall find that the distinctive feature of the 
rotational property ia the different velocity of propagation of circularly 
polarized light according as it is right-handed or left-handed. We may 
therefore appropriately call substances " dextrogj-ric " or "laevogyric" 
according as they turn the plane of polarization to the right or to the 
left (yvpo^, a circle). A substance is simply called "photogyric" if it 
acts in its isotropic state, but " cry s tall ogyric" if, like quarts, the 
property is connected with its crystalline nature. Finally all sub- 
BtAnces turn the plane of polarization when they are traversed by 
light in the direction of a magnetic field. They become thereftH^ 
"magneto-gyric." If a special word be requireil to express the 
general properly not applied to any particular case, we shall use 
the expression "allogyric" (uAAos, different), while suKstauces which 
are inactive are "isogyric." 
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The allogj-ric property iinplieB some aayinmetrical structure, and 
P" the case of solutious, the want of symmetry must be iu the structure 

the molecule itself. Van 't Hoff and le Bel have indeed drawn 
important conclusions as to the arrangement of the atoms in the 
molecule of allogyiic substances. 

Quartz is the most conspicuous example of a crystal logyric body. 
If a plate a few millimetres thick be cut out of a crystal of quarts 
perpendictilarly to the axis, and thi« plate be examineii between crossed 
Nicols, the luminosity of the field is seen to be restored. If the 
original light was white, the transmitted light is coloureil, The 
explanation of the effect presents no difficulty on the assumption of 
ft rotation of a plane of polarization which is different for different 
waTe-leogtlis. There is no rotation of the plane of polarization if the 
wave-front is parallel to the axis. Some specimens of quartz show a 
right-handed rotatory effect while others are left-handed. It is found 
that generally the direction of the rotation may be detected by a close 
examination of the crystal, there being certain small asymmetrical 
planes at the comers between the hexagonal prism and pj ramid, 
the position of which is different for the two types of crystals. In all 
auhstances hitherto discovered, which are allogyric, tlie angle of 
rotation per unit length of substance traversed increases with the 
refirangibility and is approximately proportional to the inverse square 
of the wave-length. 

Tliere is a marked distinction between the magnetogyric and other 
aUogync effects. In the case of substances which possess the rotatory 
property in their natural stat*. the rotation for rays travelling opposite 
ways is in the same direction when looked at from tlie same position 
reUUire to the directiim in which the light triitel^. Thus if A and B 
are two euils of a tube containing a solution of sugar and light is sent 
through the tube from A to B,a,n observer looking at B towanls the 
light will observe a right-handed rotation. If now the light be sent 
from B to A and the observer looks at .rl, the rotation observed by him 
is still right-handed, If there were a mirror at B, and the my after 
traversing the tube from A %a B were re0ected back towards A, the 
plane of prdarization at emergence would he parallel to the direction 
it had on tirst entering the tube at A. This we should indeed expect 
by the principle of reversibility (Art. 25). In the case of magneto- 
gj-raliou on the contrary the direction of rotation is different as seen 
by the observer according as the light travels with or against a lino of 
Eorce, but it is the same when looked at from the same position relative 
to the dirivtion qfthe magnetic field. {>»nseftuently if light travels from 
A \a B, and is reflected back at B, the angle through which the plane 
of polarization is rotated is increased and finally doubled during the 

V6 



iiufikd 



J 



i THK THEORY OP OPTICS [CHAP. Ill 

passage buckwards. The principle of reversibility holds in this case 
also, provided we reverse the direction of the magDetic field as well 
as the directiou of the ray. 

161. Analytical representation of the rotation of the plane 
of polorination. Consider plane waves travelling in the direction of 
iT, with a iinifonnly rotating direction of vibration. .\s each wnve- 
front reaches a given position, the direction of vibration is a dsfinttc 
one, and tlie angle which that direction forun; with one fixed in spai-e 
IB therefore a function of j- only. If it be a linear function of x, the 
plane of polarization rotates throngh an angle whieh is proportioual tn 
the distance travetvied. Let i; and C be the projections of the dis- 
plaeenient, and put 

.)-2cosrj-cos(tr-<o/)l . . 

{ = 2sinr,i-co8(tr-»0J 

The e4(natious satisfy the condition laid down for the direction of 
vibration, for if S be the angle between it and the axis of r 



■■«. 



= tan rj-. 
from which it follows that S is a linear function of a:, and that r , 
meaaiires the angle of rotation per unit length of path. We call ths 
iiuaiitity r the "gyric coefficient." Equations (1) also satisfy th« 
conditions of ordinary wave propagation, as the displacements may be 
expressed as a sum of terms, each of which has the form /(j - «■(). 
To show this we need only transfonn the pruduils of the circular 
functions in a well-known manner. 
Writing 

'7i = cos(/,j^-tii(}; 7h=cos(t.r-W) ) 
Ct = sin (liX-oyt); i, = - sin (1^3- -mt)} 
we find that (I) becomes identical with 

provided tliat 

or if r and / be given 

/, = /+,-: /-,^l~r. 
The disturbance is now expressed in terms of four parts, eiuih of 
which is of the homogeneous type, but while the periodic time for each 
of these four waves is the same, the wave-leugtlis are in groups of 
two: 2irjl, and Sjjr/^ respectively. The displacements ij, and i, form 
togettier a right-handed circularly i>olari2e<l ray, propagated with 
velocity Vr = a>l(l+r), while the displacements ij, and £, combine to 
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form 11 left-handed circularly polarized ray projiagated with velocity 
1-, = ai/(/ - r). Tlie gyric coefficient may be deduced from i\ and v, 
by raeaiis of 

-Ki-i) w 

The iuii>ortaiit conclusion that a wave travelling with a uniform 
rotation of its planes of polarization is equivalent analytically to the 
8upeq>oriition of two circularly polanzed rays of opposite directions and 
propagated with different velocities is due to Fresnel. A simple 
geometrical illustration may be given. If two points P and Q are 
imagined to revolve in opposite directions with uniform and identical 
TelocitieS round the circumference of a circle (Fig, 171), they will cross 
at two oppositi! ends A and A of a diameter, and 
their combined motion is equivalent to a simple 
I>eriodic motion Oilong AB as diameter. The two 
points may be considered to represent the dis- 
placements of two waves polarized circularly in 
opposite directions, having for their resultant a 
plane polarized wave. If the two circularly polar- 
ized waves are transmitted with different velocities, 
there is, as the waves proceed, a gradual retarda- 
tion of one circular motion relative to the other, so that the crossing 
points gradually shift to one side or the other. The combined motion 
always remains a simple periodic motion along a diameter, but that 
diameter rotates uniformly as we proceed along the wave normal. If 
^li, _B, are the crossing points in a wave-front which is at unit 
distance &om that originally considered, AOA, represents the angle 
througli which the plane of polarization is turned in unit length 
of path. 

162. Isotropic Substances. There is no satisfactory repre- 
sentation of the mechanism by means of which an asymmetrical 
molecular structure turns the plane of polarisation, but we may easily 
extend our former equation so as to include rotatory effects. Our 
equation (41) Chapter xi., for the displacement of an electron, 




Fig. 17:. 



^TSftrtiBK 



«'< = 



eJi 



-(4). 



med that the electron suffers no constraint in its motion, but 
if other forces act which depend on the displacements of other 
dectmnK, the resultant force may involve not only the three com- 
ponents /■*, (/, H of electric force, but also their nine differential 
coelticient'4 with respect to ihe three independent space variables, 
Considering small motions only, we need only take linear terms into 
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account. The complicated general equation wliit'h would result from 
the substitution on the ri)rlit-haiid side of (4) of twelve linear terms i« 
much simplified by the restriction that our investigation shall only 
apply to isotropic substauces. 

In such substances a luminous wave is aS'BOt«il equally in wha^ 
ever direction it passes, and the resultant differential equatiou must 
therefore be independent of the direction of the coordinate axes. If 
for instance we turn the system of axes through 180° round the aniaof 
2, the simultaneous reversal of the signs of P. Q, x and y must leive 
the equations unaltered. This consideration shows that there are no 

terms involving Q' ^•~j~ • j. • y ; ^^^ j ~ because all these tcmw if 

existing would reverse their sign by the supposed change in iJi© 
coordinate axes. Similarly if we rotate the axes through 180' round ' 
the axis of x, the left-hand side of (4) changes sign, hence the general ■ 
term to be substituted on the right must also reverse its sign. This 

excludes the tenus depending on -r- , -f^ , -j^ . The only remaining 
differential coefficients are , and ^ , and these must occur in tho 
combination -, - -^ ,^ >nay be seen by turning the system througl* 

90° round the axis of c and introducing the condition that the eqiiatioO 
remains unaltered. We may therefore write the resulting differeiilitJ- 
equatiun : 

'-<=,'[-(f-f)] «• 

SimMy ,.„^,.'[8 + ,(«-^] (,). 

Confining ourselves to insulators, equation (35) of Chapter xi. is 

A'^^^V'fl-i^^•xi (7). 

If the disjilacements are proportional to o'"-', so that in (5) we iu»y 
write - {/<!)■' for (, we obtain by substitution in (7) 

4^v— ['-'(f-f 

Smilnrly 1 (,1 
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If we consider plane waves parallel to i/£ so that the electrif forces 
are inilepeiideDt of y and z, equations (8) may be written 

^«=-H*OJ 

■where 3/", = o^ (A' + m), M, = J'ms. 

From equations (9) we derive, if < - J— 1 : 



■(9). 



£(«*«)-[. 



cii" 



M, - iU. 



«+;«)],. 



..(10). 



Tills has for a particular solution 

(i*.7i.««'i"— (II), 

Fovidwl that 

l,'.M,*MJi, (12). 

Keversiug the ai{,'n of t iu (10) and assuming a solution 

^-i7; = t'"«--" (13), 

*e find the ettuation of condition 

l;.M,-MJ, (14). 

The positive mots of (12) and (14) which alone need he considered 



..(15). 



24 = -i¥,+ s/j/,V4^,f 

Sejiarating and retaining only the real parts in the aolutions (11) 
'"J (lit), it is seen by comparison with (2) that (11) repre.sent-s & 
■ight-handed circular polarization, while (12) represents a left-handed 
•^uUr polarization. The two waves are propagated with velocities 
"/A and ui/l, respectively. The superposition of both solutions 
f^presents a plane polarized wave, the plane of pularization rotating 
Py uuit length of optical path through an angle r which is obtained 
from (3) : 

r=i(/.-/,) = iJ/, 

^?-''-^'^' A (16). 

The above investigation shows that the only terms depending on 
"le firrt differential coefficients of the electric forces which can be 
Mued to the general equations of light and are consistent with isotropy 
"wlii'ate a turn of llie plane of polariiation. This does not of course 
rarniiJi an explanation of the rotatory effect, which would require 
» hiuwledge of the ph3'sical cause for the existence of tho terms. We 
"ay however take one step forward towards an explanation by 



^ 




I 
I 
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considering that the terms in equation (5) which have been added 
represeut a torsional electric force having the axis of { as axis. The 
equations mean therefore that a displacement of the electron in the 
s direction may be produced not only by a force actiug in tl»t 
direction, but also by a couple acting round it. A rifle bullet lyiagin 
it£ rifle barrel would be displaced in a similar manner along the barrel 
both by a pulling and twisting force. But if wo take the dimeuuoDs 
of a single electron to be very small, we exclude the posaibilitj' of 
a coustraiut which would enable a couple to cause a motion in ow 
direction. We must in that case draw the conclusion that the 
vibrations of the electron which give rise to the rotatory effect oJe 
motions of systems of electrons united together by certain forces which 
are such that a couple of electric forces produces a displacement of the 
positive electrons in one direction or of the negative electrons in the 
opposite direction along the axis of the couple. In view of the li»c'' 
that a single electron cannot be acted on by a torsional force, it wotJ'» 
have been more appropriat* to base our investigation on etjuation (-4^/ 
Cliapter xi. The generalized force ♦, would in the present problen* 

depend not only on li but on I ^ ~ j~ ) • *"'^ '' ^^^ iuv&stigation if* 
the second part of Art. 149 is modified by the addition of appropriate 
terms, the result arrived at would, for a single variable, remain tJi^ 
eame as that represented by (!(i). 

163. AUogyric Double Bef^-actlon. Equations (2) show tH^^ 

the aualj-tical representation of plane polarized waven travell*^ 
through an optically active medium necessarily involves two differ^"* 
wave velocities. In any question concerning tbe refraction 
reflexion of light, we may ttdce all four displacements represented ^ 
(2) separately and apply the formuU obtained for homogeneous cr** 
turbances. It is clear that the wave on emergence must Iw split i 
two separate waves which are circularly polarized in opposite directic^"' 
This double refraction, due to the rotational effect, is veritied 
exjierimeut and lias some practical importance. Quartx, as 
already been mentioned, turns the plane of polarization of 
travelling parallel to the optic axis, and in conseiiuence, 
travelling along the optic axis is doubly refracted at eiuergei 
Quartz is very useful in optical investigations on account of 
transparence to ultra-violet rays, and it is a serious drawback that ii 
impossible to avoid double reflection in n prism made of that substai^*' "* 
The difficulty is overcome by combining two prisms made of t^'** 
specimens, one of which has a right-handed and the other a 1^ 
handed rotator)' power. These two prisms ,4 ffC and ^,ZfC (Fig. iV^* 
y are right-&ogled at C and have iVveit oipUc axes parallel to A A,. T\m^^ 
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are joined together along BC, and if a ray traverses such a prism at 
minimum deviation its direction iiwide the prism 
is parallel to the axis. A ray polarized either Ju 
the principal plane or at right angles Cu it, ia 
divided into two rays circularly jiolarized in oppo- 
site directions. The same is true therefore of an 
unpolarized ray. Of these circularly polarized 
rays one gains over the other while traversing the 
first prism, and Ioscm equally while passing through 
the second priem. The combined optical distance 
is therefore the n^ame for both components, and 

there is only a wingle refraction at emergence. 

164. CrystEilline Media. The complete investigation of crystal- 
line substances is complicated and serves no useful purjiose, as rota- 
tory effects have only been observed in uniaxal crystuls. We may 
therefore take i|nart!i to be the typical esample. Quartjt shows no 
rotatory effects for rays travelling at right angles to the asia. A 
plane wave travelling in that substance cplits up into two plane 
polarized waves if the wave travels at right angles to the axis, and 
into two circularly polarized waves if it travels parallel to the axis. 
In the case of waves travelling obliquely to tiie axis we may therefore 
surmise that the two waves are elliptically polarized, the ellipse 
becoming more and more eccentric a.f the wave becomes less inclined 
to the axis. This conclusion is verified by experiment. The elements 
of the ellipse have been made the subject of calculation by Sir George 
Airy*. A very clear account of the work of Airy, Jamin and Gouy on 
this subject is given by Maacartt. 

165. Rotatory Dispersion. The rotation per unit length 
according to (16) is 



on the supposition tlrnt we need only consider one period ^irjn of the 
free vibration. In this expression is a constant which can either be 
positive or negative according to the sign of s. If the free period is 
very short compared with the range of visible periods, we may neglect 
u in comparison with n, and the rotation is in that case proportional 
to w', t.6. inversely proportional to the square of the wave-length. 
Thb law holds approximately for most substances which have been 
examined. In general we liuve to consider several free periods, so 
that we mnst write 
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matJon having to be curried out for the different ralnes of "- 
If the free periods lie in the ultra-viulet so tliat all values of ». tai 
larger than m we may expand the fuuctioD in powers of <u and obtain 
after rearranging terms , 

r-r,w' + r,<-' + rX (18). I 

where r,, r„ r„ are quantities depending on the values of A, and ««. 
The rotatory properties of quartz have been investigated over a veiy ' 
wide range. It is found that the effects may be explained by asguming^j 
two ultra-violet free periods, one of which may be made to coincide wJtii! 
the ultra-violet period, which has been deduced from the generJ 
diBpersion effects of quartz (Art. 15<i), the other being very short*-] 
The infra-red periods necessary for the explanation of refraction do no* 
seem to produce any rotatory effects. 

166. Isochromatio and Achromatic Lines. The appearance 
of photogyric crystals in t!ie polariseope is materially affected by their 
rotatory effect. The calculation of the isochromatic and achromatic 
lines has been carried out by Sir George Airy. A full account is given 
in MaAcart's Opttcsi. The simplest case is that of a plate cut at right 
angles to the axis examined with crossed polarizer aud analyser. Apirl 
from the rotatory effect, the appearance should be that of Fig. 1. 
Plate II. Now owing to this rotatory effect the vibration which 
enters near the centre parallel to the principal plane of the iwIariicT 
leaves it inclined at an angle to that direction and is not therefore 
completely blocked out by the analyser. The result is that there are 
no achromatic lines near the centre. The general appearance ii 
that of the figure, omitting the dark cross within the first dark 
ring. 

167. The Zeeman effect. Before discussing the theory of 
photogyric effects, which a magnetic field impresses on a wave of 
light passing through it, we may give a short account of the modifica- 
tions of the luminous radiations observed when the source of light is 
Bubjected to strong magnetic forces. It was discovered by Zeeman ia 
1896 that a sodium flame placed in a magnetic field showed a wideuing 
of the two yellow linesi, and at the suggestion of H. A. Lorentz, who at 
once foresaw the right explanation, further experiments were made to 
test the polarizatio[i of the emitted radiations which confirmed Loreutz'a 
theory. In the case of spectroscopic lines, which show the .limplcat 
type of magnetic effect, it is found that if the light is examined 
axially, i.e. parallel to the lines of force, each line splits into two, 
which are circularly polarized in opposite directions. Looked at 

• Drude, Oplik, p. 381. 
t Opliqut. Vol. II. p. 814. 



Aqnatorially, each line is divided into three components, the centre 
one being polarized in an equatorial plane, and the two others in 
a plttoe pushing through the lines of force. 

If we look upon the radiations as being due to tlie vibrations of an 

election these observations admit of a simple explanation. Consider, 

firat, light sent out in the axial direction. Each rectilinear vibration 

JDay be supposed t-o be made up of two opposite circular vibrations, 

the orbits lying in the ei|uatorial plane. Let the light which reaches 

tie observer travel through the flame in the direction of the lines of 

ferc«, i.e. from the north to the south magnetic pole. A positive electron 

parfonning an anti-clockwise rotation, i.e. a positive rotation round a line 

of force, will under these circumstances be acted on by a force ffev, 

tenciing to increase the diameter of the circle in which it revolves 

(tf^ = iiiten8ity of magnetic field, u = linear speed of electron, e = charge 

of electron). If in the absence of the magnetic field the acceleration 

is *t'ii, where d is the displacement, and »,'d represents the acceleration 

the circular path when the magnetic force acts, we have, p being the 






P»'d — Hev = ftn'd. 
u is the time factor. Hence 



••(19), 



whete the upper sign holds for the positive rotation. 

In the case here considere*! we rwiy write " = h, and considering 
ii~- n, always to be a small quantity, we may neglect its siinare. We 
thus 6nd 

//-■ 



Pioaliy, introducing the frequencies A' and -V, in place of n and » 
we obtain 

He 



N~N, 






frifwewrite 2 = 7-"- (^<0, 

4jrp ^ ' 

N-N,=±zH. (21). 

'Hie coefficient s may conveniently be called the Zeeraau coefficient. 
We conclude that a rectilinear simply periodic motion is divided into 
two circular motions, the longer period showing anti-clockwise rotation 
if « is positive. Zeeman observed that the less refrangible component 
rotates clockwise, and the more refrangible one an ti -clock wise, if the 
field is in the specified direction, and it follows that if our theory is 
correct it is the negative electron that gives rise to all vibrations f 
wUch this is the case. 
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Looked at equatori&Uy, the two circular orbits appear in projection 
as rectilinear vibrations, and send out light vibrating at right angle* to 
the lines of force. So far the vibrations which lake place along tlie 
lines of force have not been taken into account, but these are not "> 
the simple theory here considered affected by the magnetic fieli 
They constitute therefore plane jHilarized vibrations traosmitted in tbe 
equatorial plane having an uninodilied period. Looked at equatoriaUj 
we should expect therefore to see each line divided into three, the 
external components of the triplet having the same period as the 
circular vibrations observed in the axial direction. The agreement of 
the appearance reasoned out in this fashion with the observed &cte 
constitutes a direct proof that the direction of vibration is at right- 
angles t« the plane of polarization, identifying variatiouH in electn« 
force with the direction of vibration. Although there is much indirect- 
evidence in favour of this view, such a convincing demonstration »* 
that afforded by the Zeeman effect is very satisfactory. 

Our calculation has tacitly assumed that the vibrating electron. ** 
free from constraint and acta as an independent uuit with three degie^* 
of freedom. If we dropped this assumption we should be led •^" 
more complicated magnetic effects, and indeed the majority of spectrO" 
scopic lines do not show the simple subdivision which the theory in i** 
simplest form gives us. 

H. A. Lorentz* in a general theoretical discussion shows that ** 
a spectroscopic line divides into n components, there must be n degree* 
of freedom in the system which in the absence of the magnetic fie'** 
ore coiuctdeut. 

According to the simplest form of the theory, the vibrations jiarall^*- 
to the lines of force preserve their period, but there are important ca ~ 
in which these also change and two vibrations, one of larger and »0* 
of shorter period, take the place of the original one. In some ca 
the original period is maintained as well ; in other cases it co***"" 
pletely disappears. Such a phenomenon shows that the vibratio** 
along the line of force is not free, but is accompanied by changes '^ 
directions at right angles to itself, and that the magnetogyric effect **' 
the accompanying changes reacts on the original vibmtion. 

In view of the importance of the subject, 1 give a short statcmeO*^ 
of some of the principal facts which have been established. It 
necessary to introduce it by a brief description of the structure of li<»^ 
spectra. Many of the metallic spectra contain a number of lines whi*.-h 
form a connected series, and we distinguish between the trunk seri«* 
(Kayser and Runge's " Hauptserie "). the main-branch series (K&y9er 

• Rapport. prf«iiW. a„ rongrft hiUrnntMial .U fhyi^ui dr 1900. Vol. l"- 
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and Ruiige's "Zweite Nebeuserie"), and the jsiile-braiicli series (Kayser 
anil Kuiit'e'K " Erste Nebeuserie "). Figure 173 shows diiigvam- 




Pig. 173. 

matieally tlie arrangement of lines in the tljree Heriea, the red end of 
the spectrum being to the right, tlie trunk, main branch and side 
branch being marked T., i\I.B., S.B., respectively. It is seen that 
the members of each series approach some definite limit of irenuency 
on the more refrangible side ; the point to which eacli converges I 
call the "root" of the aeries. The two branches liave a common 
root at some point in the tnirik. According to an important law 
discovered by Rydberg, and later independently by the author of this 
book, the frequency of tlie common root of two branches is obtained 
by subtracting tlie frequency of the root nf the trunk ft^m that of its 
least refrangible member. In the spectra of the alkali metals each 
line of the trunk is a doublet, and we may speak of a twin trunk 
springing ont of the same root. In the same spectra the Iiues be- 
longing to the two branches are also- doublets. The two components 
of the branch series are not twins springing out of the same root, but 
the difference in the vibration number is the same for each doublet, 
there being two roots giving the same difference. Rydberg's hiw being 
true for each component of a twin trunk, each set of components of 
the main branch is associated with one of the two divisions of the 
trunk, the root of least frequency being attached to that part of the 
trnnk the members of which have the highest frequency. The con- 
nexion of the side branches is not so clearly established, there being 
evidence of a further relation between them and hitherto unknown 
trunks. 

The lines which belong to the branches of tbe spectra of magnesium, 
calcium, and of the allied metals occur in triplets, and analogy leads us 
to think that the trunk must be a triplet also, each of the three 
compounds having one main and one aide branch. Tbe trunk vibra- 
tions however have not been seen or identified in those metals. 

Passing on to tbe behaviour of the different vibrations in the magnetic 
field, it was first announced by Preston, but more particularly proved 
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by Runge and Paschen, that eac!i member of a trunk or of a branch 
beliavea alike, not only as regards the general type of aubdivision but also 
as regards the amount of Beparation in a given magnetic field, provided 
the separation i« measured on the frequency scale. The same is 
true for all serieB which correspond 
to each other. Thus jV.B. I. Il.and 
III., Fig. 174, give the maguelic 
separation of the lines in each of the 
three main branches, in all cases 
where there are three main branches 
associated with each other (rinc, 
cadmium, mercury, calcium). 

The figure represents the obser- 
vations when the line of siglit is at 
right angles to the magnetic field, 
each line being split up into the 
group shown in the figure. The 
dotted lines represent the coui>o- 
neuts vibrating parallel tA the field, and the lull lines those at right 
angles to the field. The portions of the figure marked T. I. and T. II. 
represent the separation observed in the two sodium lines, and also 
apply in all cases where twin trunks exist {e.g. copper, silver), T. I. 
representing the type of the least refrangible cocnponent The same 
^rpe is observed in a doublet found in each of the speitra of mag- 
nesium, calcium, strontium and barium {e.g. H and K of calcium), aud 
we may therefore conclude that these doublets belong to a previously 
anknown trunk. 

The distances between the Zeenian components of each line are 
found by Runge and Paschen to be small multiples of a number, which 
is the same for each of the two members of the twin trunks. It is 
also the same for each of the main branches of the mercury and 
allied triplets. Thus in Fig. 174 the distances between the lines of 
the lows marked 7'. 1. and T. II. are all capable of being represented 
as small multiples of a difi'erence in period which for the field used 
by Runge and Paschen (.11000) was measured by them to be O'l.lfl (the 
unit here ia the number of waves spread over one centimetre). 
Referred to the same scale and the same intensity of field, the 
common factor of tlie subdivision of the triplets marked M.B. I. II, 
and III. is 0'7O2. Runge and Paschen point out that those number 
are very nearly in the ratio of 2 : 3, Comparing the types marked 
7'. II. and M.B. I. the figure shows that the smallest displacement of 
tfje vibrations at right angles to the field is tlie same in the case of the 
Sublet and the triplet. 
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The typea found in the twin trunk are also found in the main 
braiic)ies of the alkali metals with the difference that the type of the 
most refrangible member of the twin trunk is the same as tlie tyije of 
the least refrangible member of the branch doublet. 

The lines of the side branches of copper, silver, thallium and 
aluminium are doublets, the less re- 
frangible member being accompanied by 
Ik satellite, which shows a complicated 
structure in the magnetic field. Fig. 
ITft shows the appearance (KB.S.) of 
the satellite in the magnetic field, and 
also the type^j belonging I« the least 
refrangible (S.B. I.) and moat refran- 
f'S- 1'5, gible (S.B. II.) components of the side 
branches 
Much remains to be done in extending the investigation to other 
metals. Iron haa been investigated itretty carefully. Among the 
; tyjies of separation Fig. 116 shows three remarkable ones 
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given by H. Bec^uerel and H. Deslandres*. In this figure the com- 
ponents vibrating perpendicularly are drawn above those which are 
parallel to the magnetic field. The peculiarity of the type marked 
A is that the vibrations parallel to the field are more affected than 
those at right angles to it. According to Bemdt the green line of 
Helium is divided in accordance with this type A, but the experiment 
til difficult in the case of permanent gases and further measurements 
f jVe much needed. It wiU be unticed that in some cases the same 
ooniponent appears, whether the direction of vibration is at right 
angles to the field or parallel tn it. It would be interesting to notice 
whether in such cases the light is really elliptically polarized, as it 
ahonld be if the coincidence were absolute. 

lu Table XIV. I have collected the calculated Zeeman coefHcients 
t a few of the important types. 
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Typ* 


Ei&mple. 

W.ve-length in 

10th metres 


.1.I0-* 


^'1 


DOOBLBTB 






V 


Trunk Serioa I. 


Na 589S i 


18-0 = 4 X 4-51 


9-01=2x4-* 


Main Branch 11. 


Al 3944 i 






Trunk Series II. 


N« 58W 1 


S9-0 = Gx4-S0 




Mwi. Brauch I. 


Al ma i 


133 = 3x4-43 


4-36 


Side Branch 1. 


TI 3519 


14-3 = 5x2-86 





n. 


2768 


11-2 = 4x2-80 





Satellite 


3&30 


19-8 = 7x2-83 
14-0=5x2-80 
8-1-3x2-70 


10-4 = 4x2« 

1 


Tripi-ktm 






■ 


Main Branch I. 


Zn 4811 1 


27-0-4 x6'7i5 


n-79 H 




Hg 5461 )' 


20-S-3x683 
13-4=2x6-70 


° 1 


II. 


Zn 4722 ) 


27-2-4x6-80 


«w ■ 




Hg 4359 t 


20-6 = 3x6-87 




III. 


Zn 4680 t 


27-4-4x6-80 


1 




Hg404T i 


13-6 

lei 


1 


Seven Mereury lines ci 

anysoriea 
Two 


at belonging to 


1 


Two 




21-6 


° I 



The members of the doublets and triplets are numbered in tlie 
order of dinunishiug wave-leugths, thus "Main Branch III." means 
the most refrangible member of a triplet belonging to the main branch 
series. Tlie table is entirely based on tlie meaaiiremeiifc* of Runge and 
Pascheu* and the wave-lengths given in the second column as exampleN 
belong to lines from which, among others, these authors have deri^'ed 
their reBultfi. The last column gives under the heading z the 
alteration in frequency (multiplied by 10"*) of the vibrations which are 
parallel to the field. Where several numbers are given in the third or 

^L fourth column, it means that the original vibration is split into more 

^B tiian two components. 

I 



■ Btrl. Abh. (Anbiiig; 
Lxzni. p. 730(1909). 
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On the simple assumption under wliich equation (19) has been 

dediii-ed, (2ii) allows us to calculate tlie important ralio tip from tlie 

Zeenian coetiicient. Taking : from Table XIV., the values of A^z are 

foand to range from ii x ID' to ID', Independent measuremente of 

«//> founded on the proj>ertie* of katlimle raya, give values between "A 

and rSfi « \yf'. the correct value lying prubably nearer the higher than 

the lower of these numbers. The average apparent ma»» of the 

electron vibrating in the magnetic field calcidated on the aimple 

XjoreDtz theory ia therefore not far different from tliat obtained by 

observation on kathode raj's. There seem however, undoubted cases 

Cprobably the majority) where the constraint or mutual ioHuence of 

trie vibrating electrons dimhilsAeii their ajiparent mass. The simplest 

form of resolution in which each line, looked at transversely to the lilies 

of force, is separated 83^^metrically into three components, of which 

the outer ones vibrate at right angles to the field, is found lu the cflse 

of the side branch doublets of Copper, Silver, Aluminium, Thalhum 

And Copper as well as in certain doublets of Calcium, Strontium, 

^Sa^nesium and Barium. In all these cases the magnetic effects are 

^"ientical when measured on the freiiueney scale The values of e/p 

deduced fttmi Runge and Pasehen's measurements are I'S " 10' and 

1"4 X 10' for the least and most refrangible members respectively. 

These numbers agree very well with those obtained by eleirtrical 

toessurement. On the other liand, the third main branch of the 

^af^esium series, also showing the simplest resolution, gives a number 

^Itout twice as great for ^/p. 

It is o. significant fact that no Zeeman effect has yet been observed 
la the case of spectra of fluted bands such as those of carbon and 
litnigen*. The magnetogyric properties of gases giving by absorption 
"Itectra of fluted bauds render it very possible that such effects exist 
tut liave not been detected owing to their smallness. A slight increase 
m power may bring them to light. 

168. Photo-gyration in the magnetic field. If an electron 

atteacteil to a fixed centre with a force varj-iug as tlie distance a 
in a magnetic fielii, its eijuations of motion are 

where Hi, /?>, and //a are the components of magnetic induction due 
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to the external field. 'I'he rlglit-liand ^ide of the equation^ nhicli 
expreut the components of elect ri>m«guetic force may easily be proved 
from the consideration that the force is at right angles both to the 
direction of the tield and the direction of motion*. 

If we take the magnetic field to be of uuifonn strength //, the hue* 
of force being parallel to the axis of .r, the above equations may be 
viitteu more simply 

p 

*i + A = ^W + «o[ (23). 

These eqiiatioiis together with 

determine the problem. 

If a plane wave be propagated parallel to a line of force, P and f 
vanish, and by elimination of ij and f between (23) and (24) we may 
obtain two eijuations which only contain P and Q. For the sake of 
simplicity, we shall confine ourselves to the simple periodic motion. 

Writing - iw for djdt and - w' for d^jd^ and introducing symbols 
IT and n defined by 

<r, = ij + ti:; n,= Q^{R, 

«'< = '!-»{; n,^Q-iR, 

we obtain from (23) and (24) 

",!(»■- 
<r,|(n'- 



..(24) 



iu')p-y/ttw| = enj 

= V'n^-47rA'p£fJ 



■■(ss). 



A'n,.v'n,-4»AW,J '^''■ 

. and tfi may now be eliniioated, and we derive thus from (25) and 
26). 

43ri\V 



(- 



IK. 



4tAV \ </»n, 



\ rf'n,. ^ 



rf'n, 



(n' - u.') p - Ht^J ' dp rfar* " 
This gives for v^ the velocity of right-handed circularly polarized 

• UBiwell, EltclricHg and SlaaiKiiim. Vol. u. p. 327. 



light. . 
light, 



'■ * (**' — lu') p - Heio' 

and 

f' V^ («■ - "'/p' - ff Vui' 

Id actual obaervstioo, it is difficult to apply a tield mucli greater tlian 
30,(H)0 uuits. Assumiug for ejp the value I'6 « 10', we fiud for Help, 
4-8 " 10". -AJho (u for green light is Vi^ 10". If »i and «> differ by 
not leaa than the two-hundredth part of their period, so that 
« _ ui = 6 X 10'" or more, the second term in the denominator of (28) 
is equal to less than the six-hundredth part of the first and may 
be neglected. 

We may write under these circumstances, if v represents the 
Telocity of light in the absence of a magnetic field, 



W,' «,' e\«i ^rf (n'-i«'')y 
The gyric coefficient (r) is equal to Ju ( j and hence 

- («--.T" ^("^—T ^^^^' 

where fi is an appropriate coefficient, and n the refractive index. 

If the free perioda are mucli more rapid than those to which the 
observations apply, w in the denominator of (2a) may be neglected and 
r is approximately proportional to m', wliich agrees with the experi- 
mental facts. If the electron, the motion of which haa been considered, 
is positive, the rotation haa the opposite sign Ui H. As we take 
a clockwise rotation as negative, this means that the rotation is right- 
handed when the light travels in the direction of a line of force (from 
North to South). If the vibrating electron is negative, the opposite is 
the case, and the turn of tlie plane of polarization is then in the same 
direction as that of the positive current in a solenoid having its lines 
of force coincident with that uf the tield. 

The right-hand side of (29) being inversely proportional to (»'— u')' 
becomes abnormally great when the period of the transmitted light 
ajiproaches the free period of the molecule, but the directiou of 
rotation remains the same whether <u ia greater or smaller than n. 
19 



I THE TBCOST OP OPTICS [CHAP.IB 

When ■ is nesHy equal to m, e^natioD (89) Culs to b» camn, awl n 
unst derive r fr»m (28). 

169. Connexion between the Zeeman effect and magoelo- 
gynUion. We might bare derived the results of the \»^ utidt 
directly from the genenl theory of refraction, takiug aoxiaDl nf ik 
chaoe:e« in the free perii^ due to (he magnetic tield. Bjualiou (ti) 
Chapter xi. give^ ua for the velocitv of a wave in a re^wnaiTfl tnediua: 

?=^-,5^, w 

Id tlie magnetic field, the free period 2ir/n is altered, and is different fcr 
circalar vibrations according »» they are left-handed or right-haoiled. 
According to (13) of this Chapter we must therefore sniietilate 
pn** fffa for pn*, the upper sign hol-Jing for the right^lianded roUtioa 
■Riis introduced into (30) leads directly to (27). 

The investigation of the last paragraph haa been ilerived from in 
important paper by W. Voigt, who first gave equations nhich ut 
practically identical with, though in one respect more general than (2^). 
Voigt ailds a frictional term to the e^iuations of motion, in order to 
include the phenomenon of alKwrption, but owing to the objectiou 
raised in Art. l.^.t against the iutrodnction of this tenn it hae beea 
omitte<l here. 

The iui)>ortance of Voigt's work consists in the establishment of 
a simple and rational connexion between the Zeemac effect and 
magneto-gyric properties. Each free period of the molecule is divided 
by the magnetic field into two, one being dexlro-gyric, and the other 
laevo-gyric. Each of these imposes a rotatory polarisation in its own 
direction, the velot^ity of propagatiim being increased on the violet side 
and diminished on the red side. Consider a period on the red tnite 
of a Zeeman doublet. It is most affected by the least refrangible 
component, the effect being a diminution of velocity-, hence ihe 
re«nltiug photo-gyric effect is in the same direction as that of the nutt 
refrangible component On the violet side the most refrangible 
component is the one that is most active, and as the effect is here an 
increrue in velocity, it follows that the photo-gyric effect is also in this 
case in the direction of the most refrangible component of the ZeemaA 
doublet. This is tnie for all vibrations which do not fall mtbin tIkH 
periods intermediate between those of the two components, where 
effect is in the opposite sense as easily reasoned out in the se 
manner. Zeeman's observations on Sodium light show that the n 
refrangible compt^)nent rotates in the direction of the sotenoidal currei 
giving a magnetic force coincident with that of the field, and this 
therefore the direction in which we should expect sodium vapour 
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rotate tlie plane of polarization, exoejit within a very narrow range 
close to tbe undisturbed period. Observation conflnm this. 

We conclude our theoretical discussion by deducing a remarkable 
relation first brought forward on more speculative grounds by 
H. Becqnerel. Not necessarily confining ourselves to single free 
periods, we may write equation (30) 



=K+ 



(«'--^) 

^vtere the summation extends to the different values of n 
^ may also have tUffereut values. 
^^ With the ordinary nutation for small quantiries, we may 



S^,= 



r* dn 






If !/(■' has the form of (SOtt) we may substitute differentiation 
"^•^th respect to lo' for differentiation with respect to - n' and hence 



3-!> 



£.©"■■ 



If &v represents the increase in the velocity of propagation of the 
**evo-gyric light due to the magnetic field, the gyric coefficient (r) is 
^/u*. For &n' we may write, according to (19) and (20), 4irH'az, so 
that 



--2ir 



zRKdj. 

V dK 

ndex f has been substituted for V/v. This is 
, which will be further discussed in the next 



.-(31). 



where the refractive 
Becquerel's equation' 
article. 

170. Experimental Facts and their connexion with the 

theory. The luagtieto-gjTic effects of the great majority of substances 
are in the posirive direction, by which we mean that they are in the 
game direction as that of the solenoidal current producing the magnetic 
field. If our theory is correct, this would mean that it is the negative 
electron which is the active vibrator, a result which we had already 
derived from the Zeeroan efi'ect. The salts of iron form however a 

'. p. 67S (\^n\. 
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uotftble exception, for it is found that those salts which are nu«snetic 
have a negative coefficient. This at one time led to the beli^ that 
there might be a charact«ristic difference between di a- magnetic and 
]iara-niitguetic bodies, the latter posaeasing a negative coefficient. The 
following table which has been given by H. du Bois showfi how tat 
such a distinction is justitied. 



Dvxtro-irTio 



f*ot<UM>um ferro- 

oj'aiiide 
Lead bontta 
Water 
Hydmgen 
The groat mi^jority 

of solid, liquid 

Olid gnaoouB sub- 

BtanooB 




LcevD-gyno 



FerrouM aalta 
Ferric salts 
PotaBsium ferricjanido 
Chromiuai trionde 
Potasaiuni bichroniata 
PotaasiuQi 
Oeriuni salts 
Lanth&num salla 
Did^mium salts 



It is notable that the three magnetic metals, iron, nickel and cobalt; 
have a positive gyric coefficient, which seems at Grst sight iu direct 
contra<liution to the suggested coimexioiu But it Ima been found tbafc 
for these metals JiLJdk is positive, so that if Becquerel's law is generally 
true, the negative value of r might be explained. Titanium chlorid* 
is the only diamagiietic body which gives a negative r, but TitAninm it 
a magnetic metal and therefore it is possible to argue tliat the di»- 
niagnetism of chlorine overpowers the magnetism of Tiuniuni, but 
that witli regard to the gyric property the metal has the upper hand. 
The same argument cannot however lie used to esplaiu the positJvft 
coefficient of oxygen, and the salts of cobalt, nickel and inaiigatiesC: 
The subject is suggestive, but requires further experimental trcatiuest. 
Should the negative coelficieiits be ultimately found to l>e confined to 
mt^etic eubstanises, it will not be necessar)' to assume that that 
vibrating electrons are positive. The magnetic molecule may haTC 
a gyric property in virtue of its being magnetic, and the effec 
of this property would superpose themselves on the other effects, i 
which our theory has been confined. In the case of feebly magnetiB 
Bubstauces, the Zeemau gyratiuu may g^m \\va uij^er hand, wmle m 
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chloride of Titanium, the pure magnetic vortex rotation may be 
soperposed to be pfLramount This might explain some of the dis- 
erepancies of the above Table. A theory of magnetic vortex-gyration 
\m been given by Drude*. 

The following table given by H. Becquerelt shows the magnitude 
of tlie rotation of different substances compared with carbon bisulphide, 
mJ gives also the values of the Zee man coefficient calculated 
from (.11). 



Table XVI. 



tiubitanc« 


ItelfltivR amKi^'''' 


4s 


.xlO-« 


Oirew 


■000146 


1-47 X 10-» 


6-98 


Air 


■000159 


1^44xl0-» 


6-64 


Kitn^ 


■000161 


i-esxio-* 


5-74 


Urboiiic acid 


■000302 


2-00x10-'' 


9^07 


NitmiB oiide 


■000393 


4-86X10-' 


4-88 


Water 


■308 


1-99x10-" 


8-33 


&nri,.e 


■636 


4-98x10-" 


7-85 


n^pbar trichloride 


■661 


4-71x10-" 


8-30 


Cwbou hiaulphitJe 


1-000 


8-71 X 10-" 


6-20 


Liquid phosphoruB 


3120 


3-52x10-' 


7-41 


Titinimn bichluride 


-1'358 


9-96x10-" 


-316 



Excluding the dextro-gyric titanium bichloride it will be noticed 
that the Zeeman coefficients for these substances, having widely differ- 
ent dispersionH, are all of the same order of magnitude, thus giving a 
tabBtantial confirmation of the correctness of Becriuerel's law. The 
nniiierical value of : in the above Table i.s about half that of the 
West and one quarter that of the liigliest number obtained directly 
ftom obiervationa with luminous vajiours as shown by Table XIV. An 
Apparent increase of electric mass, in the more complicated structures 
of molecules which do not give line spectra, is thereby suggested. 

Absolute determinations of the magneto-gyric coefficients have 
been made for carbon bisulphide and for water. The most recent 
determinations, reduced to nnit magnetic force, are, in minutes of 



ft d/r Opfik, p. 'Mi. 

(XV. p. 683 \myi). 
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Table XVII. 








Bhttlpkide 0/ Carbon. 




Loid Bajleigh 


■ for Sixiiimi light, 


r-18* 


r-0'-04200 


Kopadt 


„ „ 


„ 


0' -04199 


_ 


" .1 


= 0% 


0'M207 


BecquerelJ 


Wnter. 




(TtttSJl 


AroDBg 




( = 23° 


0--01295 



The gyric effect of thin films of iron, when ma^oetized to saturation, 
is esormous. It« discoverer, Kundt, found it to be at the rate of & 
complete revolutiou for a thickness of -02 mm. which gives 2(»,iJO0' 
for one centimetre, an effect which is 290 million times greater than in 
bisulpliide of carbon. Cobalt gives a value nearly as great as found by 
Du fiois, and nickel about half as great. 

The magnet«-gyric coefficient ia in general roughly proportional 
to the square of the frequency, sbowiog tliat the vibrations which, 
chiefly determine it have a very small wave-length, but anomalous 
cases have been noted. Kundtii observed that tliin iron films rotnte 
the plane of polarization of red light more than that of blue light, and 
Lobach^ measured the rotational coelficients of iron, nickel and cobftlt 
in different parts of the spectrum. The diminution in the angle oT 
rotation between X = 67x10"' and A. = 4"3xlO~' was found to l» 
approximately for iron 457o, for cobalt 23°/,, smA for nickel 41 

An interesting confirmation of the theory given in Art. J6 
obtained by the observation of the gyric effects in the neighbourhood 
of absorbing regions of the spectrum. As has been pointe<l out in that- 
article, the introduction of the Zeeman effect into Sellmeyer's e^iuation 
leads directly to the conclusion that on both sides of an absorption liuev 
there is a strong magneto-gyric effect in the direction in which the mora 
refrangible members of the Zeeman components rotate. This fact bad 
been observed in the neighbourhood of the sodium lines by Macaliuo 
and Corbiiio** (the gyric coefficient being positive, t.t. the nitation iB 
the direction of the current producing the field). It has been further 
extended and commented u[M)n by H. Becquereltt. 

■ Cullecud H'crfoi, Vol. ii. p. SfiO. 
t Wied. Ann. Vol. ixvi. p. 4S6. 1885. 
X Am. Chim. Phyt. Vol. xxini. p. 319, 1882. 
I WUil. Ann. Vol. hit. p. 161. 1886. 
n Wild. Ana. Vol. xtm. p. 2S7, 188*. 
H H'ied. Ahh. Vol. xiiix. p. 316, 1890. 
•• C/i.cxivu. p. 618. 18KH. 
ti Cit. CHVii. p. 617, 1898. 
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171. Doable Rel^action at right angles to the lines of force. 
If ft plane wave traverses the magnetic field at right angles to the 
lines of force, the nbrations parallel to the field are propagated with 
different velocities from those at right angles. Thia follows also from 
Sellmeyer's theory of refraction in combination with the Zeenian effect. 

Taking the simplest case of a line split by the magnetic field into a 
Zeenian triplet, the outer components affect the velocity of light of the 
vibrations normal to the field, while the central component affects the 
vibrations parallel to the field. Approaching an absorption line from 
the less refrangible side, the ftrst effect will be a diminution of the 
velocity of both components, but to a greater degree of that component 
which lies nearest, i.e. the vibration normal to the field. Similarly 
^)proaching the absorption line from the violet end, both components 
are accelerated, and it is again the component vibrating normally to 
the field which i» most affected. Hence there is double refraction in 
sach a sense that towards the red end the vibration parallel to the 
Lne of force is propagated most i[aickly and on tlie violet side the 
vibration normal to the field. Thi» reitult wa? predicte<! by W. Voigt 
from the theory and verified experimentally by him in conjunction 
with Wiecbert*. 

To obtain au expression for the amount of doable refraction to 
be expected, we write Sellmeyer's eiiuatioii for the light vibrating 
normally to the field in the fonni 

where «,'=»'-•■ iws^ff; n'=v?- ArsnH ; 

. _L_ 2 g- (»'-« >') 

The vibrations parallel to tlie linen of force are undisturbed and 
hence 



Pot H^O, the two expRMums ma»t agree, and hence 2^ = 
Writing a' for 

we have 

• rial Jmt. VoL 1,1*11. p. 345. 1999. 
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If we treat a' as a small quantity compared with n' - oi' and reintroduce 
its value, we find 

When the vibrations on the contrary are so near to the free un- 
disturbed period that n'-a>' is small compared with a': 

1 1 _ jg 

The double refraction is now in the opposite direction, and hence 
close to the free period the perpendicular vibrations are propagated 
more quickly when w > co, i,e, on the side of lower frequency. 
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TRANSMISSION OF ENERGY. 



172, Propagation of Energy. Energy may be transmitted 
th rough a surface either by tlie passage of matter in motion, or by the 
J>er-fonnance of work. Au example of the first kind of transference 
of energy is found in the propagation of heat. When conduction of 
h^'^t takes place in gasea, the total quantity of energy carried by 
tri^ molecules of matter traversing a surface in the direction in which 
ta.^ heat is propagated is greater than that traversing it in the reverse 
diirection. But we are not in this book concerned with this simple and 
d>»-ect method of carriage of energy. 

Waves propagated through elastic sohds may carry energy across 

* surface when the motion of matter is tangential as, owing to the 

'**igential forces, work will in general be done. A transference of 

ert^fgj. ma,y result owing to the fact that though the velocities and 

*t'*"esses are alternately in one direction and the other, their product 

<^*itains a part which is not periodic. Such cases of transference 

^* energy can only be accurately investigated when we have some clear 

™ea as to the raechaniam of the motion which is involved. This 

fenders it necessary to study in the first instance some simple 

"lustrations of work done in the trausmission of waves through 

"astic bodies. 

173. WaveB of pure compression or dilatation in a perfect 
fluid. We choose a perfect fluid in order to simplify the eiiuations 



IS much as possibi 
placements, etjuatioi 



Putting 11 - 0, and writing $, ij, C for the dis- 
(9) Art. 132 become 

dC 
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ir ^ A 

aamSmcm(l] imi ft) Jot ai 



k tW frA |fcn a v^a* «sTe, the duphoeaientB 
e an «f .f; tfa fax of cqudofls (I) becomes 



I 






^veynHatsthcvsifcdaaeacnMs dwsnfitee 



-.'O 






- 



■hae Aa mgiitiirei ^gn hkd to be mtrodnced on the ri^t hand because 
P u takea as pontiTe wlieo it is « Inuitm &nd wte therefore in tho 
opposite direction to that in wiach the velocities are taken aa 
posidTe. 

Sobstitntiiig fiw { and coafimng our attention to the plane r = < 

-«08-7-f<. 



y integration 



ir 



2tVDA 



A» 



X . 4x 
^- . sin -r- ti 



The second term vanishes at int«rvab of time which are e<jtial to 
half a complete period, and becomes more and more uefjligible 
( iucreasef. Learing this tenn out of account, we may write for the 
work trauBmitted through unit surfu'e 

W^^DVM (3), 

where V, stands for the mftximiim velocity. If the whole mass of air 
through which the waves have spread in time t had a velocity equal to 
the maximum velocity V, , its kinetic energy would be oiual to thai 
tmiiHinittfid through the surface. As the average kinetic energy in. 
A simply pcrioiUc wave is equal to half the maximum energy, only half 
the energy tntnmnitted through the surface is in the kinetic form, the 
other half l>eing potential. 
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It is important to uotice tliat the trausmisaiou of energy depends 
on the fact that the velocity and condensation (which is proportional 
to the pressure) are in the same phase. The condensed portions of the 
fluid move iu the direction in whicli the wave in propagated, and the 
rarefied portions in the opposite direction. It is a consequence of this 
fact that the work done while the air moves forwards is not undone 
while the air moves backwards. 

We next take the case of waves diverging from a point. The 
motion to be considered belongs to an important class in which the 
velocities may be represented as the partial differential coefliciente 
of the same function ^, called the velocity potentiaL 

P t rfi ^ rf* . rf>? rf* . rfC rf* 

dl dx'' dt rfi/ ' dt dz ' 

t nations (I) are now all contained iu the simple equation 
S-"^'* » 



r the strets P we have 
JP 



Hence by liuituble choice of the constant of integration 

If ^ depends only on the distance r from a fixed point which acts 
fA a Bonrce from which the vibrations emanate, we have 



Changing siiailarly the 



-1.. t 


' d,' 1' 




1 rf* ^ 
r *V 



^ 2^ 



rfy" ds' 



-j^, we find by addition 



Equation (4) now becomes 
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the solution nf which is 

r*=/(r-irf), 
or coufiuing ountelves to the simple periodic motion 

This value of * is therefore a solution of tlie differential equation (4). 
By difierentiatioQ 



the dii^tance as might h&ve been expect«d at &nt sight. At smaU 
distanoos from tlie origin the second term is the imjxjrtaDt one and the 
velocity varies inversely as the square of r. The origin itself is a 
singular point at which matter enters and leaves the space. The 
amount of matter passing jier unit time tiirough any s])here having the 
origin as centre is eiiual to 4«T*/W*,i/r which, if r is small, is equal tfl 
irA />sin -T- v^i&nd this expression therefore represents the rate at which 
matt«r is introduced at the origin. At lai^ distauces the first t«rm is 
the important one. If the difference of phase between any point very 
near the origin and one at a large distance r away from it, were cal- 
culate<l in the usual way and put eiiual to irr/k, we should commit an 
error equal to a quarter of a wave-length. This apparent change of 
phase of a right angle when points near a source and at some distance 
away from it are considered, has been already referred to several times 
(e.ff. Art. 41)). If we were to measure energ>' simply by the square of the 
amplitude, equation (4) wouM lead to the conclusion that the energ>' 
does not vary inversely as the square of the distance from the origin as 
is generally assumed. There is however no reaaon why it should vary 
according to the simple law, so long as the energy Iransmilttid follows 
it. That this is actually the case may be proved as follows. The rate 
at which energy is transmitted through ii sphere of radius r is 



= -4./>r'"^ 



lie ' dr 

-2»-7>^'sin(W-fr){/8inCa,(-/r)->^coa(a.(-;r)}. 



I iitegratiiig with respect to the time and leaving out i>erioilic terms, 
we find W^2iruiDA'U. 

is expression does not contain r and hence the work transuutted 
li concentric spheres enclosing the origin is constant. It follows 
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that the work transmitted in a given time through unit surface varies 
inversely as the square of the distance. For a fuller treatment of the 
subject the reader is referre<l to Lord Kayleigh's treatise od Sound, 
Vol. II., Arts. 279 and 2811. 

174. Plane Waves of Distortion in on elastic medium. 

Let thu displacements be [larallel to the axis of :: and be denoted by 
C, the wave nonnal being the axis of j:. The only force which can do 
work across the plane ay is the tangential stress which in Art. 129 
has been called T, and which according to (7) Art. 131 is equal to 
ndi/dr, $ being lero in the present case. The stress T lias been 
taken to be positive when the portion of matter on the positive 
dde of the plane ys acts on the matter which is on the negative 
side with a force directed along the positive axis of z. Hence for 

Sves travelling in the positive direction, if H' be the energy 
nsmitted across unit surface, 



dW _ dC_di 
dt ~ "dxdt- 



K- A &\-a-r-{x- vt) 



and the coefficient of distortion k is replaced by i^jD, we find, as in 
the case of the sound-wave, leavisg out periodic terms, 

W^^im'^^rt (G), 

where V^ denotes the maximum velocity. 

175. Sphere performing torsional oscillations in an elastic 
medium. Consider displacements in an elastic medium defined by 



The di.splacements satisfy the condition 

* + «''+*. 

dx dy dz ' 

which shows that there is no condensation. 



I d^ d^> 

v'dz' df' 
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Similarly 



ao that equations (9), Art. 13i, are satiafied if j" = n/D. Tlie assuiueA 
systetn of disptacemente represents therefore & poiisible wave propa^' 
I faon, the wavea being purely diatortionsl. 
s <fi does not contain x, y, z explicitly, 

d<^ _d<t> y d<t> _d4> z 
dy dr'r' dz dr ' r ' 
dif. d-i> 
■' dz " ' ~d} 



j-i + 



v'« = . 



+,-{= 



= 0. 



I 



It follows that the diaplacemeiits at any point are at right angles to 
the radius vector drawn from the origin to that point. As there are 
no displacements jtarallel to the axiR nf x, the displacements are along 
circles drawn round O.V as axis. 

Let p be the distance of any point from the axis, so that )■* = j* * p*. 
obtain the amount of the displacement by resolving ij aud { in a 
direction at right angles to p in a plane parallel to the plane of yz. 
This gives for the displacement: 

p pV dz ' dyj 

^z' + y'd4 
pr dr 

_pd^ 

' rdr- 

The angular displacenieut obtained by dividing the actual displacement 
by p only depends on r, and is therefore the same at all poinla of 
a sphere having the origin as centre. Each such sphere perfonns 
torsional oscillations as if it were rigid. We may therefore imagine 
any one sphere to be actually rigid and the oscillations to be maiu- 

Itained by forces applied to this sphere. Our system of equations will 
then tell tis how these oscillations are propagated outwards. 
In the language of Optics the vibrations at any point are polarized 
jn a plane i»assiiig through OX which is the axis of rotation. The 
angular displacements are 
l^-2.^_eos2-^fr-ril-^sin^"fr-r/l {l\ 

and are nearly equal to the first or second term of this expression 
respectively, according as r is very small or very large compared with 
X/2ir. Comparing large and small values of r, we have here the same 
change of phase of a right angle fiYucVi \«» been noted in Art. 173. 



The niHxiiuutn angular displacemnit at a (iistauce S from the origin as 
, ubtaiiied from (7) ia : 

A -Jiir'S' + A'/A«", 

■ 'ftnd this is the amplitude of oscillation which must be maintained at a 
I sphere of radius S in order to uause an angular amplitude 'IvAIX.r' at a 
I large distunce. If the maintained angular amiilitude is B, it follows 
rtfaat for large distances ihe angular amplitude is 
US' 



The a^'tual amplitude is obtained on multiplying this expression by 
»■ sin S, M'here 9 denotes the angle which r forms with OA'. To 
(calculate the energy communicated by the rigid sphere to the snr- 
rouudiug medium, we make use of the obvious proposition tlutt the 
energy transmitted through all concentric apherea must be equal 
an<i we may therefore simplify the calculation by considering only a 
81>liere of verj- large radius. 

If we write (r,ainS)/»- for the maximum velocity at a large 
aistance, the total energy transmitted through unit surface at any 
tiTiie is by (6) 

ir-ii);Vf(sin'fl/r', 
ant3 the work transmitted through tJie complete sphere is 

r 2w\Vr'wiiede = r^tDy:'rmn'ed6^^ Dr,'i-t (s). 

of Vi, we find for A' the total energy 



Solistitutiug the value 
transmitted. 



£ 



irIM 






_ in _ BSvt /qrBScV 

a' 1 + A' (4)r'S")- ' V A / ■ 
The bracket on the right-hand side represents the greatest velocity in 
the e<(uatorial plane of the rigid sphere. 

It should be noticed that the energy transmitted diminishes with 
increasing wave-lciigth (/'.«. increasing period) and this diminution is 
tile more im]iortant the smaller the radius of the embedded sphere ia 
compared with the wave-length. 

176. Waves diverging ftoia a sphere oacillBtlng In an 
elastic mediiun. The problems discus.'ied in this and the preceding 
article were first solved by W. Voigt*. Kirchliofft considerably 
simplified the mathematical analysis and more recently Lord Kelvin J 

■ CrfUe'i Journal. Vol. Liiiii. p. 288. 

+ CrelU-'f Joar».it, Vol. ic. p. 34. 

J Phit. Mag. \o\. iLvii. p. 480 and xi 
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hus treated tlie £aine question very completely, adding several new and 
interesting results. We imagine u sphere embedded in &n elastic 
medium, to which it is rigidly att&uLed, and perfonning periodic lineac 
oscillations according to the formula A »iii -J. The reader is referred 
to Lord Kelvin's Baltimore Lectures for the complete solution of the 
problem, we shall here coa6ne ourselves to the iiuestiou of emission of 
an incompressible medium. For this purpose it is oat; 
necessary to consider the motion at a distance which is large compared 
with the radius of the sphere (.S) aiid the wave-length. If the oscil- 
lations of the sphere take pWe along the axis of j*, Kelvin's equations 
for the motion when r ie very gnxt, are 

f=-^^.s(^'-^)sinM-/r)j 

I , = -|j«3'sin(u.(-fr) I (9). 

i= ~ - AS -^ sm {tot - Ir) 1 

These enuatioiis give : 

showing that the vibrations take place at right angles to the radius 
vector, 'llie symmetr)- of the expression for the displacements 
regards y and : shows that the displocementB take place in meridioDsl. 
planes. For the resultant oscillation we have 

{i' + ^ + r)» = .|. A S sin $ sui {u.t - Ir), 

where & denotes the angle between the radius vector and the a.^i3 of 
The sign of the sijuare root which occurs on the right-hand side 
detenuined by the fact that for j- = 0, the last equation must a^e with 
the first of the equations (a). We note that in this case there is not 
the change of phase of a right angle which occurs when the spherft 
performs torsional oscillations. In the language of Optics, the spherft 
may be said to send out polarized light, tlie vibrations being 
meridional plaues and at right angles to the ray. The amplitude is & 
maximum in the eijuatorial plane, isero along the axis, and varies iiL 
intermediate positions as sin 6. If as in the last article, we write 
K, sin fl/r for the maximum velocity, we may apply (8) directly to obtain 
the transmitted energy which is 

= ^TrD<^'A'S'vt. 
The emission of energy is therefore inversely proportional to the -square 
of the period. 
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177. Divergent Waves of Sound. The theorj- of Sound 
furnishes several iinportnnt applications of the commuai cation of 
energy from a vibrating body to a surrounding medium. If a 
stretched string vibrates backwards and forwards, the air wtuch is 
oompr&^sed on One side is able to flow round the string and to diminish 
the rarefaction which tends to form behind the string. Under these 
circumstances comparatively little energy eacttpes in the form of sound- 
waves. Stokes* calculated the emission of the actual sound and 
compared it with that which would liave been emitted if the lateral 
niotioii in the neighbourhood of the string were omitted. For a piano 
string of '02 inch radius aotindiag the middle C (wave-length about 
25 inches) it appears that the prevention of the lateral motion would 
incre&se the intensity 40,000 times. This, as Stokea points out, shows 
the importance of sounding-boards, the broad surface of which is able 
to excite intense vihratioDS even though tlie motion itself is small. The 
following experiment may be described in Stokes' own words. " The 

increase of sound produced by the stoppage 

of lateral motion may be prettily exhibited 

by a very simple experiment- Take a tuning- 

^^ fork, and holding it in the fingers after it has 

jf^ been made to vibrate, phice a sheet of paper, 

y^ or the blade of a broad knife, with its edge 

g g a parallel to the axis of the fork, and as near 

p- yj.j to the fork as conveniently may be without 

toucliing. If the plane of the obstacle co- 
incide with either of the planes of symmetry of the fork, as represented 
in section at A or B, no effect is produced ; but if it be placed in 
an intenuediate position, such as C, the sound becomes much 
stronger." 

The motion of air round the sounding body is the more effective 
the shorter the wave-length. Were the length of the wave infinitely 
great., the air would move like an incompressible fluid backwards and 
forwards round the source of soiind, and there would be no emission of 
enei^ once this motion is established. Stokes shows by applying the 
analysis to the case of vibrating spheres, that this is the explanation of 
an experiment due to Leslie, in which the sound of a bell placed 
in a partially exhausted receiver is diminished by the introduction of 
hydrogen. 

178. Scattering of Light by small particles. In Arts. 175 
and 176 the disturbance in a medium has been calculated on the 
supposition that at some given surface the motion is prescribed. There 



p. 806. 



■ Phil. Tnmt. Vol. clvui. p. 117 (18G8), Ba^kigh, Theory of Soand, Vol. i 
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is a correepondiDg problem treated \>y Lord Rajleigh* in wbicli within 
& (pveD space the forces are prescribed. Rayleigh finds that if a taaet 
DZ&m<^<ixdydz acts on au element of volume djrdydz h&viog density 
D, the resulting disturbance may be expressed as 
TZ^ad sinCW-fr) 



r-- 



iW 



...(10^ 



In this etiuatioD C measures the displacement vliicli lies in the plane 
pasaing through r and s and at right angles to r, and 6 is the auj^le 
betweea z&ni r. 

The effect of a small suspended particle on a wave of light jiassiug 
over it, was found by Lord Ilayleigh with the help of the above result. 
The simplest supposition to make is that the difference in the opticJ 
property of tlie particle is due to a difference in density oulj'. Let tbe 
primary vibration be 

C = sin ( W - At), 
anil the disturbing particle be at the origin. The acceleration at that 
place is -u'sinw^, and the corresponding force in the undisturbed 
medium - /Jm" sin at- ; to maintain the same vibration if the densitj is 
n, would require a force — i/tu' sin ait. The difference between the«e 
quantities or - (Z/- D) ui'sinurf measures tlie additional force whi™ 
must be applied in order that the wave should pass undisturbed. The 
actual effect is that of the uudisturhed wave with the addition of thst 
produced by a disturbing force equal and opposite to tliat which iioi>l<l 
aiitml the disturbance. Substituting in ( 10) we find for the disturbance 

The result shows that the scattered light is polarized, the plane of 
polarization being the phine containing the primary ray and th* 
scattered ray which we shall call the principal plane. The intensity m 
the scattered light varies ns sin' 6. 

If the direction of vibration in the primary ray is at right angles to 
the principal plane, we mtpst put sin 0=1, and if the dirt'ction Oi 
vibration is in the principal plane, sintf = cos^ where ^ is the angl* 
between tbe primary and secondary rays. 

If the iucident hglit is nnpolariEed, the result will be the same as : 
there were two overlapping beams, one vibrating in tlie principal p 
and the other at right angles to it. Hence if the total intensity of 
incident light be unity, so that ea<;h of the two overlapping b^uns 
an intensity l/'i, the intensity of liglit in any direction is given by 

— /i — ('+»" *),ini 
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f lliere is more than one particle, tUey will act iDtlcpendeDtly of each 
ither, owin^; to the cuusUuit change in their relative po&itions. We 
leed only therefore multiply the above expression by the total number 
>f particles. The explanation of the bine colour of the sky is 
roDtained in (lit, for it shows that the intensity of the scattere<i light 
IB much stronger for bine than for red light. The observed poWiiation 
of the sky also generally c^^^espun<ls to that indicated by the theor)'. 
The minor differences which have been noticed are no doubt due to the 
fact that each part of the sky receives light not only directly from the 
sun, but also by reflexion from the illuminated portions of the earth 
aud from the atmosphere it*elf. Lord Kayleigli has also treated the 
ttHK problem from the point of view of the electromagnetic theory, in 
*hich the differences in the electric properties of the suspended par- 
ticles have to be considered. If the differences between the dielectric 
constant of the particle and the medium are small, the above equations 
remain correct if li' and IJ denote the dielectric couRtaiit*. In the 
<»ee of spheres, Lord Rayleigh solves the problem independently of the 
snjallnew of the difference in electric properties and finds that if K' and 
f denote the dielectric constants, we must, in the expression (II), 
replace (1/ - D)/D by 

3(A"-A")/(A" + -2A'). 
A (juestion of considerable importance may be raised in connexion 
*lth the nature of the bodies which scatter the light. It was believed 
•tone time that small particles of dust were responsible for the blue 
colour of the sky, but Lord Rayleigh* gave good reason to believe tliat 
toe molecules of air themselves are sufficient for the purpose. We 
B«y briefly indicate the argument by means of which the necessarj- 
dita for the discussion of the problem are obtained. The whole 
"oiasion of energy by the small disturbed region T niay be calculated 
lytha method we have already employed in Arts. 174 and 175 and ia 
tuand to be 

"liwe E is the energy transmitted through unit surface in the primary 
Have, and q measures a quantity which in the elastic solid theory of 
light is (D' — D)ID. If there be jV similar particles per unit volume, 
I layer of thickness dj; and unit area contains iVrfj- particles. Hence 
'OfdE, the diminution of the energy in the primary wave consequent 
" e scattering of light in the layer d^, we have 

\ dt:_ nfN^ .r 

K ~dj:~ a ^ X* ■ 

• ColUcUd fVorh. V«l. .V. |.. 3il7. 
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Hence E=E^ 



"kx 



where k= ^'^'x* Oft 

The quantity k may be obtained by observation. 

We also reproduce Lord Rayleigh's investi^tion concerning tb 
eflfec't of the particles on the phase of the transmitted light Lettb 
incident light be represented by cos (W - Ir) and consider a stnim 
at a distance x from the point at which the light is to be estimaliii 
Let A be the pole of in the stratum and P the position of a scittff- 
ing particle. If p be the distance AP, the number of particles intk ' 
annular space between circles of radius p and p + ^p is :iwpXdfiL 
Also r^ = j:^ + p* so that pdp = rdr. All these particles affect tk 
vibration at equally so that the amplitude caused by them is 

Ndx -^, cos {iU - Ir) 2irrdr. 

Integrating this over the whole stratum, the limits of r being x 
and X, we iind for the resultant amplitude 

Xdx - sin {u4 - Ir). 

The primary wave may be supposed to advance undisturbed, so that 
the disturbance at is 

cos (tut - Ir) + XTdx -^ sin {tot - Ir) 

or cos {o}t - /r - 8) 

wliere neglecting the 8<|uare of 8 

S = XTdx''^. 

If /A be the refractive index of the medium as modified by the 
l)articles, (/a - 1 ) d,r measures the cliange in optical length which is 
e<iual to A^/27r so that 

(fi-l)=NTql2 (13). 

Introducing this expression into (12) we find 

32^(M-i)! . 

^- SNK' ^^*^' 

wliich gives a relation in which the number of scattering particles is the 
only quantity which is not obtained by experiment or observation. 
There is some uncertainty at present in the value for it to be substituted 
in (14). Rayleigh founds his arguments on Bouguer's estimate giving "8 
for tlie fraction of light transmitted through the atmosphere from a star 
in the zenith. Taking for iV, Maxwell's estimate of 19 x 10**, it appears 
that the actual transmission through the atmosphere is only about three 
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liiDes less than tliat c&iculated trom molecular diflraction without any 
jkillonauce for the acatterioK by larger partii-les of dust. Rayleigh 
concludes that "the light scattered from the moleuulea would suffice to 
give us a blue sky, not so very greatly darker than that actually 
enjoyed." If N be regarded as unknown we may use (14) to give 
s^ U)wer limit to its value, and it Is thus found that jV cannot be greatly 
■"" I than the above nunihera 19 « 10'". But A ia certainly greater 
,n was estimated by MaxweU. The subject is very fully discussed 
Lord Kelviu', who concludes from the fact that a grayish haze is 
even ou a clear day " that the want of perfect clearness of the 
lower regions of our atmosphere is in the main due to suspended 
.particles too large to allow approximate fultilment of Rayleigh's law of 
'fourth power of wave-length." Kelvin considers it probable that not 
BO much as a ((uarter or a fifth of Bouguer's degree of opacity is due to 
the ultimate molecules of air. We must refer to the Baltimore Lectures 
the discussion by Lord Kelvin of Mr Majorana's observations on 
the luminosity of the sky on the summit of Mount Etna and Sella's 
observations on Monte Rosa. Catling / the [u-oportion of light due to 
the ultimate molecules of air in the sky over Mount Etna, and /' the 
same proportion in the sky over Monte Hosa, as deduced from the 
measurements of Majorana and Sella, Lord Kelvin sums up his 
discuMtiou in the equations : 

A'=^!-.10"=.-'".10" (15). 

It would only be if the whole light of the sky were due to molecular 

T diffraction tliat / or /' could have so great a value as unity. This 

f aj;guiuent may be taken to support Lord Kelvin's own estimate of 

JV= 10* as the lower limit for the number of molecules in one cubic 

centimetre under uormul conditio us. 

But this is probably too high an estimate. If we assume the 
vliarge of an electron to be known, the number A' may be calculated 
at once. In the electrolysis of water, one gram of hydrogen is set 
free by the passage of '95'i « 10* electromagnetic units of electricity. 
Hence if iV be the number of molecules, or 2iV the number of atoms, 
in one cubic centimetre, and p the density under normal conditions i 
^L 2AV=-959 » lO'p. 

^B Substituting p ^ ii-\)a " Kr' 

^e obtain Ne = -429. 

The best estimate of e we possess is that of H. A. Wilson f obtained 
by a modification of J. J. Tlioinson'ji method. According to Wilson 
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the quantity of electricity carried by the electron is very nearij 1^ 
electromagnetic units. This gives 

This number agrees very well with (15) provided y and /"are oib^ 
We are justified in concluding that at elevations of 14,000 feet at 
at zenith distances not greater than 60" (30" being the lowest eleratMi 
of the sun at which Majorana's observations were carried oat) the ligk 
of the sky is almost entirely due to scattering by the ultimate mokeaiBi 
of the air. It should be noticed that the method of calculadiig tk 
retardation caused by the scattering particles which has led to (13)&ik 
to give an account of absorption. To explain the latter we should le- 
quire a second approximation and take account of a difference io 
phase between the primary and secondary rays. 

179. Transmission of energy by electromagnetic waves. 

When we consider the transmission of energy in an electromagnets 
field we are met at once by the difficulty that we are ignorant of the 
mechanism by which electromagnetic action is propagated. Hence ire 
cannot obtain an expression for the work done across a surface, unless 
we specify by means of an hypothesis wliat are the actual displacements 
of a medium subject to magnetic or electric forces. In the special cases 
we have to consider here, the difficulty may be turned. According to 
Maxwell a medium of |)ermeability fi, subject to a magnetic force which* 
at any place is Hy possesses energy which per unit volume is measured 
by fill'/HTT. Similarly if K be the dielectric constant and E the electric 
force, AV^T^/Htt is the electric energy also per unit volume. Consider 
now a plane wave propagated with velocity v in the direction of the 
axis of z. 

KquatiouH (22) Art. 137, which determine P, ^, the compcments 
of electric force in terms of a, /3, the components of magnetic force, 
give UH A^/;' - K(P' + Q') - AVV (a" + ^), 

As Aft = 1 1 'if and a* + fi^ measures the sc^uare of magnetic force, it 
follows tliat KE' = iA,H' , 

so that we may, in the case considered, write for the energy per unit 
volume either fiH^/iir or KK'^l^tr, The wave need not be homogeneous 
and may be either plane or elliptically polarized or not polarized at alL 
Consider now a wave-front to the right of which the medium is at 
rest, to coincide with the plane of xy at the time t = 0. After time f, 
the wave-front will be at a distance vt from the origin, and the energy 
which has crossed unit surface of the plane of xtf will be that contained 
in the volume having the unit surface as base and as length the 
distance vt measured along the axis of ;::. If the magnetic force to 
the left of the wave-front is of the form 

H-Hq cos (tat - Iz), 
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the average value of B' is equal to \Ha- Hence the energy which 
has crossed nnit surface in time t, putting ^ = 1, is /{'vI/St- Tlie 
work done across a small surface of any wave-front cannot depend oa 
the question whether the wave is plane or not. We are therefore 
justified in using the expression obtained whenever the electromag- 
netic disturbance follows t)ie simple periodic law. 

We next treat of a simple cose iu which we can trace the loss of 
energy of a radiating source. We adapt for this purpose the results 
of Art. 175, substituting the magnetic force for the displacement, so 
that we may write 

„.o, ^=--^-, y = ^^ cif), 

where *= - ^'" {fr-<ot) (17). 

These e<iuatioa8 satisfy (lii) of Mt. 136, and represent therefore a 
possible distribution of magnetic force. It follows from the results of 
Art. 175 that the magnetic force at a distance p fiom the axis of x is 

p J /r and that the lines of magnetic force are circles having O.Y"as 

Mis. 

We next consider a region round the origin sit small that the 
phase at all points lying iu it may be considered identical with that 
*t the origin. Withiu this region we may write 



The components of current are obtained from (12) Art 135 : 
dif ds dy" rfs* 

_ '^ 
dydx' 

For the electric forces a.s obtained from 17, Art, 134, we have 

' d4 _ ^ A^ 

dx' dt 'dx dx'iuf* ' 



\WV = 



k 



KP^- 



„„ d d'^ rf0 d Ax 

,,.,, d rf~' rfi d Ax 
KR=^- T-.-rr--r = j"- — iCO&ut. 
dz dt dx d% vnr 
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r The electric forces close to tlie origin are therefore derivable from 

poteatial 

I If a, qaaotity of electricity — « is placed on the axis of r at » 

distance iA from the origin, and similarly a quantity +« at th« 

' same distance on the negative side, the electrostatic jiotenti&i of snch 

, a so-called doublet is known to be — rhrJT*. Hence we may represent 
the electric forces in the cose we are considering by means of a doublet 
if we make 

eh^{A c08iu()/io. 
The system of waves represented by (16) and (17) may therefore b 
considered to be produced by a vibrating electric doublet at the origin, 
the two cliargeg oscillating in the same period, reaching a maximuni 
distance h and crossing at the origin. The quantity eh is called tb 
moment of the doublet, for which we may write M cos tat. 

The total energy dissipated per unit time by the vibrations ( 
Huch a doublet may now be calculated. At a large distance thi 
magnetic forces are 

I ii3 = p itfiu cos {Ir - U), 

y=-^;V«cos(/r-».i!), 
from which we obtain ; 

/J* + y- = /•u.'.V sin' 6 cos- (/r - a,*)/'^ ; 
where tf is the angle between the radius vector and the axis of i 
Hence through unit surface of large spheres the amount of energf 
which jMisses in time t is PufM' m\' $ atjHirr'. Integrating this 
the whole sphere, this becomes \C<a'M'vt, or expressing / and u is 
terms of t and v (where t represents the time of vibration), we finan] 
obtain for the energy sent out in time t by the vibrating doiiklflt: 
16)r*J/V/3ifi-*. 

In order to form some numerical estimate of this loss of ecu 

consider the positive charge to remain fixed at the origin and tl)i 

negative cliarge to vibrate according to the law h cos vt. The inaninuii 

energy of the negative electron is Jmfci'A' or ^mv'M'le', if m denoM 

its mass. From tliis we calculate the traction of the maxim 

wliich is lost in a complete vibration taking up a time Sir/tn, to I 

8ir'f'/3A./B. The ratio ejm is approximately known to be 10' and foi 

e we may substitute 10**. This gives the loss of energy as being: 

. 27 « \i)'"iK For violet light we have A = 4 « 10"', so that in c 

\ period a particle sending out such light would lose less than tbl 

I tailiioulh part of its energy. "C\\e moiXow "A ^hsa \*.ttifile, t " " 
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acfoiint of the loss of energy by radiation, would liave to be represented 
by the eJtpressioii Ae^"' coi<at, where the uoefficieut t umy be calculated 
&oni the (lata obtained. At each vibratiou there is a fractional 
diininutioD of the maxiiouiu velocity equal to «r and a fractional 
diminution of the energy ei^ual to '2kt. Hence l/nr which is the 
number of vibrations in which the amplitude diminishes in the ratio 
I : « is I0'/14 or approximately 7CHVKI0, llie aniall diminution in 
vibratory energy consefjuent on radiation justifies the criticisms made 
iu Art. 151 and ISB respecting the introduction of a frictional term in 
the equations accounting for the so-called anomalous dispersion. 

Consider now two similar doublets with their axes at right angles to 
each other, the positive electron being stationary and the negative 
Oscillating in one case according to the law kcosuit and in the other 
according to the law A sin utt. The electromagnetic eft'ect will be the 
same as that of a single electron revolving with uniform speed in a 
circle of radius h, the loss of energy for each of the two vibrations at 
right angles to each other is that given above, and hence the total loss 
per unit time of such an electron revolving in time t is 32Tt'M'l3vr*. 
Ve arrive therefore at the remarkable conclusion that an electric 
charge describing a circle with uniform speed radiates energy, and 
as the speed is constant, the radiation can only depend- on the 
acceleration which is directed to the centre. Writing / for the 
acceleration we have 

4t'A 



We obtain therefore 'i"'/'!''^ '"f"" the loss of energy in unit time. 

This expression which is here proved for the special case that the 
acceleration is at right angles to the motion holds generally so long as 
the velocity is small com]»ared with the velocity of light. For a more 
detailed discussion, the reader is referred to Ijamior's Aetker and 
Afattei-. Cliapter xiv. 

180. Oronp Velocity, The preceding results have been deduced 
under the supposition that the medium propagates waves of different 
lengths with equal velocities. In such media, plane waves travel 
without change of type and the energy must be propagated with the 
same vel'icity as the wave. There are however important cases in 
which the supposition of equal wave velocities does not hold, and these 
bring out some important features in the mechanism of wave pro- 
pagatiim. If we watch a group of waves travelling over a sheet 
of water, we notice that the group as a NtVoVe 4.t«» iMATO.vis«.^>3r»'«^^- 
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f M) rapidly as the individual waves. These seem to approach the frout 
of the group and die out as they pas.s through it. The explanation of 

I this fact is obtained by considering the different rate at which wat*r 
waves are propn^teil according to their length ; but taking it simply as 
a fart, it shows that the energy of the waves can only travel on the 
average us quickly as the group, and must therefore travel more slowly 

' than the wavea. 

A group of waves always necessarily involves the superposition 

I of waves of different lengths, because we can only identify any 

f particular portion of the group by its distinction from the rest, either 

t by a difference in the distance from crest to crest of two successive 

I waves or by a difference in amplituile. The analytical repre^ntation 

I in both cases involves waves of different lengths. 

Ij6t two trains of waves be represented by cos / ( Vt - x) and 

\ ewf {V't-^) and their resultant by 

vaa I { rt -J-)-*- cos nV't-j-) 

I which is equal to 



^ ens { 



-t- 



f + / 



...(18). 



The first factor passes through its period in a time 4t/(^ (" -tV) 
\ while the periodic time of the second is 4n-/{r V + / H- if i" - 1 and 
J V - y be sufficiently small, it takes many periods of the second 
rfiwrtor to produce an appreciable difference in the first factor. Hence 
J we may say that the resultant effect is that of a wave having a length 
I approximately e*|ual to tliat of either train of waves, and an amplitude 
I which varies slowly. The velocity of the waves in this group is 
(tV + l\')/{r + 1) or to the first approximation, equal to that which 
I corres))onds to a wavf-length •Irr/I. Tu find the velocity of the group 
I we must fix our mind on some special feature which may be chosen to 
[ be the maximum amplitude. For t-U, this lies at the origin, and 
I generally the amplitude has its maximum whenever 

(/■!"- no (-■(/•-0J'=0 (19)- 

The highe-it point of the wave travels forward tlierefore at a rate which 
I is (t i" -WyC - I OT. on the supposition of nearly equal values of I 
, and /', we may write for the group velocity 

rf/r_rfK/x 
~ di ~ di/k 



showing the dependence of the group velocity on the variation of the 
wave vAocity with the wave-Uvn^\\. 
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The explanation of the propagation of gronps was first given by Stokes 
while Osborne Reynolds jtoiuted out its connexion with the propagation 
of energy. The more general equation (20) is due to Lord Rayleigh*. 
Professor Lamht lias f^riven an instructive proof of this equation, in 
which one part of the group is distinguished from the rest, not by 
& difference in amplitude, but by a difference in wave-length. Let the 
group consist of waves approximately of the simply periodic character 
but with a gradual change in the distance from crest to crest. The 
group velocity will be the velocity with which a particular distance 
between two successive crests moves. The wave-length K may here be 
considered to he a function of x and of t. The rate of change of A at a 

point which moves with velocity tt is by the rules of the differential 

calculus ^ + a" 37 - If the velocity of the point is equal to the group 

velocity, then by the definition of (/ the wave-length is constant, 
hence 

^^^« (-). 

Kow let ttie point move with velocity 1', I.e. follow one cresL The 
next creat will move with velocity r+ X i— or ^''^^'^- ^< hence 
A j - , i- measures the rate at which the wave-length increases. This 
gives 

07 ' d^-'^'sK-^ t^2> 

By combining (21) and (22), we return to equation (20). 

One word of caution may be necessary ; when we speak of the 
velocity of a group, we do nut mean to imply that the whole of the 
group moves forward without any alteration just as if it were a single 
wave. The first variable factor of (18) always has its maximum value 
when the condition (19) is satisfied, but the second factor continuously 
changes and at intervals of time which are eijual to half a period, this 
factor is alternatively ± 1, so that the maximum amplitude after such 
an interval is converted into a minimum. The essential point is, tliat 
at periodically recnrring intervals, the group r^ains its original feature, 
and tlie distance through which the group has moved forwant divided 
hy the interval is called the velocity of the group. 



k 
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The followiug Table given by Rayleigh ia interesting &s giving the 
I relation between group and wave velocities in particular cases. 

J'ac A, t'- 0. Reynolds' disconnected pendulums. 

Vx A*, &'= ^ y. Deep water gravity waves, . 

VxX', [/= V. Aerial waves etc. I 

Vx A, ', l/= I V. Capillary water waves. 

r«X-', V = '2V. Flesund waves in elastic rods or plates. 
, The last two examples show that it is possible for the group to travel 
I more quicklf than the individual wave. 
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When the law connecting I' and ^ is V -a + l/K, the group velocity 
is indepeudeut of X and the v&riationtf in the shape of the group 
umy in epecial cases be followed out in detail*. Fig. 178 represents 
the successive sta^^es of n group, the shape of wliich la represented by 
the e(|Hation 

An interesting question ariueH in the case of the propagation of light 
within an absorption band. As explained in Art. 15-t tlie wave 
velocity may increaae witii diminishing wave-length. In that case 
let I'j and K represent the velocity and wave-length in vacuo, and 
let dK/dA, be negative. As J'A,- FeX. we obtain by diSerentiation 
with respect to V 

As the eecond tenn on tlie left-hand side is n^ative, it follows 

that ^ jjT * ^ which shows that the group velocity is in the opposite 

direction to the wave velocity. If there is a convection of energy 
forward, the waves must therefore move backwards. In all optical 
media where the direction of the dispersion is reversed, there is a very 
powerful absorption, so that only thicknesses of the aksorbing medium 
can be used which are smaller than a wuve-length of light. Under 
these circumstances it is doubtful how far the above results have 
any applicatiuii. But Professor Laiuht has devised mechanical ar- 




T&ngemeDts in which without absorptiou there is a negative wave 
velocity. One curious result follows : the deviation of the wave on 



t 



' Sehaatet, Uoltmann, FnUckrift p. 5CD. 
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euteriug such a medium is greater than the angle of incidence, so tkt 
the wave normal is bent over to the other side of the normal as indicated 
in Fig. 179. This is seen at once by considering that the traces on the 
refracting surfiice of WF a,nd ir,/\, the incident and refracted waT^ 
fronts, must move together. If we were to draw the wave-front in the 
usual way parallel to ^Vi'Fi and the waves moved backwards in the 
direction A'i/, the intersection of the refracted wave and sor&oe 
would move to the left, while the intersection of the incident ware 
moved to the right. By drawing the refracted wave-fiiont in the 
direction WiFi the required condition can be secnred. The indiridiuJ 
waves move in the direction A Qi but the group moves in the direction 
AQ,. 




Application of Fourier's theorem. Gouy's treatment. 
We shall discuss in this ehapt€r the conclusiims that have becD drawn 
"^vith respect to the nature of the vibratory motion which leaves each 
molecule of a luminouB hody. The diflieulty we meet in interpreting 
the reBiUts of obeervation is partly due to the fact tliat the luminous 
<listurbance which reaches lis is the result of the superposition of the 
disturbances coming from a great number of irregularly distributed 
vnoleL'nles, hut the changes which optical appliances, used for purposes 
of ohservatiou, impress on the disturhauce, have also formed a not 
infrequent source of confusion. The light leaving an instrument such 
as a spectroscope must not be supposed to be identical in character 
villi that entering it. 

The mathematical investigation is in many cases simplified by an 
application of Fourier's theorem. We consider a ray of plane polarized 
light and fix our attention on a point P over which the disturbance 
passes. If the velocity at /* be c, we may, in the most general case, 
express it aa a function of the time, /((). liCt us follow the motion 
ftom a time f = (i, to a time ( = ?'. According to Fourier's theorem, 
which has already been e.xplained in Art. 10, we may write 
/(t) - ao + a, cos (2iTtl T) + «, cos (4^^/ T) + «, cos {Cn-tjl") 

+ i, sin (iirtjT) + 6, sin {^vtjT)^h,fan (GttI/T) (I). 

Assuming that it is always possible to express v in terms of such a 
series, we may easily determine the value of any coefficient a. by 
multiplying both sides by cos (2irsl/T) and integrating between the 
limits and T. It will be found that on the right-hand side all 
integrals have the same value at both limits except that one which 
has «, for coefficient. 

We find similarly any coefficient b, by multiplying both aides by 
(i-aslIT) and integrating between the same \\m\\s,. 
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We thus obtain 

«.4/'/M* <*>• 

Bull for the other coeHicieuts, 

'^; [ (3). 

'>. = ||y(r)Bin(2«rr/r)drJ 

where the variable has beeu altered for cDnvenieDce iu future use from 
t to r. 

As Og expreeaes the difference between the dUpla^etuents of the ]>niut 
P at times t=T and t = 0, we may, in the case of periodic modons, 
by choosing the time T to be very large, make «„ as sraall aa we like. 
We Fliall therefore neglect this quantity. The remainder of the series 
may then be written 

v-v,^r,^..-r.^ (4). 

where .■, = r.coB i(air»//7') + P.] (5), 

r. and 6, bein^ two quantities which may be determined iu the nsual' 
way from a. and b,. 

Each t«mi of the series (1) is identical in its anal>ticat expresdoa 
with what we Iwve called a Bimple periodic motion giving rise to 
a bomof;eneous wave, but we mtiat bear in mind that the equation 
only holds during a certain time interval, and that homogeneous light 
necessarily implies an infinite succession of waves. Hence some cars 
is necessary in the application of the formula. We may however, as 
we are at liberty to choose the time T as large as we like, express the 
' whole disturbance as being formed by the superposition of a number of 
disturbances each of which may be made as nearly identical as we 
please with homogeneous light. 

In the analytical discussion of diffraction and refraction, we have 
ba^ our investigation on the treatment of homogeneous waves, and 
where the light was not homogeneoua, we have assumed tliat the total 
eifect as regards intensity, could be represented as being equal to the 
sum of the sejmrate effects of a large number of liomogeneous vibrations. 
This requires justification. Imagine the disturbanc-e, which may be of 
quite arbitrary type, to pass through any optical system and confine 
the attention to that point of the system where the obsorvation.s are 
carried out. When T is very large, we may, except possibly near the 
limits of time, treat each term of the series (l) as being due to a 
homogeneous wave, and in all cases we are taking into account, 
I homogeneous waves are not altered in type by their passage through 
I or reBexion from bodies. Hetvce at iW ^vnt considered, the velocity 
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may still be expressed as the sam of terms of tlie form (ft), with, 
however, altered values of r and 6. 

Calculate now tlje average square of the velocity during the 
interval T. The square of the right-hand side of (4) contains products 
such as r„i', and hence the expression for the average value of i? 
contaiuH tenns of the form 

''-•^- l^o. i(2^(/r) + K) cos i{2^»t/T) + 6.] dt. 

ji and a being integers, the integral is easily shown to be zero. The 
remaining terms to be considered are of the form 

and hence for the average value of ji* we find ^Sr"; but this is exactly 
the same expression we should have found, if we had treated each 
component of tlie series (4) as an independent homogeneous vibration. 
The intensity of the luminous disturbance at any time is proportional 
to t^, and our proof of the independence of the separate vibrations as 
regards energy only appUes to the average energy extended over a very 
long range of time. The relevancy of the proposition as regards light 
depends on the fact that in our optical investigations we may treat the 
sources of light to be constant, so tliat the average energy is 
independent of the length of the time interval. This important 
remark was tirst made by Gouy*, to whom the whole of the above 
investigation ia due. The si mplifi cation in the treatment of non- 
homogeneous light which was first made at the end of Art. 20 now 
finds its complete justification, and we are at liberty, whenever it is 
convenient, to represent white light by superposing a number of 
homogeneous vibrations having periods whicli lie very close together. 
Bat we are equally at liberty to assume any other representation so 
long as its resolution by Fourier's theorem gives us a distribution of 
intensity equal to that of the observed one, Gouy pointed out that 
we can regard white light as being made up of a succession of perfectly 
irregular impulses. The type of the impulse is quite arbitrary so long 
as the conditions as regards distribution of intensity are satisfied. 

182. Application of Fourier's integral. Lord Bayleigh'B 
investigations. Itord Rayleighf had independently arrived at 
conclusions similar to those uf (Jouy, and has more definitely investi- 
gated the tyjie of impulse, an aggregation of which may be considered 
to constitute white light^. 

• Journal dt Phyiiquf, Vol. v. p. 354 (1880). 
t CoUfitfd Worki, Vol. iii, p. 60. 
t ColUcltd Works. Vol. in. p. 2Hft. 
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If we write (1) in the form 

11 = slo, cos (•2irs(/7') + h. sill {'i^st-l T)\, 
and substitute tbe values of a. and b, from (2) and (3), we obtain 

/(') - f{i/, '/w^+iK/.'^') "»" i2"C'-')/n} ■!'■ 

If now T is allowed to increase indefinitely, we may write » = 2wi/r 
and for the iiicretise of <•> in successive terms of the snm, dai = Sir/Tl 
The first term on tlie right-hand side vanishes. By substituting 
integration for summation, we obtain Fourier's theorem in the form 

..(6). 



w/{t)^ j dial /{T)Gosto(T-t)dT.. 



Thia equatiou represents the way in which any given function /{t) 
may be analysed into its homogeneous components. The next step il 
to find how much energy is to be ascribed to each small range of 
periods defined by the values of u. lliis is most easily done by n 
of a theorem expressed by the following etjuations*: 



A, - r''/(r) COS ^rdi- ; 5, = T "/(r) sin •^dr, 
Ai= I <fr{T)ca8ii>TrfT; Bj= j <^{T)8inwrdr. 



I 



It /(t) expreasea a vector, the square of whicli is proportional to^ 
the energy, I /(tY<ii may be talten as tiie measure of the total; 



energy of the disturbaaue, and by the above theorem, 
^ r'/(tTdl~ j'iA-* B-)da 



■C), 



■/*y(Oco.»r*; -B"/*yW 



sin urrdT. 



It follows that {A'+B')lv may be taken as the measure of the 
energy in the range defined by dot, the frequency being lu/^ir. 

As an example, Lord Rayleigh takes a disturbance originatin 
a point aud having at any time a velocity given by 



/•(')- 



..(8). 



' SchQflter. I'liil. M.ig-.NoV.i 
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This disturbanco is very small when t is large on the negative or 
positive side, and haa a maximum for { - 0. In this case 



=/::- 
-/:>- 



Si-n-dr 



yrdr ^ 0. 
Hence the energy included in the range between lu and ui + duiia 

This representA a, distribution of intensity resembling to some 
extent that observed in the case of the light emitted from Mack bodies. 
The example is sulficieDt to show that it is possible to Titpreaent white 
light as being due to the emission of a succeasiou of disturbances, each 
of which roughly resembles that represented by (ft). The larger the 
value of c, the more sudden will each diBturbance be, approaching 
ultimately to an impiibive motion. 

183. White light analysed by grating. We shall now have 

to discuss the passage of a disturbance through opticul instruments. 
The analogy of simple sound phenomena may be of help to ub in 
understanding the trae nature of the effects produced. If a blast of 
air be directed against a rotating disc, perforated at regular int«rva]8 
like the disu of a siren, a musical sound is heard, the continuous blast 
of air having a regular pericHiicity impressed upon it by the instru- 
mental appliance. Similarly if a sharp impulsive motion of the air be 
reflected from a railing, the bars of which are at different distances 
from the observer, the reflected impulse returning at regular intervals 
of time, may produce the effect of a musical note. In both cases tlie 
Tf^larity in the nature of the sound which is heard, luie been im- 
pressed upon it by outside influence. 

Taking the second example, we may also say that the musical note 
was really already contaiiie<l in the original sound, but was mixed up 
with a multitude of other periods, the t«tal effect being an impulsive 
motion. According to this view, the reflecting rails would simply have 
sifted out one period, destroying the effects of others by interference. 
The effect of the railing may therefore be said to be exactly analogous 
to that of Fourier's analysis, which by calculation picks out the simple 
period contained iu an irregular disturbance. But from whatever point 
of view we look upon it, the rei/ularitj/, which is due not so much to 
the presence of n simple ]>cnodic motion as to the absence of other 
snperpo.sed periods, is not contained in the original sound, but is pro- 
duced by the regular spacing of the rails. 

The effect of a grating on an impulsive motion of light is the e«jn& 
as that of a set of railings on an impu\sive motiou ot %a>uA. 
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Id Fig. 76, Art. 59, let the incident light consist of a siogU 
iiopulse spread over a plane wave-front which is parallel to tbc 
grating. The impulsive motion will reach the points C,, C\, C 
regidar intervals. If therefore a lens be placed in such a positioo; 
that a wave-front UK would be brought together at its principal 
focus, a succession of impulses would pass that focus at regulai^ 
intervals of time, the result being a periodic disturbance. Whetliaf 
we say that t.he grating is the cause of the periodic diaturbaoce^ 
or that it has only picked out a particular period already existing^ 
the regularity in the luminous disturbance passiufr through the focu] 
roust be entirely ascribed to the instrumental appliance. 

It is interesting to follow out the effect of a grating in modifj-iog t 
disturbance of any shape. For this purpose we must detiue the actjoi 
of a grating a little more ciftiely. Let s be measured along the grating 
at right angles to its lines, and /(s, t) he the displacement. The gratia) 
modiBes the disturbance in a perioflic manner, and we obtain 1* 
simplest kind of modification by assuming that the disturbance in thi 
reflected light is equal to cos qn./(s, t), 2irjq measuring the distanoe 
between the lines of the grating. An imaginary grating having tliji 
property was made use of by Lord Bayleigh in his article on the n 
theory in the Encychrpaedia Britanniai. It may conveniently be caUd 
a simple grating, and it can be shown that all real gratings may \ 
represented by the superposition of a number of simple gratings. 

I have shown* that if any disturbance, originally coming from i 
point, is spread over a plane wave-front at right angles to j 
a velocity determined by ili(Vt- ,r) and falls on a simple grating, tlu 
displacement in the redected heani is determined by the equation 



2>r^(0=*^j?^^ pcoaqf^{Vl~y»)ds. 



-CO). 



The displacement is measured at the focus of the lens collecting it, 
The other {juantities which occur in the «iuation are defined as followt 
A = height of grating ; y = s {sin ;8 - sin a) ; a = angle of incidence; 
= direction of reflected beam ; 2/ = width uf grating. 




In Fig. 180 let the thick line represent the velocity of tluf 
disturbance travelling in the positive direction, and the thin liD- 
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the curve y = cos gx, drawn from the point o' = to the point 
x=2icNlq. Then if y be the ordinate of the tliick curve, the 
displacement at the focus of the telescope after reflexion from the 
grating at a certain time, is seen by (9) to be proportional to 
jyy'dx. The displacement at all times is obtained by letting the 
wave travel forward, the cosine curve remaining in the same position. 
The formula (9) and the geometrical ioterpretiition just given, bring 
out clearly the analogy between the action of the grating and the 
integration involved in the calculation of the coefficients in Fourier's 
series. I must refer to the original paper for a detailed discussion 
of the application of the above equation, but the follownng two special 
cases may help the student in clearing his ideas. 

Cfim I. The incident beam is homogeneous. The light reflected 
from the grating in any direction is then also homogeneous, and has 
the same period as that of the original light. That is to say, whatever 
the periodicity of the grating, it has no power lo alter the periodicity 
of the disturbance. The distribution of amplitude in different direc- 
tions is the same as that which has already been obtained in the 
Chapter on Gratings. 

Cam II. The incident disturbance consists of a single impulsive 
velocity. The disturbance at the focus of the telescope consists then 
of an impulsive displacement followed by a vibration represented by a 
cosine curve, continuing for as many periods as there are lines in the 
grating. The period is the same as that of the homogeneous vibration 
which, having the wave-front parallel to that of the disturbance 
considered, would have its principal maximum at the focus of the 
telescope ; that is to say. the periodicity in the reflected beam depends 
now on the direction in which the telescope points. 

184. White light analysed by dispersive media. The 

mechanism by means of which a grating converts an ^mpuleive motion 
into a regular snccession, with one predominant period, is easily 
explained. The action of a prism is a little more difficutt to under- 
stand. Nevertheless, we know that a prism behaves in the same way 
as a grating, and the method of its action suggests itself as soon as we 
consider that the separating power of the prism is due to the unequal 
velocity of different wave-lengths through its substance. An impulsive 
motion therefore, started in a dispersive medium, cannot remain aa. 
impulsive motion, but the disturbance lengthens out as the wave 
proceeds. Having again recourse to Fourier's theorem, we may 
analyse an impulse, and imagine it to be made np of a number of 
different groups of waves of different lengths. These groups, according 
to Art. 180, are propagated with different velocities so tliat a. 
separation of the different wave-letigthft \^ts^ ^Wft, «««i^\. \«- *^^«' 
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pejtkulax case consiilered in that article, in which the law of pro- 
pagation is such that the group velocity is the same for all W 
lengths. Tliis being the simplest coni.-ei\'able law, we may constdar 
the action of a prism made of a substance for which the group velocity 
is roaslant. A plane impnlsiTe motion reaching such a prism obliquely 
is refracted, and we can draw a plane over which the disturbauc« 
U spread in the prism in the ordinarj' way, by substituting the group 
velocity for the wave velocity. The plane of the disturbance stands 
therefore obli(|ue to what, in onlinury refraction, would be ths 
wave-front, and the op^cal distance from the original wave to the 
different points of the plane of distiirlunce is not the same- 
It has also been pointed out that as the group proceeds, maxint*^ 
are periodically changed into minima, and vice versa. On the plane of^ 
distnrbance therefore the motion will not be everywhere in the sam* 
direction, but will change alternately from one direction to the other. 
If we now follow this plane of disturbance proceeding with the group 
velocity as it is refracted out of the prism, we nbtaiu another plane of 
disturbance ohlii|ue again to what, under ordinary circumstances, would 
be the wave-front. Its position would be the same as that of an 
ordinary wave-front which has passed through the prism with 
group velocity. If the emeiuent wave be now received by a lem 
the disturbance at the focus of the lens consists of a periodic motioiv 
the different part« of the plane of the disturbance passing ihroogli 
focus at different times. The greater the resolving power of the prisnti 
the greater will be the number of inversions in the plane of disturbaniW 
after it has left the prism and therefore the more will the light passing 
through the focus of the lens be homogeneous. In this way we may 
convince ourselves that the action of a prism is identical with that of a 
grating. Although our reasoning is strictly correct only for a prian^ 
composed of a material which has a definite law of dispersion, the resnUl 
must be the same in other cases, because, tixing our attention on s 
certain narrow range of wave-lengths, we may always consider thtt 
groups of waves witliio this range to proceed tlirough the material wi^ 
oonsuuit velocity. We may therefore apply the above reasoning to 
each such narrow range sepnratoly. 

185. Interference. In Chapter iv. we based nur investi- 
gations on interference ou the consideration of homogeneous wavM^ 
and in the case of white light we imagined a large number of eucli 
homogeneous waves covering all the wave-lengths given out by tbft 
luminous source. This method of procedure is perfectly correct, and 
I must always lead to the right results, but if we are right in saying that 
wp may consider white light as being due to a short impulsive motion we 
should also be able to obtam accwTBulfe te^wX^a 'o'} wiftB\dering a aa^. 
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Impulse, in place of a superposition of homoj^eiieons vibrations. In 
nioBt cases the distribution of intensity along tbe spectrum does not 
affect the interference phenomena, and we may therefore assume for 
convenience any arbitrary form of the impulse, such as an instantaneous 
velocity imparted at a point. 

It is very inatnictive to follow out this view in a few simple cases. 
What happens in ordinaTy interference experiraenta when the original 
disturbance consists of simple impulses? Take, for instance, two 
alightly inclined mirrors ami the ordinary arrangement of Fresnel's 
mirror experiment, At any point at which one mirror would give 
OS a single impulse, we now have two impulses succeeding each other 
after an inter\-al of time which depends on the point of observation. 
Looked at from our present standpoint, the word interference seems 
quit« inappropriate to this case; for how can two separate motions 
following each other be said to iuterfere? There is indeed no true inter- 
ference here. But let now the two impulses succeeding eai^h other enter 
A spectroscope of high resolving power. If the dispersion is produced by 
a grating, we have seen liow eiwh disturbance is converted into a regular 
BBOcession of waves, and the waves due to each of the two impulses are 
DOW made to overlap. According to the position of the observing telescope 
the phases may coincide or be in disagreement, so that there may be a 
weakening or strengthening of the resulting intensity. The inter- 
ference therefiire only comes into play when tlie impulse is spread out 
into waves by the instrumental appliance. The inatniment must first 
make more or less homogeneous light before interference can take place. 

When Fresnel's mirrors are used, in conjunction with white light 
and without any spectroscopic help to separate the wave-lengths, 
we yet observe a ceitaiu periodicity in the coloration indicating 
interference, and this may appear to the student to be a difficulty in 
accepting the statement that what he sees may simply be explained by 
a succession of two impulses, which can only interfere after having 
been spread out by some optical arrangement. But in this case, the 
apparent interference is really due to a fiecuharity iu our physio- 
logical sensations which liere act similarly to the presence of a grating 
in sifting out certain periodic motions. Imagine two blows directed 
against the weight of a pendulum. The resulting motion depends on 
the interval of time which elapses between the blows. If this is equal 
to an exact miiltiple of the complete period of vibration of the pen- 
dulum, the effects of the blows will assist each other to produce a 
greater velocity. On the other hand, an interval of half the time of 
vibration would cause the second blow to neutralize the effect of the 
first. Similarly when two luminous impulses enter the eye, we must 
imagine them to .iffect our nerves, wh\i;\i aia Uwiii. \» 'Ocv% '<Svtsi% 
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primary colonrs. The interference therefore here is in the eye, and is 
not objective. If the iDterference effects due to Fresnel's mirrors an 
observed with a. bolometer, they are much less marked, showing only 
: niiniDium and one maximum, and ibis residual periodicity is dae 
to the fact that in the white light which is at onr command the 
I different periods are not e^^ually represented, but a pronouuced 
! tnasimum of intensity appears at a certain region of the spectrum. 
The light therefore begins to approach some kind of regularity which 
gives results approaching those observed with homogeneous light I 
must refer the reader to a paper on Interference Phenomena*, in whi<^ 
these matters have been discussed iu greater detail 

Considerable discussion took place at one time as to the detar- 

tuinatiou of a supposed property of light called its " regularity " apart 

from its "homogeneity." The power of interfering with a long difference 

of path wasusedasatest of this so-called regularity. Hence importance 

was attached to certain experiments in which even with white light 

I interference effects were produced when the retardation amounted to 

1 much as 5(1,000 or 100,000 wave-lengths. Gouy and Rajdeigh 

however pointed out that in these cases the limit of the observed 

interference effects is entirely determined by the resolving iostrument, 

and not by the light. This follows directly from the coniiideration of 

the action of gratings and prisms which has been given in the preceding 

articles. As this matter vras, and is still, often badly understood, we 

may perhaps truce the manner in which the misconception has arisen. 

It was found that light spoken of ronghly as being homogeneous, 

showed interference effects only up to certain differences of path, 

and that two different sources of light giving out such so-called 

homogeneous vibrations, could not interfere with each other. The 

explanation of this fact was based on the idea that a molecule sends 

out a succession of regular Tibraticns during a certain period, at the 

end of which it is disturbed by an impact, or otlierwise. Light sent 

» ont from such a molecule was described as being homogeneous light, 

irith the peculiarity that the phase of the motion was subject to sudden 

changes at more or less regular intervals of time. The fundamental 

error here is, that such light should be described as being homngeneous. 

[ It liaa been pointed out on several occasions in these pages that a 

f homogeneous vibration implies an infinite succession of waves of tho 

' same length, and without any such peculiarity as a change of phase 

I vould imply. We have shown that the action of a. grating is equivalent 

[ to that of Fourier's analysis, and anyone can convince himself that a 

I iucceasion of sine or cosine carves joined together so as to represent 

I certain elianges of phase can only be reproduced by means of a Fourier's 

• Phil. Man. ■Vol. iM-ni. u. OTJ WViV^. 
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series including a large number of different wave-lengtbs. It may be 
perfectly correct, tliat as regards tlie mechaniRm causing tbe limite of 
interference tbe above explanation is true, and we should in that case 
be justified in saying that the regularity of the motion is interfered 
with by molecular impacts, but this ig tbe same thing an sayiug that 
the homogeneity of the light sent ont is destroyed by these impacts. 
Without forming any hypothesis as to tbe mecliauical i^use which 
produces the irregularity, we simply state the facts if we ascribe the 
limit of tbe power of interference to the want of homogeneity of the 
eource. Tlie reason for the absence of homogeneity may then be left 
over for an independent discussion. Experimental investigation of the 
retardation at which interference is still possible coincides therefore 
with ibe investigation as to the homogeneity of the light Its im- 
portance begins when we come to study the details of the structure 
of the radiations of luminous gases which iu ordinary language are 
described as being homogeneous. 

The explanation which depends on the assumption of sudden 
chaises of pbnMe by molecular impacts, is also generally used to 
account for the absence of interference of two different sources, and 
here again the mechanical exjilanation may be perfectly correct. But 
it is important to reahze tliat two independent aonrces sending out 
homogeneous light of exactly the same wave-length are capable of 
interfering with each other iu exactly the same way as if the light 
were derived from the same source. If tw(i waves, spreading out 
from e.g. two uiercury lamps, which give out nearly huniogeneoua 
radiations are found not to interfere with each other, it only means 
that the homogeneity is not suflicient. 

When an impulsive motion of definite type is analysed by Fourier's 
series, it is found that there is a certain definite relation of phase 
between the waves of difi'erent periods. Some explanation may be 
necessary to bring this into agreement with our previous view of white 
light, according to which tJiere could be no relation of phase between 
any two wave-lengths however near each other. It is obvious at once 
that no phase relation can exist when the light is such that its average 
intensity is constant. In tact, such a relation is inconceivable. As it 
exists for a single impulse, it must be destroyed by the succession of 
impulses which converts the instautaueous source of light into one of 
constant average intensity. 

186. TEilbot'B Banda. If the spectrum formed by a prism or 
grating is observed, half the pupil of the eye being covered with a 
thin plate of mica or glass, the sivectnim is seen to be traversed by 
dark bands, provided the plate be inserted on that side on which thJa 
blue of the spectrum appears. These \>ai\i\a \ictb ta*. '^whx^'^^«i 
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I Talbot Instead of viewing the spectrura directly we may use a 
telescope, the ptate beiug inserted on the side uf the thiu edge uf the 
prism forTuiitg the spectrum, so as to cover a portiou of the aperture 
of the object glass. 

Similar bands have been oKwrved by Powell, who used a hollow 

I glass prism with its refnicting edge pointing downwards and filled with 

some highly refractive liquid, into which he inserted a plate of glass 

with its lower edge parallel to the edge of the prism and so that its 

plane approximately bisected the angle of the prism. The plate was 

^^_ only partially inserted, so as to leave the lower portion clear. Tha 

^^L, bands only appeared when the refractive index of the liquid vaa 

^^P greater than that of the glass, but Stokes showed that when the 

^H^ refractive index of the glass was the greater of the two the band 

could still be observed, only in this case it was necessary to place 

the ptate in the thinner part of the prism, leaving the thicker 

portion clear. 

I A simple explanation of these bands is sometimes based on the 
con.iide ration that the two portions of the light, which, in the 
absence of the interposed plate, would reach the retina in the same 
phase, are retarded relatively to each otlier by the plate, so thai 
interference may take place. This ex]ilanation is obviously incomplete, 
far it leaves out of account the eiisential fact that the effects are only 
observed when the plate is inserted on one side and not on the other. 
A more complete explanation taking account of tliis want of symme- 
trj' has been given by Airy and Stokes, and involves an elaborate 
mathematical process. A very simple treatment may be given i^ 
iiL^tead of basing the calculation on Fourier's analysis, we consider the 
source of the light to be due to a succession of impulsive velocities. 
In Fig. 76 (Art 59) we have a wave-front consisring of a simple impulse 
which reaches the grating so that the points A,. A,, A,, etc. an 
simultaneously disturbed. At the plane HIT, the disturbance will 
reai^'h the points C,, C„ C,, in succession, and if a lens I>e placed with 
its axis at right angles to JIfi, the disturbance will pass the focua of 
tlie lens at ri^iilar interval of time, as already ejcplained in Art 183. 
The ({uestion now is: How can the impulses which succeed eacli 
other at the focus of the lens, be made to interfere with each other? 
Clearly only by retarding those which reach the focus first or by 
accelerating those which reach it last. A ptate of appropriate thickneea' 
introduced on the left-ban<l side of the figure as it is drawn could be 
made to answer the purpose. If, on the contrary, the same plate be 
introduced on the right-band side, it would only retard those impulAea^ 
which already arrive late, and therefore no interference could take place. 
Tliis is all that need be said in explanation of the bands, but a more 
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detflriled couaideration leads to a simple expression for the calculation 
of the thickness of the plate trhi(;li shows the bands most distinctly. 

It is easily seen that the best thickness !s secured when the whole 
series of impulses is divided into two equal portions, the impulses 
arriving in pairs simultaneously at the focus. The retardation must 
tJierefore be such that the retarded impulse coming from the first line 
of the grating, and the iiuretarded impulse coming from the central 
line, arrive togetiier. This means that the retardation is JA'A, if N 
is the total number of Hues in the grating, and the plate should be 
pushed sufficiently far into the beam to affect half its width. The 
wave-length K here means the wave-length of that homogeneous train 
of waves which has its first principal maximum at the focus of the lens, 
so that the retardation of each Impulse compared with the next is X, 
If the retardation is either greater or smaller, some of the impnisea 
arrive too soon or too late to overlap others, and the bauds are less 
clear. If the retardation has more than twice its most effective value, 
the series of impulses from the first half of the grating pass through 
the focus later than those coming from the second half, and hence 
there cannot be any interference. 

If at a certain point of the spectrum corresponding to a wave- 
length X there is a maximum of light, the relative retardation of the 
two interfering impulses must be equal to mX, m being an integer; the 
next adjoining band towards the violet will appear at a wave-length k' 
such that mX = (m + 1 ) X', 

Hence for the distance between the bands 
X-X' _ 1 
X' m ' 
with the best thickness of interposed plate, m = JA', and hence 
(X — X'}/X' = 2/ A'' where X' in the denominator may witli sufficient 
accuracy be replaced by X. If X" be that wave-length neiirest to X 
at which tliere is a minimum of light, it follows that 
X-X" _ 1 
X A' 

If a linear homogeneous source of light of wave-length X be 
examineil by means of a grating, the central ima^'e extends to a wave- 
length A, such that 

X-X, j^ 
~^r "A" 
where A', as before, is the total number of lines on the grating. 

Hence the following proposition : — If, in observing Talbot's bands, 
the best thickness of retarding plat* be chosen, the distance between each 
maximum and the nearest minimum is equal to the distance between 
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the central maximum and the tirst minimum of tbe diffractive image 
of horaogeneoue %lit, observed in the same region of the spectrum 
with the same optical arrangement. This proiMsitiou hold» for all 
orders of spectra; but the appropriate thickuess of tbe retarding plate 
I increases in the same proportion an the order. 

If we use prisms instead of a grating, the number of lines N must 
be replaced by the quantity which corresponds to it as regards resolving 
I power, viz., tdi^ldK where ( is the aggregate effective thickness of the 
1 prisms. It follows that the retardation which gives the best inter- 
ference bands with prisms, is ^ktdnJdK The above esplanatiou was 
given, with further details, in a recent communication to the 
P/iilosoji/iical Maijazine*. 

ie7. Roentgen radiation. The radiations which are produced 
by the impact of kathode raj"s on solid bodies, possess, as shown by 
their discoverer, some properties which at first seem to distingui^ 
them from the transverse waves of light. Roentgen could find no 
trace of refraction or polarization, and he tentatively suggested that 
the rays he hail discovered were due to longitudinal vibratjons. 
The absence of diffraction and interference was also felt to be a 
difficulty in ascribing the observed phenomena to a wave-motion. It 
was however almost immediately point«d outt that according to 
Sellraeyer's equation waves of very short length would not suffer any 
re&nction, the velocity of propagation through all media being the 
same, and that the want of homogeneity wouM he quite sufficient 
to account for the apparent absence of interference. The abs^ice 
of polarization by rctiesion or refraction follows from the equality 
of the velocities of jiropagation. Some years later Professor J. J. 
Thomson! calculated the electromagnetic disturbance sent out by 
the impulsive stoppage of an electrified particle moving with gre»t 
velocity. Such an electromagnetic wave possesses all the properties 
we have ascribed to white light, and would only be distinguishable 
from it by the smalbie-ss of the linear quantity involved. 

Thus in the hypothetical law of radiation expressed by (8), the 
disturbance is the more sudden the greater the value of c, and the 
linear quantity, F/e, is a measure of the distance in space over which 
the disturbance is appreciable. If this view aa to the nature of 
the Roentgen rays is right, it would still be correct to say that these 
rays are due to very short waves, the spectrum being continuous and 
extending over a considerable range of wave-lengths. If there is any 
distinction between the statements that Roentgen rays consist of short 

• Vhil. 3/<iff, Vol. »n. p. 1 (1004). 
i yaturr. Vol. Lm. p. 268 |IB1«G). 
t Phil. Mag. Vol. ILY. p. 178 (IB98). 
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waves and that they are due to irregular impulses, it can only lie in 
the fact that the tirat statement excludes long waves and the second 
does not. 

The matter ia introduced here because the mechanical stoppage 
of a moving electrified particle may serve as a good example of the 
kind of wave we imagine white light to consist of 

188. The radiation of a black body. All bodies of sufficient 
thickness send out radiations which are independent of the nature of 
the body, and tlierefore identical with those sent out by a perfectly 
black surface. The experimental investigation of the law of complete 
radiation of a black body presents considerable difficulties which have 
only recently been partially overcome. 

According to Stefan's law the intensity of ttie total radiation 
is proportional to the fourth power of the absolute temperature. 
This law, for which there is some theoretical justification, has been 
found to be correct so far as our observations are able to go. We 
cannot enter here into a complete account of the subject, but must 
refer to the papers of W. Wien*, and others, wliose work has been 
Buuimarized in an important pai>er by H. Rubens and F. Kurlbaumt. 

The distribution of energy in the spectrum seems to be best 
represented by a formula first given by M. Planck. If C is a constant, 
and the energy lying between the wave-lengths X and A + rfX be Edk, 

then B=CK"f{^-l). 

If this formula is examined it will be found that for a given value of 
the absolute temperature T the value j&' is a maximum, and that this 
maximum satisfies the condition X„,u.r=const. If the nuantity j^is 
calculated for that value of k at which it is a maximum it ia found to 
be proportional to the fifth power of the absolute temperature. These 
two important relations were derived by W. Wien from theoretical 
considerations. 

Tlie manner in which the complete radiation of a body is indepen- 
dent of its nature, and yet vibrations of individual molecules as observed 
by spectroscopic analysis are entirely characteristic of the nature of 
the body, forms a great difficulty, in the satisfactory treatment of lie 
subject of radiation. 

Attempts have been made to show that the white light of the 
complete radiation is an entirely distinct phenomenon from the 
homogeneous vibration wiiich we observe in the spectra of gas^. 
But the theory of exchanges shows that there must be some connexion 

* Wied. Ann. Vol. Lvm. p. 02 (189fi), 
+ Ana. d. Phyt. Vol. n. p. 648 (1000). 
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betwet?n the two. It U. Iiowever, quite possible to imagine c&usea ftw 
the ra<liati(iD of wlut« light in addition to the molecnUr forces which 
cause homugeaeous light. Thus we iiot« that at any mte in conducting 
bodies there are free electrons capable of independent motion tlirough 
the substance, and these electrons, which we may imagine to l>ehaTe 
soniethiug after the nature of a gas, would send out radiations, when- 
ever their velocity is altered in magnitude or direction. The radiation 
sent out by such moving el^tromt would therefore be exactly of the 
flame kind as tliat calculated by J. J. Thomson for the explanation of 
the Roentgen radiations. 

189. Doppler's Principle. The investigation of light sent out 
by moving bodies, or passing through moving boflies, lies beyond the 
acope of this book, but in considering the radiation sent out by gaseous 
molecules it is impossible to ignore altogether the effect of motion. It 
may be proveil by elementary considerations tliat if the time of vibra- 
tion of a moving particle be t„ an observer standing in the line of 
motion will receive vibrations, the periodic time (t,) of wluch is 
given by 

where r and v are the velocities of light and of tlie moving body 
respectively and the minus or plus sign holds according ha the particle 
approaches or recedes. The effect being, at any rate aa regardii the 
first order of magnitude, one of relative motion, the equation also holds 

if the particle is stationary and the observer moves. 

190. Homogeneous radlatioms. It is a matter of considerable 
interest to en<iuire how far the vibrations of gaseous molecules are 
observed to be homogeneous. Although each molecule considered as 
stationary may continuously perform simple vibrations, the considera- 
tions explained in the last article aho\i that owing to the motion of the 
molecules there must be a natural limit to the sharpness of the line. 

This was first pohited out by Lippich, and later by Lord Rayleigh, 
who calculated that at the temperature of a Bunseu burner, light 
cannot be reduced to narrower limits than about the one-hundredth part 
of the interval between the sodium lines. In a further paper Lord 
Kayleigh* discusses the effect of this widening of the lines on the 
visibility of interference bands with large differences of patli. We 
shall here content ourselves with giving the results of some experi- 
mental investigations. 

We may obtain the highest degree of homogeneity by observing the 
itra nnder reduced pressures, and under these circumstances we 
• Colt. irorl!..Val, ivi-v.asa. 
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are unable to tell wliat velocitiee to ascribe to the molecules. It ia 
therefore difficult to say how much of the appareut want of homo- 
geneity is really due to motion. Michelsoo* has deduced from the 
visibility curve obtained by observation with his well-known instru- 
ment the intimate structure of a number of lines of Cadmium, 
Mercury, and Thallium. The observations on interference for large 
diflereucea of path have been pushed still further by Fabry and 
Perott. The limits of interference of the green Cadmium lines 
were arrived at with a retardation of 4:72,ftO0 wave-lengths, and this 
number was still exceeded with the green Mercury line, where the 
limits of iuterference were ouly reached with a ditTereace of path 
of 79U,0i>fl wave-lengtlis. 

Lummer and Gehrcke^ by a method similar in principle to that of 
Fabry and Perot were able to observe the intimate structure of some 
of the Mercury lines, and found that even the lines which in spectro- 
scopes of considerable resolving power appear as homogeneous Unes, 
split up into a number of components. In the case of the Mercury 
line liaving wave-lengths .'i"46 x 10"*, twenty-one components were 
counted. 

The careful investigation of homogeneous radiation is of some 
importance, as it enables us to form an estimate of the degree to which 
different atoms of the same substance are identical. Clerk Maxwell 
in an eloiiuent passage of his lecture on " Molecules," delivered to the 
British Association at Bradford, has pointed out the value of spectroscopic 
investigation in showing that the atoms of hydrogen in our laboratories 
have the same properties as those found in distant regions of 
stellar space. Maswell based hia conclusions on the fact that by 
spectroscopic measurements we can identify the wave-length to one 
part in ten thousand. Since the time that lecture was delivered the 
accuracy of measurement has been increased many times. The most 
recent determinations of Lummer and Gelircke do not lend tliemaelves 
very easily to a mathematical estimate, and I therefore fall back on 
the conclusions derived byMichelsou from his visibility curves. 1 take 
the green line of thallium, and find that if SX represents the difference 
in wave-length between the point at which the intensity of the line is 
a maximum, and that at which it has fallen to half its maximum value, 
SXjK = 4T8 X Kr*. Forming an estimate from the general shape of the 
intensity curve, we may judge from it that about one-quarter of the 
total intensity of the line is due to light differing from tlie central 
wave-length by more than SA.. The greater jiart of the width of the 
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iJDe IB shown by MicheUdQ to be dne to molecular motion, but I wiU 
! that different molecales are not really euiotly like eaoli other, 
bat differ slightly in their period of vibration from some average Talu& 
As an extreme ca^ 1 kiU imagine that half uf the light extending 
beyond the limit SA^ is dae to such a real difference in period. It 
would follow tlkat about 12*/, of the molecules would show a real 
difference in wave-length of more than 478 x 10"', which is approxi- 
mately one part in two millions. Let us see for a moment wliat this 
means. 

If of two tnning-forkft, vibrating about one hundred times a second, 
one gmns a vibration on the other in lOUO seconds, so that the periods 
differ by one part in one hundred thousand, it is just ]>06sible by 
accurate measurement to detect this difference, but it requires several 
days' work to make the comparison with sufficient accuracy. No 
maktir would, however, undertake to supply you with ten taning-forks 
with a guarantee that not more than one of them would give a nota 
differing from that of the average by one vibration in one hundred 
thousand, and we have seen that the atoms, as regards their vibration, 
must be at least tweuty times as well in agreeineut a.s this. 

If you had a great many clocks, and fouud that, taking their 
average rate to be correct, not more than one in eight would be wrong 
by a second in twenty-three days, that would represent the mastiuum 
amount of variation which our interpretation of the experiment allD\Ta 
us to admit in the case of molecular vibrations. But would any maker 
undertake to supply you with a number of clocks sutisfj'iug that test? 
If further, it is considered that the limits we have chosen for (he 
possible variations of molecular vibrations are far too great, we see 
that though Sir John Herschel's saying, that atoms possess tlie 
essential character of manufactured articles, is still correct, yet no 
manufactured article approaches in accuracy of execution the exactj- 
tude of atomic construction. We may conclude with Maxwell that : 
"Each molecule therefore, throughout tlie universe, bears impressed on 
it the stamp of a metric 8yet«m as distinctly as does the metre of the 
Archives at Paris, or the double royal cubit of the temple at Kamac" 
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